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1 TUVWX
� Sn−1 � R

n (n ≥ 2) ���	
�, ��
�� Lebesgue �	 dσ = dσ(x′), �

x′ = x/|x| (��� x �= 0). � Ω ∈ L1(Sn−1) � R

n ���
�
����Y∫
Sn−1

Ω(x′)dσ(x′) = 0. (1.1)

����� Marcinkiewicz ����

μΩ(f)(x) =
(∫ ∞

0

|FΩ,t(x)|2 dt

t

) 1
2

,

��

FΩ,t(x) =
1
t

∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

f(y)dy.

���Æ: 2004-11-30; ���Æ: 2005-04-26

����: ���� 973 Z[�� (19990751); � Æ�!���Z[�� (20040027001)
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��� H � Hilbert � H={h : ‖h‖H=(
∫ ∞
0

|h(t)|2 dt
t )1/2<∞}, � φ(x) = Ω(x)

|x|n−1 χ{|x|<1},

$ μΩ !"#_� H ��%$&��, %

μΩ(f)(x) =
(∫ ∞

0

|FΩ,t(x)|2 dt

t

) 1
2

=
(∫ ∞

0

|φt ∗ f(x)|2 dt

t

) 1
2

= ‖φt ∗ f(x)‖H .

'()*�� Marcinkiewicz ��+,�- Stein ./ [1] �0&�. / [1] 12: �� Ω �
'3���Y Lipα (0 < α ≤ 1) 4(, $ μΩ �5 (p, p) (1 < p ≤ 2) )6 (1,1) �. Benedek *
./ [2] �12: �� Ω ∈ C1(Sn−1), $ μΩ � Lp (Rn) 7+�, �� 1 < p < ∞. ,-, / [3]
.&/890�112: �� Ω ∈ H1(Sn−1), $ μΩ � Lp (1 < p < ∞) 7+�, �� H1(Sn−1)
� Sn−1 9� Hardy � (:2/ [4–6]).

3;4�, � b ∈ Lloc(Rn), $ Marcinkiewicz ��56`����

μb
Ω(f)(x) =

(∫ ∞

0

|FΩ,b,t(x)|2 dt

t

) 1
2

,

��

FΩ,b,t(x) =
1
t

∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

(b(x) − b(y))f(y)dy.

� β > 0, �
 Lipschitz � ��<

Λ̇β(Rn) =
{

f : ‖f‖Λ̇β
= sup

x, h∈Rn, h �=0

|Δ[β]+1
h f(x)|
|h|β < ∞

}
,

�� Δk
h 7= k 89�>` (:2/ [7]).

: b ∈ Λ̇β (Rn) � Ω �Y Lipα (0 < α ≤ 1) 4(?, @ [8] )A [9] �;<B/ μb
Ω �

(Lp, Ḟ β,∞
p ) ) (Lp, Ls) 7+C�=>/��0�.
ab A[8] � 1 < p < ∞, 0 < α ≤ 1 � 0 < β < min{1

2 , α}. �� b ∈ Λ̇β(Rn), Ω ∈
Lipα(Sn−1), $?.�� C > 0, D= ‖μb

Ω(f)‖Ḟ β,∞
p

≤ C‖b‖Λ̇β
‖f‖Lp .

ab B[9] � 1 < p < ∞, 0 < β < 1, 1/p − 1/q = β/n. �� b ∈ Λ̇β(Rn) � Ω ∈
Lipα(Sn−1) (0 < α ≤ 1), $?.�� C > 0, D= ‖μb

Ω(f)‖Lq ≤ C‖b‖Λ̇β
‖f‖Lp .

@�, : n/(n + β) ≤ p ≤ 1 � 1/q = 1/p − β/n ?, μb
Ω A� (Lp, Lq) 7+�, / [10] EB

/ μb
Ω . Hardy � 9�7+C, =>/��0F.

ab C � Ω ∈Lipα (Sn−1) (0 < α ≤ 1), b ∈ Λ̇β(Rn) (0 < β ≤ α/2). �� n/(n + β) <

p ≤ 1 � 1/q = 1/p − β/n, $?.�� C > 0, D= ‖μb
Ω(f)‖Lq ≤ C‖b‖Λ̇β

‖f‖Hp .

;CcG�HI�: .�D A–C �, E. Ω 9�4(�F!8"G6. JKH��;HI
IJK��LM.

ad 1.1 �L Ω ∈ Lq(Sn−1) (q ≥ 1), Ω � q 8��'3M��<

ωq(δ) = sup
|ρ|≤δ

(∫
Sn−1

|Ω(ρx′) − Ω(x′)|qdδ(x′)
) 1

q

,

�
 ρ 7= R
n ��Ne� |ρ| = ‖ρ − I‖. O ωq(δ) �Y∫ 1

0

ωq(δ)
δ

dδ < ∞, (1.2)
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JKUV Ω(x′) �Y Lq-Dini 4(.
W/�gU0�VW��.
ab 1 � 1 ≤ q′ < p < ∞, � Ω �Y (1.1) )���4(∫ 1

0

ωq(δ)
δ1+ε

dδ < ∞, �X 0 < ε ≤ 1, (1.3)

$: b ∈ Λ̇β(Rn) (0 < β < min{1/2, ε}) ?, ?.�� C > 0, D= ‖μb
Ω(f)‖Ḟ β,∞

p
≤ C‖b‖Λ̇β

·
‖Ω‖Lq(Sn−1)‖f‖Lp , �� 1

q′ + 1
q = 1.

ab 2 � 0 < β < 1, 1 < p < n/β, 1/s = 1/p − β/n, q ≥ n/(n − β). �� b ∈ Λ̇β(Rn) �
Ω ∈ Lq(Sn−1) �Y4( (1.1), $?.�� C > 0, D= ‖μb

Ω(f)‖Ls ≤ C‖b‖Λ̇β
‖f‖Lp .

ab 3 � 0 < β < 1, b ∈ Λ̇β(Rn). �� Ω ∈ Lq(Sn−1) (q ≥ n/(n − β)) ��Y (1.1), $?
.�� C > 0, D=��� λ > 0,

|{x ∈ R
n : |μb

Ω(f)(x)| > λ}| ≤ C(‖b‖Λ̇β
‖f‖L1/λ)n/(n−β).

ab 4 � 0 < ε ≤ 1, b ∈ Λ̇β(Rn) (0 < β < min{1
2 , ε}), n/(n + β) < p ≤ 1 � 1/r =

1/p − β/n. ��?.X q ≥ max{r, n/(n − β)}, D= Ω ∈ Lq(Sn−1) ��Y4( (1.1) ) (1.3),
$?.�� C > 0, D= ‖μb

Ω(f)‖Lr ≤ C‖b‖Λ̇β
‖Ω‖Lq(Sn−1)‖f‖Hp .

h 1 Y2, E. Ω 9�XY4("G6/. Z;Z, .�D 2 )�D 3 � Ω A[U�[X
YC4(.

h 2 -L��[ q > 1, 7 Lq(Sn−1) ⊂ L log+ L(Sn−1) ⊂ H1(Sn−1) ⊂ L1(Sn−1) (2/
[11]). \\, .�D 1 �4(�� f ∈ Lp (1 < p < ∞), 7 ‖μΩ(f)‖Lp ≤ C‖f‖Lp (2/ [3]).

h 3 W/] Q^7 R
n �_]^Li`j�4_, Mrf(x) = supx∈Q( 1

|Q|
∫

Q
|f(y)|rdy)1/r,

�� r ≥ 1.

2 klmnTX
ob 2.1[7] (a) � 0 < β < 1, 1 ≤ q < ∞,

‖f‖Λ̇β
≈ sup

Q

1
|Q|1+β/n

∫
Q

|f − fQ| ≈ sup
Q

1
|Q|β/n

(
1
|Q|

∫
Q

|f − fQ|q
) 1

q

.

: q = ∞ ?, 9`_abc..
(b) � 0 < β < 1, 1 < p < ∞,

‖f‖Ḟ β,∞
p

≈
∥∥∥∥sup

Q�·
1

|Q|1+β/n

∫
Q

|f − fQ|
∥∥∥∥

Lp

,

�� fQ = 1
|Q|

∫
Q

f(x)dx.

ob 2.2[7] � Q∗ ⊂ Q, $ |fQ∗ − fQ| ≤ C‖f‖Λ̇β
|Q|β/n.

ob 2.3[11] � 0 < λ < n, q > 1, Ω ��
�
����Y4( (1.2), ��?.��
a0 > 0, D= |x| < a0R, $(∫

R<|y|<2R

∣∣∣∣ Ω(y − x)
|y − x|n−λ

− Ω(y)
|y|n−λ

∣∣∣∣
q

dy

) 1
q

≤ CRn/q−(n−λ)

( |x|
R

+
∫ |x|/R

|x|/2R

ωq(δ)
δ

dδ

)
,

�� C > 0 �AdaL R ) x.
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ob 2.4[12] � 0 < α < n, 1 < p < n/α, 1/s = 1/p − α/n, q ≥ n/(n − α). �� Ω ∈
Lq(Sn−1), $��
��>`

TΩ,αf(x) =
∫

Rn

Ω(x − y)
|x − y|n−α

f(y)dy

�b Lp(Rn) > Ls(Rn) 7+�.

ob 2.5[13] � 0 < α < n, q ≥ n/(n − α). �� Ω ∈ Lq(Sn−1), $��[ λ > 0 )
f ∈ L1(Rn), |{x ∈ R

n : |TΩ,αf(x)| > λ}| ≤ C(‖f‖L1/λ)n/(n−α).

3 pqWXrst
3.1 ab 1–3 uvw

��� x ∈ R
n, e�4_ Q(xQ, l) � x, �� xQ 7= Q ��f, l ��c_d. e�

f ∈ Lp (1 < p < ∞), � f1 = fχQ∗ , f2 = f − f1, �� Q∗ = 4
√

nQ 7= Q � 4
√

n fgfgh.
Y2?.�� N ∈ N, D= 2N ≤ 4

√
n < 2N+1. x�> μb

Ω(f) = μ
b−bQ

Ω (f) � (μb
Ω(f))Q < ∞, 7

1
|Q|1+β/n

∫
Q

|μb
Ω(f)(y) − (μb

Ω(f))Q|dy

=
1

|Q|1+β/n

∫
Q

|μb−bQ

Ω (f)(y) − (μb−bQ

Ω (f))Q|dy

≤ 2
|Q|1+β/n

∫
Q

|μb−bQ

Ω (f)(y) − μΩ((b − bQ)f2)(xQ)|dy

≤ 2
|Q|1+β/n

∫
Q

|(b(y) − bQ)μΩ(f)(y)|dy +
2

|Q|1+β/n

∫
Q

|μΩ((b − bQ)f1)(y)|dy

+
2

|Q|β/n
sup
y∈Q

‖FΩ,t((b − bQ)f2)(y) − FΩ,t((b − bQ)f2)(xQ)‖
:= I + II + III.

��, �;hi I, II ) III.

ji b ∈ Λ̇β(Rn) ���

I =
2

|Q|1+β/n

∫
Q

|(b(y) − bQ)μΩ(f)(y)|dy ≤ 2
|Q|β/n

sup
y∈Q

|b(y) − bQ| 1
|Q|

∫
Q

|μΩ(f)(y)|dy

≤ C‖b‖Λ̇β
M(μΩ(f))(x),

�� M � Hardy–Littlewood kl��.

� II, JK[U���0D.

ob 3.1.1[7] ‖(b − bQ)f1‖Lr ≤ C|Q|1/r+β/n‖b‖Λ̇β
Mr(f)(x), �� 1 ≤ r < ∞, f1 ����

9(W.

\\ji Hölder A*`) μΩ � Lr (1 < r < ∞) 7+C

II =
2

|Q|1+β/n

∫
Q

|μΩ((b − bQ)f1)(y)|dy ≤ 2
|Q|1+β/n

‖μΩ((b − bQ)f)‖Lr |Q|1−1/r

≤ C|Q|−β/n−1/r‖μΩ((b − bQ)f)‖Lr ≤ C‖b‖Λ̇β
Mr(f)(x).
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JKj.hi III. � D = ‖FΩ,t((b − bQ)f2)(y) − FΩ,t((b − bQ)f2)(xQ)‖, $

D =
{∫ ∞

0

∣∣∣∣1t
{∫

|y−z|≤t

Ω(y − z)
|y − z|n−1

((b − bQ)f2)(z)dz

−
∫
|xQ−z|≤t

Ω(xQ − z)
|xQ − z|n−1

((b − bQ)f2)(z)dz

}∣∣∣∣
2
dt

t

} 1
2

≤
{∫ ∞

0

∣∣∣∣1t
∫

|y−z|≤t
|xQ−z|>t

Ω(y − z)
|y − z|n−1

((b − bQ)f2)(z)dz

∣∣∣∣
2
dt

t

} 1
2

+
{∫ ∞

0

∣∣∣∣1t
∫

|y−z|>t
|xQ−z|≤t

Ω(xQ − z)
|xQ − z|n−1

((b − bQ)f2)(z)dz

∣∣∣∣
2
dt

t

} 1
2

+
{∫ ∞

0

∣∣∣∣1t
∫

|y−z|≤t
|xQ−z|≤t

(
Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

)
((b − bQ)f2)(z)dz

∣∣∣∣
2
dt

t

} 1
2

:= D1 + D2 + D3.

JK+,hi D2. -L� z ∈ (Q∗)c, 7 |z − xQ| ∼ |y − z|. \\ji Minkowski A*`

D2≤ C

∫
Rn

|Ω(xQ − z)|
|xQ − z|n−1

|(b(z) − bQ)f2(z)|
(∫ |y−z|

|xQ−z|

1
t3

dt

) 1
2

dz

≤ C

∫
(Q∗)c

|Ω(xQ − z)|
|xQ − z|n−1

|(b(z) − bQ)f(z)| l
1
2

|xQ − z|3/2
dz

≤ C

∞∑
k=N

2−k/2(2kl)−n

∫
2kl≤|xQ−z|<2k+1l

|Ω(xQ − z)| |b(z) − bQ| |f(z)|dz.

x�>: z ∈ Qk+1 ?, -0D 2.2

|b(z) − bQ| = |b(z) − bQk+1 | + |bQk+1 − bQ| ≤ C|Qk+1|β/n‖b‖Λ̇β
, (3.1.1)

�
 Qk+1 = 2k+1Q. k- Ω ∈ Lq(Sn−1), Y2(∫
|xQ−z|<2k+1l

|Ω(xQ − z)|q
) 1

q

≤ C(2k+1l)n/q‖Ω‖Lq(Sn−1), (3.1.2)

mji Hölder A*`

D2 ≤ C

∞∑
k=N

2−k/2(2kl)−n|Qk+1|β/n‖b‖Λ̇β

{∫
|xQ−z|<2k+1l

|f(z)|q′
dz

} 1
q′

×
{∫

|xQ−z|<2k+1l

|Ω(xQ − z)|q
} 1

q

≤ C

∞∑
k=N

2−k/2(2kl)−n|Qk+1|β/n‖b‖Λ̇β
(2k+1l)n/q′

(2k+1l)n/q‖Ω‖Lq(Sn−1)Mq′(f)(x)

≤ C|Q|β/n‖b‖Λ̇β
‖Ω‖Lq(Sn−1)Mq′(f)(x).

jigl�4n

D1 ≤ C|Q|β/n‖b‖Λ̇β
‖Ω‖Lq(Sn−1)Mq′(f)(x).

o�-JKhi D3.
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- Minkowski A*`, Hölder A*`) (3.1.1) `, 7

D3 ≤ C

∫
Rn

∣∣∣∣ Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

∣∣∣∣|b(z) − bQ| |f2(z)|
(∫

|y−z|≤t
|xQ−z|≤t

dt

t3

) 1
2

≤ C

∞∑
j=N

∫
2kl≤|z−xQ|<2k+1l

∣∣∣∣ Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

∣∣∣∣ |b(z) − bQ| |f(z)|
|y − z| dz.

≤ C

∞∑
k=N

(2kl)−1|Qk+1|β/n‖b‖Λ̇β

{∫
|z−xQ|<2k+1l

|f(z)|q′
dz

} 1
q′

×
{∫

2kl≤|z−xQ|<2k+1l

∣∣∣∣ Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

∣∣∣∣
q

dz

} 1
q

≤ C

∞∑
k=N

(2kl)−1(2k+1l)n/q′+β |Q|β/n‖b‖Λ̇β
Mq′(f)(x)

×
{∫

2kl≤|z−xQ|<2k+1l

∣∣∣∣ Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

∣∣∣∣
q

dz

} 1
q

.

Gp, -0D 2.3 )4( (1.3) !*

{∫
2kl≤|z−xQ|<2k+1l

∣∣∣∣ Ω(y − z)
|y − z|n−1

− Ω(xQ − z)
|xQ − z|n−1

∣∣∣∣
q

dz

} 1
q

≤ C(2kl)n/q−(n−1)

{ |y − xQ|
2kl

+
∫ |y−xQ|

2kl

|y−xQ|
2k+1l

ωq(δ)
δ

dδ

}

≤ C(2kl)n/q−(n−1)

{
2−k + 2−kε

∫ 1

0

ωq(δ)
δ1+ε

dδ

}
≤ C(2kl)n/q−(n−1)(2−k + 2−kε),

m

D3 ≤ C

∞∑
k=N

(2kl)−1+n/q′+β‖b‖Λ̇β
|Q|β/n(2kl)n/q−(n−1)(2−k + 2−kε)Mq′(f)(x)

≤ C

∞∑
k=N

(2−k(1−β) + 2−k(ε−β)|Q|β/n‖b‖Λ̇β
Mq′(f)(x) ≤ C|Q|β/n‖b‖Λ̇β

Mq′(f)(x).

0q D1,D2 ) D3, U=> D ≤ C|Q|β/n‖b‖Λ̇β
‖Ω‖Lq(Sn−1)Mq′f(x). \\

III ≤ C‖b‖Λ̇β
‖Ω‖Lq(Sn−1)Mq′f(x).

yq I, II ) III �hi

1
|Q|1+β/n

∫
Q

|μb
Ω(f) − (μb

Ω(f))Q|

≤ C‖b‖Λ̇β
‖Ω‖Lq(Sn−1)

(
M(μΩ(f))(x) + Mr(f)(x) + Mq′(f)(x)

)
,

�� 1 < r < p < ∞.
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.9�A*`�, �(7rs x �4_e9m+, $- M,Mr ) Mq′ � Lp 7+C

‖μb
Ω(f)‖Ḟ β,∞

p
≈

∥∥∥∥sup
Q�·

1
|Q|1+β/n

∫
Q

|μb
Ω(f)(y) − (μb

Ω(f))Q|dy

∥∥∥∥
Lp

≤ C‖b‖Λ̇β
‖Ω‖Lq(Sn−1)‖f‖Lp .

��12�D 2 )�D 3.

-L b ∈ Λ̇β(Rn) (0 < β < 1), ji Minkowski A*`

μb
Ω(f)(x) =

{∫ ∞

0

∣∣∣∣1t
∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

(b(x) − b(y))f(y)dy

∣∣∣∣
2
dt

t

} 1
2

≤
∫

Rn

|Ω(x − y)|
|x − y|n−1

|b(x) − b(y)| |f(y)|
(∫ ∞

|x−y|≤t

1
t3

dt

) 1
2

dy

≤ C‖b‖Λ̇β

∫
Rn

|Ω(x − y)|
|x − y|n−β

|f(y)|dy.

(3.1.3)

ji (3.1.3) `, 0D 2.4 )0D 2.5, JK7

‖μb
Ω(f)‖Ls ≤ C‖b‖Λ̇β

‖T|Ω|,β |f | ‖Ls ≤ C‖b‖Λ̇β
‖f‖Lp

)

|{x ∈ R
n : |μb

Ω(f)(x)| > λ}| ≤ |{x ∈ R
n : |T|Ω|,β |f |(x)| > λ/C‖b‖Λ̇β

}| ≤ C(‖b‖Λ̇β
‖f‖L1/λ)

n
n−β .

3.2 WX 4 rst
+,0no Hardy � at�;puq.

ad 3.2.1[14] � 0 < p ≤ 1 ≤ q ≤ ∞, p < q, s ≥ s0, �� s0 = [n(1/p − 1)]. V�� a �;

C (p, q, s) r`, �� a ∈ Lq(Rn) ��Y���4(:

(1) suppa ⊂ Q;

(2) ‖a‖Lq ≤ |Q|1/q−1/p;

(3)
∫

Rn a(x)xαdx = 0, �(7 α = (α1, . . . , αn) ∈ N
n, � 0 ≤ |α| =

∑n
i=1 αi ≤ s.

ad 3.2.2[14] � 0 < p ≤ 1 ≤ q, p < q, $r` Hardy � Hp,q,s
a (Rn) ��<

Hp,q,s
a (Rn) =

{
f ∈ S ′(Rn) : f =

∞∑
j=1

λjaj ,�� aj�;C (p, q, s)r`, �
∞∑

j=1

|λj |p < ∞
}

,

��v

‖f‖Hp,q,s
a (Rn) = inf

{( ∞∑
j=1

|λj |p
) 1

p

, �(7�w f =
∞∑

j=1

λjaj

}
.

ob 3.2.1[14] � 0 < p ≤ 1 ≤ q, p < q, $

Hp,q,s
a (Rn) = Hp(Rn), ‖f‖Hp,q,s

a (Rn) = ‖f‖Hp(Rn).

-L.�D 4 � s0 = [n(1/p − 1)] ≥ [n((n + β)/n) − 1] = 0, \\ji0D 3.2.1, x[12
?.�� C > 0, D=��� (p, t, 0) r` a, 7 ‖μb

Ω(a)‖Lr ≤ C‖b‖Λ̇β
, �� t ≥ n/β.
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� supp a ⊂ Q = Q(x0, l), Q∗ = 4
√

nQ. Y2?. N ∈ N, D= 2N ≤ 4
√

n < 2N+1. \\

‖μb
Ω(a)‖Lr ≤

(∫
Q∗

|μb
Ω(a)(x)|rdx

) 1
r

+
(∫

(Q∗)c

|μb
Ω(a)(x)|rdx

) 1
r

≤
(∫

Q∗
|μb

Ω(a)(x)|rdx

) 1
r

+
{∫

(Q∗)c

(∫ |x−x0|+2l

0

∣∣∣∣
∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

(b(x) − b(y))a(y)dy

∣∣∣∣
2
dt

t3

) r
2

dx

} 1
r

+
{∫

(Q∗)c

(∫ ∞

|x−x0|+2l

∣∣∣∣
∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

(b(x) − b(y))a(y)dy

∣∣∣∣
2
dt

t3

) r
2

dx

} 1
r

:= I + II + III.

se p1, s1, �Y 1 < p1 < n/β, 1/s1 = 1/p1 − β/n, Y2 r < s1. \\ji Hölder A*`
) μb

Ω � (Lp1 , Ls1) 7+C (2�D 2),

I ≤ C‖μb
Ω(a)‖Ls1 |Q∗|1/r−1/s1 ≤ C‖b‖Λ̇β

‖a‖Lp1 |Q∗|(1/r−1/s1)

≤ C‖b‖Λ̇β
‖a‖Lt |Q|(1/p1−1/t)|Q∗|(1/r−1/s1)

≤ C‖b‖Λ̇β
|Q|(1/t−1/p)|Q|(1/p1−1/t)|Q∗|(1/r−1/s1) ≤ C‖b‖Λ̇β

.

-L��� y ∈ Q, x ∈ (Q∗)c, 7 |x− y| ∼ |x − x0| ∼ |x − x0|+ 2l, \\ji Minkowski A
*`

II ≤ C

{∫
(Q∗)c

(∫
Rn

(∫ |x−x0|+2l

|x−y|

dt

t3

) 1
2 |Ω(x − y)| |a(y)|

|x − y|n−1
|b(x) − b(y)|dy

)r

dx

} 1
r

≤ C

{∫
(Q∗)c

(∫
Q

|l| 12 | |Ω(x − y)| |a(y)|
|x − y|n+ 1

2
|b(x) − b(y)|dy

)r

dx

} 1
r

≤ C

∞∑
k=N

{∫
2kl≤|x−x0|<2k+1l

(∫
Q

|l| 12 | |Ω(x − y)| |a(y)|
|x − y|n+ 1

2
|b(x) − b(y)|dy

)r

dx

} 1
r

≤ C

∞∑
k=N

2−k/2(2kl)−n(2k+1l)β‖b‖Λ̇β

∫
Q

{∫
|x−x0|<2k+1l

|Ω(x − y)|rdx

} 1
r

|a(y)|dy.

- |x − x0| ∼ |x − y| � Ω ∈ Lq(Sn−1), !*��� q ≥ r ≥ 1,{∫
|x−x0|<2k+1l

|Ω(x − y)|rdx

} 1
r

≤ C(2k+1l)n/r‖Ω‖Lq(Sn−1), (3.2.1)

1�

‖a‖L1 ≤ C‖a‖Lt |Q|1−1/t ≤ C|Q|1−1/p = Cln(1−1/p), (3.2.2)

m

II ≤ C

∞∑
k=N

2−k/2(2kl)−n(2k+1l)β(2k+1l)n/r‖b‖Λ̇β
‖Ω‖Lq(Sn−1)‖a‖L1

≤ C

∞∑
k=N

2−k/2(2kl)−n(2k+1l)β(2k+1l)n/r|Q|−1/p+1‖b‖Λ̇β
‖Ω‖Lq(Sn−1)

≤ C

∞∑
k=N

2−k[(1/2−β)+n(1−1/r)]‖b‖Λ̇β
‖Ω‖Lq(Sn−1) ≤ C‖b‖Λ̇β

‖Ω‖Lq(Sn−1).
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��hi III.
x�>��� y ∈ Q, 7 t ≥ |x − x0| + 2l ≥ |x − x0| + |y − x0| ≥ |x − y|. \\{∫ ∞

|x−x0|+2l

∣∣∣∣
∫
|x−y|≤t

Ω(x − y)
|x − y|n−1

(b(x) − b(y))a(y)dy

∣∣∣∣
2
dt

t3

} 1
2

=
{∫ ∞

|x−x0|+2l

∣∣∣∣
∫

Q

Ω(x − y)
|x − y|n−1

(b(x) − b(y))a(y)dy

∣∣∣∣∣
2
dt

t3

} 1
2

=
∣∣∣∣
∫

Q

Ω(x − y)
|x − y|n−1

(b(x) − b(y))a(y)dy

∣∣∣∣
(∫ ∞

|x−x0|+2l

dt

t3

) 1
2

≤
∣∣∣∣
∫

Q

(b(x) − b(x0))
(

Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

)
a(y)dy

∣∣∣∣ 1
|x − x0| + 2l

+
∣∣∣∣
∫

Q

Ω(x − y)
|x − y|n−1

(b(y) − b(x0))a(y)dy

∣∣∣∣ 1
|x − x0| + 2l

≤
∫

Q

∣∣∣∣ Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

∣∣∣∣ |b(x) − b(x0)| |a(y)|
|x − x0| + 2l

dy

+
∫

Q

|Ω(x − y)|
|x − y|n−1

|b(y) − b(x0)| |a(y)|
|x − x0| + 2l

dy.

tu9, .9�y;CA*`�i>/ a �vwz4(.

] III1 =
{∫

(Q∗)c

(∫
Q

∣∣∣∣ Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

∣∣∣∣
∣∣∣∣ |b(x) − b(x0)| |a(y)|

|x − x0| + 2l
dy

)r

dx

} 1
r

,

III2 =
{ ∫

(Q∗)c

(∫
Q

|Ω(x − y)|
|x − y|n−1

|b(y) − b(x0)| |a(y)|
|x − x0| + 2l

dy

)r

dx

} 1
r

,

$ III ≤ C(III1 + III2).
� III1, - Minkowski A*`, Hölder A*`, (3.1.2) ) (3.2.2) `, 7

III1 ≤ C

∫
Q

{∫
(Q∗)c

∣∣∣∣ Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

∣∣∣∣
r( |b(x) − b(x0)|

|x − x0| + 2l

)r

dx

} 1
r

|a(y)|dy

≤ C

∞∑
k=N

(2kl)β−1‖b‖Λ̇β

∫
Q

{∫
2kl≤|x−x0|<2k+1l

∣∣∣∣ Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

∣∣∣∣
r

dx

} 1
r

|a(y)|dy

≤ C
∞∑

k=N

(2kl)β−1(2k+1l)n(1/r−1/q)‖b‖Λ̇β

×
∫

Q

{∫
2kl≤|x−x0|<2k+1l

∣∣∣∣ Ω(x − y)
|x − y|n−1

− Ω(x − x0)
|x − x0|n−1

∣∣∣∣
q

dx

} 1
q

|a(y)|dy

≤ C

∞∑
k=N

(2kl)β−1(2kl)n/r−n+1(2−k + 2−kε)‖b‖Λ̇β
‖a‖L1

≤ C

∞∑
k=N

(2kl)β−1(2kl)n/r−n+1(2−k + 2−kε)‖b‖Λ̇β
ln(1−1/p)

≤ C

∞∑
k=N

2−kn(1−1/r)(2−k(1−β) + 2−k(ε−β))‖b‖Λ̇β
≤ C‖b‖Λ̇β

.
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3x, x�>��� y ∈ Q, x ∈ (Q∗)c, |x − y| ∼ |x − x0|, m

III2 ≤ C

∫
Q

{∫
(Q∗)c

( |Ω(x − y)|
|x − y|n−1

)r( |b(y) − b(x0)|
|x − x0| + 2l

)r

dx

} 1
r

|a(y)|dy

≤ C

∞∑
k=N

lβ(2kl)−n‖b‖Λ̇β

∫
Q

{∫
2kl≤|x−x0|<2k+1l

|Ω(x − y)|rdx

} 1
r

|a(y)|dy

≤ C
∞∑

k=N

lβ(2kl)−n(2k+1l)n/r‖b‖Λ̇β
‖Ω‖Lq(Sn−1)‖a‖L1

≤ C

∞∑
k=N

lβ(2kl)−n(2k+1l)n/rln(1−1/p)‖b‖Λ̇β
‖Ω‖Lq(Sn−1)

≤ C

∞∑
k=N

2−k(1−1/r)‖b‖Λ̇β
‖Ω‖Lq(Sn−1) ≤ C‖b‖Λ̇β

‖Ω‖Lq(Sn−1).

\\

III ≤ C(III1 + III2) ≤ C‖b‖Λ̇β
‖Ω‖Lq(Sn−1).

yq I, II ) III,

‖μb
Ω(a)‖Lr ≤ C‖b‖Λ̇β

‖Ω‖Lq(Sn−1).

�lUy{/�D 4 �12.

z{ W/_z�|{}|}J�~~7=�f���!

| } ~ �
[1] Stein E. M., On the function of Littlewood-Paley, Lusin and Marcinkiewicz, Tran. Amer. Math. Soc., 1958,

88: 430–466.
[2] Benedek A., Calderón A. P., Panzone R., Convolution operators on Banach space valued functions, Proc. Nat.

Acad. Sci, 1962, 48: 356–365.
[3] Ding Y., Fan D., Pan Y., Lp-boundedness of Marcinkiewacz integrals with Hardy space function kernel, Acta.

Math. Scinica, English Series, 2000, 16: 593–600.
[4] Colzani L., Hardy spaces on sphere, Phd. thesis, Washington University, St. Louis, Mo, 1982.
[5] Colzani L., Taibleson M., Weiss G., Maximal estimate for Cesáro and Riesz means on sphere, Indiana. Univ.
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