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THE FIRST AND SECOND VARIATIONS OF THE
VOLUME INTEGRAL IN A SPACE WITH A
MULTIPLE AREAL METRIC

By C. H. Ku anD BucHIN SU
Fu-Tan University and Academia Sinica

The spaces Sy considered in the present paper are of two structures,
one being with an assigned K-dimensional areal metric and the other with
an affine connection which depends upon the position as well as the K-ple
element, taken for the supporting element. These structures are connected
to each other such that the metric of any K-ple areal elernent is invariant
with respect to the parallel transport of the connection when the element
itself is taken for the supporting element.

Liet
2 = 2t (u®) i=1,--,N a=1, -+, K)

be the equations of a differentiable K-dimensional variety 7 in Sy, and

let the ‘volume’ of a certain domain R of the variety is given by a K-ple

integral ,
= k i K z___ba xt

a= [ Pt p)aw, (= 32).

where (du)® is an abbreviation for du'du®---du® and the function

F (z,p) is invariant under the transformation

I« z, det

2
27 o
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but is positively homogeneous of order zero and weight unity under the

transformation

ou

ouf > 0.

ve>u, det

Suppose that in Sy there is given a system of functions I, derivable
from a system of generalized homogeneous functions H;(x,p) by the
formula

1 9°Hig

Dh= KD opiph

(Hécﬂ = -[{[;‘a)

According to the above assumption these I”s are related to the metric

function F by the equations of connection
F.“ = F lzpé Izlj,

_oF

oF
where F.; = Epel

FIz:m.

Consider the infinitesimmal transformation
Z o= 2 4 E(2F,1) 0,

which carries the base variety /7 into infinitely near ones /7, and the

element (p.) into the corresponding one
i =+ £ pl o,

It is assumed that all the /7;’s have a common boundary By_,, so that
&* vanishes on By_,.
Denoting the Rulerian vector by E; we obtain the first variation of

the ‘volume’ integral in the form
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6A=—J;Eidxi(du)-" (02t = E 82),

E;=F [aﬁ Php,

ih

92z

Pis=gwgw + Thrivk

The variety 7 characterized by the condition E;=0 will be called

the extremal variety of the space. On calculating the second variation of

the ‘volume’ integral for an extremal variety we are led to the result:
A _ F |8 D 8" Dy& + F |2 pi RY; ., £ £
=" s l;,l e 8 + B \Epd .ijkgl'g

+F’h

20) + PTG oDy — Pt | (@,

where R” , denotes the affine curvature tensor

Rl =T — Tk + Ty |5 Ty — I 5 o py + TR Dy — TR T

and

In particular, when the coefficients of the affine connection I x are

JSunctions of position only the last equation takes the simple form

@3 2 "f{FIZﬂD §hD{3§k+Flh LR 5 8% + F |5 D (3a§ )}(du)’c.

In this case we can put, for example, the functions /7, as
Hig= P}.k (@Piﬁ’ﬁ

the space S, then becomes the ordinary affinely connected one. This

furnishes a generalization of Davies’ result for Riemannian spaces.



