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VOLUMENTARY GEOMETRY OF AN AFFINELY
CONNECTED SPACE WITH AREAL METRIC

By BuchiN Su
Fu-Tan University ond Academia Sinice
This note is a sequel to a previous one in which the geometry was as-
sumed to be affine {1]. Besides the notation newly introduced I shall use

the same notation.

Let us assume that the space Sy is of affine connection
- 1 i af
ij"" K(K+1) Haﬂ'(x7p)ljk)

where H.; is a homogeneous function-system symmetric in the indices

@,f [2). Further, we need to add the condition that the function-system

R axi)

Pﬁ:(lzm + Hip(x,p) (PZ= PG

constructed at each point of a differentiable variety 7 of K dimensions
7t =z (u%)

should be tensor-invariant under both sorts of transformatiens [3]

o

ou

i
I >, det % + 0, if e« u, A =zdet > 0.

Especially, under the latter the function-system H}; is transformed to

ﬁiﬂ (‘T’l—}> = Héﬁ (x,ﬁ) + ﬁz)Kgﬂ(xﬂ "7)~
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where we have placed

aue 9*u°
du® duoul’

9, =
aff = —

Yy

Consequently, I/, is transformed to
[';.-k= I‘]‘T,‘ -+ d]iAk + (5};/4]4-71;1:351‘

with the abbreviation

— 1 < Y — 1 2, |28
A= gmr Feele  Br= gy Keelin
Therefore the function-system defined by
. . o 6
Ly = i, _. J a k ]
Mp=Tn— jyg T —wa1 e
i 2 1 a ) 1 R
—pr——(l}klé—mjpak”“ N I/a ’n)

N+ 1
is invariant under the parameter transformation,

In the case 4=const. > 0 we obtain the volurientary connection 77

®
Vig="Tjx—

1 ; i
N — K Pi [']"zk la'

Consider now the “volume integral”

A=J;F(x,p)(du)’{ (P2=%),

taken on a region R of V; the function F obeys the law

| F (xpf,-avllji) = 4~} F“(x,}a).



Then follows the relation
F(z,p) 1} - pl == O} F (2, p).
This combined with the well-known identity |
riliph =0
suffices to demonstrate that
Flspl vl =F|5pd T}

In attempting to obtain a tensor-invariant parallelism of any K-ple
areal element (p.) when the element itself is taken for the supporting ele-

ment of the space we adopt Bortolotti’s differential [4]:

O =dpl+ I'l; phda* + Ggl vhdut,
where

N 1 . ;
Gla = o [HE [} — T (% pl + %)

and impose the condition that the metric function F(z,p) should remain

unchanged when the areal element (p.) = (g—z:) of the variety 7y is sub-

v

jected to the parallel transport

@k = .

It is easily shown that the equations of connections are the same as in the

former note, namely,

F-i;‘ Flzp‘};l—'ézj=0,
or in virtue of the above relation

F.im F[ipa V=0

i
Iutroducing the covariant derivatives of vectors §*(z,z) and % by

using the connection ccefficients ijk, for example,
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. am .
Hy= 5 + VigE

and adopting the notation
Ay b= p«i ﬁj ’

we are led to the second variation of the “volume integral” of an extremal

variety V:
A= [ P ay 2 e Pl Bas
+ F3Vh 15 @pl d38 — P g
s Fira (52) } o
v;rhere B’_’ij,‘ denqt.es the vollumen'tary curvature tensor:

Bljn=Vla— Vi + Vil VEpt — Vi Vikpe + Vig Vi — Vi, V.



