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Clustering function: a measure of social influence

Mindaugas BloznelisEﬂ and Valentas Kurauskas!

Abstract

A commonly used characteristic of statistical dependence of adjacency relations in real
networks, the clustering coefficient, evaluates chances that two neighbours of a given vertex
are adjacent. Another characteristic is obtained by considering conditional probabilities that
two randomly chosen vertices are adjacent given that they have r common neighbours. We
denote such probabilities ¢l(r) and call r — cl(r) the clustering function. We compare
clustering functions of several networks having non-negligible clustering coefficient. They
show similar patterns and surprising regularity. We also provide mathematically rigorous
analysis of the clustering function of related random intersection graph models aimed at
explaining the empirical results.
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1 Introduction

Our study is motivated by the question: given two vertices of a network, the presence of how
many common neighbours would imply with certainty that these two vertices are adjacent. A
”softer” question is about the probability that two vertices with (at least)  common neighbours
establish a link. The answer is given by the clustering functions and .

Let G = (V,€) be a finite graph on the vertex set V and with the edge set £. The number of
neighbours of a vertex v is denoted d(v). The number of common neighbours of vertices v; and
vj is denoted d(v;, vj). We are interested in the fraction of adjacent pairs v; ~ v; among all pairs
{vi,v;} C V having (at least) r common neighbours. Here and below '~ denotes the adjacency
relation of G. More formally, let us consider the random pair of distinct vertices {v],v3} drawn
from V uniformly at random. Define the clustering functions of G

r— clg(r) == P(v] ~ v3|d(vi,v3) =), (1)
r — Clg(r) := P(v] ~v3|d(v],v3) >). (2)

In the case of a social network , could be interpreted as measures of social influence or
pressure exercised by the neighbours on a pair of actors to establish a communication link. We
remark that characteristics and are related to the clustering coefficient of G. We recall its
definition for convenience. Let (v, v3,v3;) be an ordered triple of distinct vertices drawn from V
uniformly at random. The conditional probability that v} is adjacent to v3, given that v} and
v3 are both adjacent to vj, is called the (global) clustering coefficient ([3], [16], [I7], [24]). We
denote it Cg = P(v] ~ v3|v] ~ v3,v5 ~ v3).
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In this paper we study clustering functions first by considering empirical data and then by a
rigorous analysis of related random graph models.

We consider clustering function of real networks admitting positive clustering coefficient: the
actor network, where two actors are declared adjacent whenever they have acted in the same film
([27]), and the Facebook network ([1], [12], [25]). We remark that empirical plots show similar
pattern and surprising regularity of the clustering function r — clg(r) (see Sect. 2 below).

Our choice of the random graph model is motivated by an observation of Newman et al. [18] that
the clustering property of some social networks (so called affiliation networks) could be explained
by the presence of a bipartite graph structure. For example, the bipartite graph, where actors are
linked to films, defines the actor network. It seems reasonable that a bipartite graph structure
might also be helpful in explaining (at least to some extent) the adjacency relations of Facebook
network: two members become adjacent because they share some common interests/attributes.
We secondly consider clustering function of a random intersection graph, where vertices
(actors) are prescribed attribute sets independently at random and two vertices are declared
adjacent whenever they share at least one common attribute ([I5], [13], see also [2], [14]). The
random intersection graphs are relatively simple objects and for them rigorous mathematical
results can be obtained. We evaluate the probabilities P(v] ~ v3|d(vi,v3) =), r=0,1,2,...
for a random intersection graph in Sect. 3 below. Our theoretical results are then used to
interpret empirical findings of Sect 2.

2 Clustering functions: empirical results

In Fig.1 we plot clustering functions and of three drama actor networks: English actor
network with n = 402622 actors, m = 66127 films and the clustering coefficient C' = 0.32
(clustering coefficient here and below is rounded up to 2 decimal places), French actor network
with n = 43204 actors, m = 5629 films and the clustering coefficient C' = 0.30 and Russian actor
network with n = 9880 actors, m = 2459 films and C' = 0.44. Data is obtained from [27]. In
Fig.2 we plot clustering function of three networks describing relations between community
members at three different universities (data from [25]): the first network has n = 17425 vertices
and the clustering coefficient C' = 0.16 (e blue graph); the second network has n = 9414 vertices
and the clustering coefficient C' = 0.15 (x green graph); the third network has n = 6596 vertices
and the clustering coefficient C' = 0.16 (m red graph).

3 Clustering functions of random intersection graphs

Vertices v1,...,v, of an intersection graph are represented by subsets Di,..., D, of a given
ground set W = {wi,...,wy}. Elements of W are called attributes or keys. Vertices v; and
vj are declared adjacent if D; N D; # (. The adjacency relations of such an intersection graph
resemble that of some real networks, e.g., the collaboration network, where authors are declared
adjacent whenever they have coauthored a paper, or the actor network, where two actors are
linked by an edge whenever they have acted in the same film. Random intersection graph have
attracted considerable attention in the recent literature, see, e.g., [4], [5], [7] [9], [11], [20], [19],
[26]. They admit a power law degree distribution and tunable clustering. We consider two
models of random intesection graphs: the active graph and the inhomogeneous graph.

Active graph. In the active random intersection graph Gi(n, m, P) every vertex v; € V =
{vi,...,v,} selects its attribute set D; independently at random ([13], [I5]). Here we assume
for simplicity that independent random sets D1, ..., D,, have the same probability distribution
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Figure 1: Clustering functions for three actor networks: (a) cl(r), (b) Cl(r).
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Figure 2: Clustering functions of three university networks.

such that all attributes have equal probabilities to be selected. In particular, we have
P(D;=A)= (1) ' P(lA),  for any ACW. (3)

Here P is the common probability distribution of the sizes of selected sets X; := |D;| (for each
i =1,...,n we have P(X; = k) = P(k), k = 0,1,...m). We remark that X;,...,X, are
independent random variables taking values in {0,1,...,m}.

Here we study the clustering function

r—c(r) = P(v] ~v3|d(v],vy) =r) =P(vy ~va|d(vi,v2) =) (4)

of a sparse random intersection graph with large number of vertices (by sparse we mean that the
number of edges scales as the number of vertices n as n — +00). It is convenient to consider a
sequence of random intersection graphs {G ) }n, where G(,y = G1(n,m, P) and where m = m,,
and P = P, both depend on n. We remark that {G(n)}n is a sequence of sparse random graphs
whenever the size X; of the typical random set scales as (m/n)/?
in addition, that

(i) X14/n/m converges in distribution to some random variable Z;
(ii) EZ < oo and EX;+/n/m converges to EZ

one obtains the asymptotic degree distribution of {G )}

as m,n — oo ([6]). Assuming,

lim P(d(v1)) = Ee ®Z(x2)%/k!,  for  k=0,1,...

n——4o00

: (5)

see [6], [7], [10], [22]. Here d(v) denotes the degree of a vertex v and z; denotes the i—th moment
of Z, z; = EZ'. Along with the first moment condition (ii) we shall also consider the r—th
moment condition

(ii-r) EZ" < 00 and E(X14/n/m)" converges to EZ".

We remark that the adjacency relations in a random intersection graph are statistically depen-
dent events. In particular, the clustering coefficient a = a(G () = P(v1 ~ va|v1 ~ v3,v2 ~ v3)
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of a sparse random intersection graph G/, is bounded away from zero as n— +oo provided that
the second moment of the degree distribution is finite and the ratio 5, = m/n is bounded ([7],
[10]). More precisely, assuming that (i) and (ii-2) hold one obtains as n — +o00

a=B71263% (5, — 51) 7 + o(1). (6)

Here 6§, denotes the r—th moment of the asymptotic degree distribution. That is, we write
6, = Ed’, for a random variable d, having the distribution P(d, = k) = Ee % (212)*/k!, k =
0,1,.... From (6) we see that 3, — oo implies a = o(1). For comparison, the (unconditional)
edge probability p. = P(v1 ~ v2) = §1n~! + o(n™1) is of order O(n~!) no matter whether S, is
bounded or not ([7]).

Theorems (1] and [2 show a first order asymptotics as n — +oo of cl(r) in the cases where f,, is
bounded and (,, — 400, respectively.

Theorem 1. Let m,n — oco. Assume that (i), (ii-2) hold. Suppose that B, — 5 € (0,+00).
Denote A = \/61/5. We have

pole ™M1 4 o(1)), r=0;
dA(r) = { (1 +0(1), =1 ™)
1—o(1), r>2.

Here p. = n~161 + o(n™1') denotes the edge probability, p. = P(vi ~ v3).

We remark that for r > 2 the convergence to 1 in can be quite slow, especially in the
cases where the (asymptotic) average degree 07 is large. This can be seen from a more detailed
expression for cl(r), r > 2, which is obtained from the proof of Theorem

cl(r) = (L+p, 7 (OES(A) ™ + 0. (8)

Here A’ = n~ (20— A)Z1Z5 and f,(\) = e"*A"/r! denotes the Poisson probability. We note that
when A is large, the probability f,(A) is small for r << A and, in this case, ¢l(r) may deviate
substantially from 1 even for comparatively large values of n, see also Fig. 4 and 5 below.

Theorem 2. Let m,n — co. Assume that (i), (ii-2) hold. Suppose that 3, — +o00. We have

e(1 1)), = 0;
cl(r) = pe(l+o(1)) X r (9)
a(l+o(1))+0O(n™), r=1.
In particular, cl(0) = O(n™') and cl(1) = o(1), see @ Furthermore, we have
1+o0(1), for — Bn/n—0;
cl(2) = W +o(1), for  Bn/n — By € (0,+00); (10)
o(1), for Bn/n — +o0.
Assuming, in addition, that B = o(n) for each k =1,2,3..., we obtain
c(r) =1+ o0(1), for r=2,3,.... (11)
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Figure 3: Convergence to the step function for random intersection graphs with all sets of size 10.

We conclude from , @ that the edge dependence measures cl(1) and « are, in fact, equivalent
in the case of a random intersection graph. In particular, we have cl(1) = 1—0(1) & a =1-0(1)

and cl(1) = o(1) & a = o(1). Furthermore, tels us that the parameter cl(2) is able to
distinguish between the cases 3, = o(n) and n = o(8,). Finally, tels us that any c(r),

r=1,2,... can’t distinguish between sequences {8,} and {8/,} growing slower that any power

of n (take B, = Inn and £/, = In?n, for example).
Remark 1. 1t is likely that can be extended to an arbitrary r as follows

,Bn/n‘**%_l — 0;

1+ o(1), for
cl(r) = q e(r, ) + o(1), for  Bu/n*¥"" = B, € (0,+00);
o(1), for Bn /A2 5 foo.

Here c(r, 8s) = ( :/szrﬁzgzz +1)71. We note that numbers z; = EZ’ can be expressed in
terms of moments of the asymptotic degree distribution .

Proofs of Theorems [I| and 2| are given in the Appendix.
Fig. 3 illustrates the convergence to a step function shown by Theorem|[l| Here we plot clustering

function of random intersection graphs G; = G(n;, m;, P), where n; = m; = 10351, i =

1,2,3, and P(10) = 1.
Fig. 4 illustrates the influence of the expected degree §; on the slope of the clustering function
: the larger is §; the more gradual is the slope. In Fig. 4 we plot for random intersection

graphs G; = G(n,m, P;), where n = m = 10* and P;(3') =1, =1,2,3.
Inhomogeneous graph. The inhomogeneous random intersection graph Gi(n,m, Pi, P») on
.,Up } is obtained as follows. We first generate independent random

, By, such that each A; has the probability distribution P; and each
n,m

the vertex set V = {uvy,..
ij=1

variables A1, ..., Ay, B1,...

B; has the probability distribution P,. Then, conditionally on the realized values {4;, B;}
we include the attribute w; € W in the set D; with probability p;; = min{1, 4;B;j(nm)~1/2}
independently for each ¢ and j (see [2], [8], [2I]). We consider a sequence of inhomogeneous

intersection graphs where P, P5 remain fixed and m = m,, and n tend to infinity. We remark
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Figure 4: Clustering function of random intersection graphs with n = m = 10000 and P;(3!) = 1,

i=1,2,3.

that G,, = G1(n,m, P, P,) is sparse and the edge probability p. := P(v; ~ vg) = a3ben=1 +

o(n~"). Here we denote aj, = EA% and b, = EB}. 3
Our next result shows that G, admits a nonvanishing clustering coefficient o = a(G,,) = P(v1 ~
va|vy ~ v3,vy ~ v3) in the case where 3, = m/n is bounded and it is bounded away from zero

as n,m — +oo. In addition, we show a first order asymptotics of the clustering function cl(-).

Theorem 3. Let m,n — oo. Assume that 0 < EA? < oo and 0 < EB} < co. Suppose that
Brn — B € (0,+00). Then we have

bgli
e 1 12
= rrosvg HeWw 12)
and
afbin (1 + (1)), r=0;
1-o(1), 2> 2.

Here k = ala2_1b2_2 and by = EBfe*alBl/\/B_

The proof of Theorem [3is given in the Appendix. We remark that the approach used in the proof
applies to the case of 3,, — +o00 as well. In particular, for 3, — +00, we have cl(0) = p.(1+0(1))
and a = o(1), ¢l(1) = o(1). One can show, in addition, that

1+ o0(1), for Bn/n — 0;
1(2) = { i (1), o fa/n = B € (0,+0): (14
o(1), for  Bn/n— +oo.

/=214
Here k' = a; “b; ".
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Figure 5: Sampling subgraphs with degree constraints.

4 Discussion

The first order asymptotics @, , and suggests that the clustering function cl(-) of
a (very) large affiliation network can be approximated by a step - like function. Furthermore,
cl(1) is closely related to the clustering coefficient.

Simulations in Fig. 3 and 4 show that the convergence in can be rather slow and we observe
a sigmoid function approximation of the step function. Furthermore, the larger is the average
degree, the more remote is the “step“ from the origin and the more gradual is the slope of the
clustering function.

In order to learn about the influence of the inhomogeneity of the degree sequence on the slope
of the clustering function r — ¢l(r) we select various subnetworks of real networks according
to certain regularity conditions satisfied by their degree sequences. We observe that the inho-
mogeneity (heavy tail) of the degree sequence affects the slope of the clustering function: the
heavier the tail the more gradual is the slope of the clustering function. We illustrate this
observations in Fig. 5 and 6.

Fig. 5 plots clustering function of subgraphs of the first university network (see Sect 2.)
sampled as follows. G is the subgraph that includes all vertices of degree not larger than 50.
It has ng = 7165 vertices. Gy is a subgraph induced by ng vertices drawn uniformly at random
(without replacement) from the vertices of degree not larger than 150. Gs is a subgraph of
induced by ng vertices drawn uniformly at random (without replacement) from the set of all
vertices. Now all three graphs have the same number of vertices.

In Fig. 6 we plot two subgraphs of French actor network (data from [27]). The subgraph G,
is induced by the set of marked vertices obtained as follows: we put a mark on each vertex v
with probability d~7(v) and independently of the other vertices. Choosing 7 = 0.5 we obtain a
random subgraph denoted G4. In our case the realized number of marked vertices n; = 8871.
Gs is the subgraph of French actor network induced by n; vertices drawn uniformly at random
(without replacement) from the set of all vertices. Now both subgraphs have the same number
of vertices, but the degree sequence of G4 is much more regular than that of Gs.
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Figure 6: Sampling a subgraph with a random degree constraint.

Finally, we examine how well a random intersection graph fits the real data. For this purpose we
consider a memoryless actor network obtained as follows. Assume every actor of a given actor
graph has forgotten about the titles of movies he or she acted in, but remembers the number of
movies.

We first simulate an instance of the active memoryless graph where each actor chooses films
independently and uniformly at random from a given set of m films so that the number of films
chosen by each actor is the same as in the true actor graph. In the active memoryless graph
all films have equal chances to be selected by any of actors. We remark that in the case where
m = m, i.e., the number of films in the active memoryless graph is the same as in the real
underlying actor network, the expected degree of the memoryless graph does not match the
average degree of the real network. We can easily adjust the number of films (of the memoryless
graph) so that these degrees match. We denote this number m’ and call the active memoryless
graph with m = m’ adjusted one. In Fig. 7. we plot clustering function of two instances of
memoryless graphs for comparison with the underlying French actor network: one with the true
number of films and another with the adjusted number of films.

We secondly simulate an instance of the inhomogeneous memoryless graph where an actor v;
chooses the film w; with probability a;b; M ~1 independently for each i and j. Here the numbers
a;, b; are observed characteristics of the underlying actor network: v; acted in a; films; b; actors
acted in the film wj. M =37, ai = > 1<, bj is the total number of links of the bipartite
graph where actors are linked to films. In Fig. 8 we plot clustering function of an instance of
the inhomogeneous memoryless graph of the French actor network. Here we observe a remarkable
accuracy of the approximation of the real clustering function by that of the memoryless graph.

5 Appendix

The section is organized as follows: we first collect some notation, then we prove Theorems
and [3l At the very end we present two auxiliary results used in proofs: Lemmas [2] and
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By X,,; we denote the size of the set D; in G(n). Furthermore, we denote Z,1 = 8y, 1/ 2Xn1 and
Zo1 := Z. Introduce the function

t — o(t) = sup EZ%IH{ZMZt}.
n>0

We remark that conditions (i), (ii-2) imply () = o(1) as t — 400 (see [7]). By P and E we
denote the conditional probability and the conditional expectation given Dy, Do. We introduce
events A = {v; ~ v}, A; = {|D1 N D3| = i} and probabilities p;(r) = P(A; N {d12 =r}). B
fr(A) = e=*\"/r! we denote the Poisson probability.

Proof of Theorems[1] and[3. We have

PAN{di2 =71})
P(d12 = T‘) '

cd(r) =P(Aldia =r) = (15)

In order to evaluate the numerator we write A = U;>1.4; and apply the total probability formula

PAN{dip=7})=> pi(r)= > pi(r)+ Ri(r). (16)

i>1 1<i<k

Here Ry(r) = >_,5,pi(r) < P(|D1 N Dg| > k +1). Similarly we obtain

d12—’l” Zpl = Z pi(’l”)—i-Rk(T). (17)

>0 0<i<k

In order to prove Theoremwe choose £k =1 in , and invoke the asymptotic expressions
of pi(r) and the upper bound for P(|D; N D3| > k 4 1) shown in Lemma
Theorem [2] is obtained in the same way, but now we choose k = 2. ]

Lemma 1. Assume that 5, — B € (0,400]. Suppose that (i), (ii-2) hold. Denote Ay = 651/2,21

and Ny = 29 — _1/ z1. We have as n — 400

po(0) =1—o0(1), po(r) = o(n™?), r>3,

=n "(r)TTALZ2 +o(nT), r=1,2,

=n 122 f(AL) + 70,y r>0
=272, 2A AR+ . >0

o~ o~~~
—_ — —

Here 7, = O(n™?), forr =0,1, and 7, = O(n*QB,Zlm) +o(n=2), for r > 2. Furthermore,
P(|D1NDy|>3)=0(n"%) and P(DiNDy|>k)=0n"), k=12 (22)

Proof of Lemmal[i. Before the proof we introduce some notation. By P;(-) = P(-|A;, D1, Dy)
we denote the conditional probability given A; and D1, Dy. By Iz we denote the indicator of an
event B and write Iz = 1 — [[5. In the proof we use several indicators

I I =1 L;=1I

= ]I{X1+X2<€2n,8711/2}’ {Xj<0.552n,8711/2}’ {ngﬁrl/Qs—l}’

H*j = ]I{XjSEm}ﬂ Ij = ]I{Xj<m1/2n*1/4}’ I*j = ]I{XJSO"E’m}‘

Some of them depend on ¢ > 0, value of which will be clear from the context. We will use the
following simple properties of the Poisson probability A — f,.(\). It follows from the mean value

11



theorem f,.(t) — fr(s) = fL(§)(t — s), where 0 < s < & < ¢, and the inequalities |f/(£)| < 1 and
| fo1(&)] < & that

[fr(s) = fr@®) <ls—t]  and  |forr(s) = forr (D) < (s +1)[s —1]. (23)
Now we outline the proof. In order to evaluate p;(r) we write
pi(r) = EP(A; N {d12 = 7}) = Ep;(r)P(A)), (24)

where p;(r) = Pi(di2 = r). Next we approximate P(A;) using and apply the Poisson
approximation to p;(r). We observe that, given A;, Dy, Dy, the random variable

diz2 = Z Loy v vz}
3<j<n

has binomial distribution Bin(n —2, ¢;), where ¢; is the probability that D3 intersects with both
sets Dy and Ds. Hence, pi(r) can be approximated by the Poisson probability fr(X;), where
Ai = (n — 2)g;. Finally, we approximate A\; by \; = ng; and f,.(\;) by fr(\;). Here

Go =n"2(zg — B;Y%21) 21 Zs, G =n"181 22, Go = 20715122 (25)

are approximations of ¢1, g2 and ¢3 respectively. In order to obtain an upper bound for the error
of such approximation we write

Ar,i = ﬁl(r) - fT(S‘Z) = A;',z + A;"/,iv (26)
where AL; = pi(r) — fr(\i) and A7, = f.(\) — fr(X\;), and estimate
‘Ar,i| S 2nq127 /l:’ r= O’ 17 27 R (27)

using LeCam’s lemma (see Lemma , and estimate A;fyi using the mean value theorem, see .
Now we briefly explain approximations . Let {w],...,w;} denote the intersection Dj N Do
provided it is non empty. We write ¢; = P;(n1 > 1,no > 1), where n; = |D3N Dy, j = 1,2, and
split

qo = qo1 + go2, q1 = q11 + q12, g2 = q21 + q22 + q23 + Qo4,
where
g1 = Po(ny = 1,ny = 1), Qo2 = Po(n1 +n2 > 3,01 > 1,n > 1),
g1 = P1(w} € D3), q12 = Pi(w} ¢ D3,nq > 1,02 > 1), (28)
g21 = Po(w} € D3, wh ¢ D3), qua = Po(w} ¢ D, wh € D3),
go3 = f’g(wf,wé‘ € Ds), q24 = P5(wi, w5 ¢ D3,nqg > 1,n9 > 1).

Approximations g; = §;, see , are obtained as follows. We have gy ~ qo1 = Go, (1 & 11 = Q1
and ¢ = @21 + q22 = Ga.

Proof of (@, (@ In order to prove , we show that

EA,0P(Ap) =o(n~™?), >0 (29)
Ef.(A\)P(Ag) = (") 'EN; + o(n™™2).  r=0,1,2, (30)
Ef.(A\)P(Ag) =o(n"?), r>3. (31)



We firstly prove . In the case where 5 < oo we find ng > 0 such that g < 23, for n > ng.
In the case where = +o00 we find ng such that 5, > 1 for n > ng. In order to prove we
show that for any 0 < & < min{0.53'/2,0.1} and n > ng we have

E|A, ol < cxn 2 4 con "Ry () + 4n" 21 Ry (e), (32)

Ri(e) = 20(e™ ) +dzm(e+m L +n7h) and Ro(e) = p(en)(1 + 46 *n"229).

Here and below ¢, denotes a constant independent of n, m and . Observe that lim;_,~ ¢(t) = 0
implies that the left-hand side of is o(n™""2). Now we fix £ and prove (32)). For this purpose
we write Ao = A, ol + A, ol and show the inequalities

E|A, ol < cxn 3 4 cxnTM Ry (e), (33)
E|A,ol| < EI < 4n" 271 Ry (e). (34)

The first inequality of is obvious. In order to prove the second one we combine the inequalies
en?El < B, 'E(X1 4+ X2)1 < 26, 'E(X? + X)) = 48, 'EXI,
which follow from Markov’s inequality, with the inequalities
B 'EXTT < B, EXT (T + o) < B, "EXT (T + 4e*n 7?8, X3To) < Ry(e).

Here we applied the inequality I < I; + I and then Markov’s inequality.
In order to prove we write A, ol = A;,OH + A;”OH, see , and invoke the inequalities

E|A] oI < cin™? and  E|A) I < cn " Ry(e). (35)
The first inequality of follows from and the inequalities g3 < 243 + 2(go — Go)? and
lgol — Gol| < n™'m ™ X1 XoR) (). (36)

The second inequality of (35|) follows from (23 and .
(29

We complete the proof of (29)) by showing 1) We note that for n > ng we have 55{1/2 <1
In particular, the inequality X; 4+ X3 < 62n571/ 2 implies X7 + X2 < em. We shall show that

(1—=3m "o < qor < (1 + 2¢)do, (37)
qo2 < 2n_1m_1X1X2(g0(5_1) + 2622). (38)

These inequalities imply . In order to prove we write qo1 = ]:]qgl, where g3, = f’o(nl =
1,ng = 1|X3), and show that

so(1—3m™h) < giy < sese(1 + 2), (39)
where 7 = m™ ' X1 X3 and s = m ™! X5(X3 — 1). We have
Qo1 = T1T2, T = 150(711 =1]X3), Ty = 150(712 =1ln; =1, X3). (40)
Combining the inequalities, which follow from ,
s(1—(m—X1) ™ <7 <o,

%2(1 - (m - X1 - Xz)_l) S T S %gm(m - Xl)_l
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with the inequality X; + X3 < em we obtain (39).

Now we prove . We split o2 = qo3 + qos, where qo3 = Po(ny > 2,n2 > 1) and qos = Po(ny >
1,n9 > 2) and construct upper bounds for gg3 and gos. Both quantities are estimated in the
same way. We only consider go3. We denote pj, = P(ny > k,ny > 1|X3), k = 1,2, and write

903 = Epoy = Epo. (I3 + L) < Epo.lLs + Epp.Ls. (41)

Here we use the inequality pa. < pi1.. Next, proceeding as in the proof of the right hand
side inequality of we obtain p1, < %1{:2(1 + 2¢) < 231309. Hence, we have Ep,l.3 <

Qn_lm_lengo(s_l). In order to estimate Epo.l3 we write
DP2sx = T1xT2x, 71 = Po(n1 = 2|X3), T2x = 150(”2 = 1n1 =2, X3)
and invoke the inequalities, which follow from ,

e <27 EXEXE 1 < (m— X1) T X0 X3,

We note that X7 < X;7+Xs5 < €2nﬂ,11/2 < em imply T1,7ox < EQnB,ll/gm%XngXg. Furthermore,
using the inequality X3l,3 < e~ ! ﬁi/ % we write

EpZ*]I*S < ETl*TQ*]I*3 < 6Bnnm_3X1X2EX§.

Invoking in the upper bounds for Eps,l5 and Epi.L.3 we obtain . Proof of 1} is
complete.
We secondly prove . For this purpose we write

Fr(A0)P(Ag) = (r)INP(Ag) + Ror = (rD) 71N + Rop + Roo. (42)

Here in the first step we apply the inequality 1 — e A0 < Xo and in the second step we apply the

inquality, see , ) .
1 -P(Ay) =P(DiNDy #0) < X1 Xom™ L. (43)

Hence, |Rp1| < S\SH and |Roa| < MN;X1Xom™'. Now, for 7 = 0,1, we obtain (30) from (42)
using the simple bounds E|Ry;| = O(n~""!), i = 1,2. In the case where 7 = 2 we invoke the
truncation argument. It follows from the inequalities

LL<1<LL+L+D (44)

that
fQ(S\O)f)(AO) = Illgfg(j\o)f)(Ao) + Ros, S\g = 11125\% + Roa, (45)

where | Ro;| < A3(T; +12) are negligibly small, i.e., E|Ry;| < cxn~2p(n/*) = o(n=2), for j = 3,4.
Now combining and , and invoking the bounds

E‘RQjIlIQ‘ < C*E(X1X2m71)31112 < c*nfl/QE(X1X2m71)2 = O(n75/2), j=12

we obtain for r = 2.
Let us prove . We write

Ef,(A)P(Ao) <Efr(No) <Ef,(Ao)(LL + 11 + 1)
and apply the inequalities f,(t) <t/ f,_;(t) <#/, 0 < j <r. For r > 3 we obtain
Ef. (M) < EXLI, < c,n V2EX2 = O(n°/?),
Ef.(A)T + 1) < EX(I, + L) < can2p(n'/*) = o(n™?).

14



Proof of (@), . Given a sequence of random variables {Y,,} and r > 0 we write Y,, < 7,
to denote the fact that E|Y,| = O(n™2), for r € {0,1}, and E|Y,| = O(n*2ﬂ,;1/2) + o(n2), for

r > 2. In the proof we use the following inequalities, which are obtained from and ,

2, (46)

P(A)
P PA)LL 4+ T + 1) <Ll + T + 1o <n /2 4 1; + I, (47)

(Ai)
Here 5 = (X1)i(X2)i/(i!(m);) and i = 1,2. We remark that (20)), follows from the bounds

<
<

AriP(A;) < Tovi, (48)
FrOP(A) = fr(Ni)ses < Tovi, i =1,2. (49)

Let us show . For this purpose we write
Ari=ApiLa + Arila = AL La + A7 L + Ay iLa
and invoke the bounds
A;’,il*lp(Ai) = Trvi A¥7i1*115(Ai) =< Tyviy A LaP(A) < 7. (50)
We note that the third bound of follows by Markov’s inequality
EA, ;L P(A;) < EL; < (4nm) 1p(0.5v/nm) = o(n~2).

Next we establish the first and second bound of in the case where ¢ = 1. The first bound
of is obtained from using the simple inequality ¢7 < 2¢%; + 2¢%, (recall that ¢;; = §1) and
the inequality, which is shown below,

qlgl*l S 2n_1m_122X1X2. (51)
More precisely, we note that implies Eng?,I.; = O(n~?) and proceed as follows
AL TaP(A) < 2ngiTaP(Ar) < 4ngiP(Ar) + dngiola < 7.

In the last step we used the inequality, see , Encﬁf’(Al) <cn 2B
In the proof of the second bound of we combine , and apply the simple inequalities

A1 — 1| < 241 + naia, A1+ A1 < 20y + ngi.
In particular, for » = 0,1 we have
EA;{JI*lP(Al) S E|)\1 — 5\1|I*1I3(Al) S 2E(1113(A1) + EnqlgI*lf’(Al) < Tp.

In the last step we invoked the bounds E§P(A;) = O(n~2) and EngialaP(A4;) = O(n~?2),
which follow from , . For » > 2 we have

IN

A1 — M|\ + AL P(A)
< 4@ +n’Gigiz + n’gy)LaP(A)
<  Tr.

Here in the last step we invoked the bounds, which follow from , ,

EngiP(A) = 0(n28;Y),  En’qiqulaP(A4) = 0(n~28;'?)
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and the inequalities, see , ,
Ean%QI*lls(Al) < Ean%QI*l(n_l/2 +I; +1p) < cn 2 4 c*n_Qcp(nl/A‘).

We complete the proof of , in the case where ¢ = 1, by showing . We obtain from
the inequalities, see ,

g1z < Pi(ng >1,np>1) =EP(n; > 1,ny > 1|X3) = E7{75,
T o= f’l(nl > 11X3) < m X1 X5,
Té = 151(712 > 1|n1 > 1,X3) < (m — X1)71X2X3.

Now we establish the first two bounds of in the case where ¢ = 2. The first bound is
obtained from (27) using the simple inequality ¢5 < 2q3; + 2q3, + 2¢33 + 243, and the upper
bounds for ¢o;, j = 1,2, 3,4 shown below. In particular, we have g21 = g22 and

o ) . X X3\ §
g22 = EPy(w) € Ds|w} ¢ D3, Xg)P(w} ¢ D3, X3) =B—>— (1-22) =L 4 R, (52)
m—1 m 2
where |Ra;| < c*n_Q(Bﬁg/Q + B;1). Furthermore, we have, see 1'

@3 = E(X3)2/(m)2 <emn?, (53)
qoul < c*(nm)leng. (54)

Here (j54)) is shown in the same way as above. From , we obtain
A7 P(A9)La < 2ng5P(A2)La < 4n(g3) + g5 + ¢53) 32 + AngiyLa < 7.
In the last step we used the bounds, which follow from , and ,
n(g31 + Go + 453) 32 < T2 and Gala1 < 7.
Let us show the second bound of . Since the absolute value of
A2 — A2 = (n—2)(q23 + q2a + (q21 + q22 — G2)) — 202
is bounded from above by n(ga3 + g24 + 2R21) + 2G2, see , we obtain from that

AZQf’(AQ)I*l < n(Q23 + 2R21)%2 + 2Qost0 + TLQQ4I*1%;/2(7171 + il -+ ig) < To.

Here in the first step we applied and the inequality (P(A2))? < sn(n~' +1I; + I,), which
follows from and . In the second step we used , , .

Finally, we prove . In the case where ¢ = 1 it suffices to show that
0 < E[m ' X1 Xy — P(A)| < cxn2(1 4 5, 1/2). (55)
We derive from the inequalities
m X1 Xy > P(Ay) > P(A)Lg > m X1 Xo(1 — Ryy). (56)

Here
Ry =Tg+ (m— X)) ' X1 X0l <2m™ X, +2m7 1 X X,
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We note that the first and third inequality of follow from . Indeed implies
].3(./41) > m_leXg(l — (m — Xl)_leXg)

and we have (1 — (m — Xl)_leXQ)I*l =1- Ry1.
Now we prove in the case where ¢ = 2. For this purpose we show that for every 0 < & < 0.5

E|sc — P(Ag)| < eEsey + con2p(ev/n). (57)
We note that follows from the inequalities

X1X - -
! ;. ) Lale > 500(1 — e — Ly — Lio).
1

m —

sy > P(Ar) > P(Ag)LaLes > 50 <1 -
We obtain these inequalities combining the following ones

Ll < 1 < TLale + L + Le,

~ XX
%QZP(AQ)ZJ«Q(l—ml;).
— Al

Here the first line is obvious, the second line follows from .
Proof of (@ In the proof we apply . We have, see ,

P(|D1 N Dy| > k) < 5, < ZFZEn~F. (58)

Taking the expected values in we obtain for k = 1,2. For kK = 3 we write, see ,
P(|D; N Dy| >3) <n 3241, +1, and

P(|D1 N Dy| > 3) = P¥3(|D1 N Dy| > 3)PY3(IDy N Dy| > 3) < 56 (032 4+ T, + Tp) /3,
Hence, P(|D1 N Dy| > 3) < Bs2 3 (n=3/2 + T) + T,)1/3 = o(n2). O
Proof of Theorem[3. Given w;,wy, w; € W we denote the events

Hj :{ijDlﬂDg}’ H}:{wj'GDlngﬂD:gL
ij = {wj € DN D3, wg € Dy N Dg},
Hjw = {w; € D1 N Dy, wy, € D1 N D3, w; € DaN D3},

and their unions

w=\Umn, #= U M MW= U Hw

j€im] {5,k}Clm] {a.k1}Clm]

Furthermore, we denote HE = Uje[m_l]”z'-ljl- and H? = Ugj k) cm—1) k-
Let us prove (13). To this aim we write cl(r) = p}/ (P + pf), where
p*(r) :=P(v1 ~v2,d12 = 1), Py = P(v1 £ v2,d12 =7),
and show that
vy = Efa(r)aiByn~" +o(n™h), (59)
pr=fa(r)+0(n™). (60)
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Here we denote A = aleﬁﬁlﬂ and A = 2*1a%a2b%n*1, and 7, = 1+ I3
We first show . Expanding the event {v1 ~ v2} = Uje},H; we obtain, by inclusion-exclusion,
0< 851 —p; <Sy. Here

Si =Y PH;N{diz =1}) = mP (MmN {diz =1}),

j€im]
So= > PH;NH) = (5)P(H1NHa) = O0(n?).
{5.k}Clim]
We complete the proof of by showing that
P(Hpm N {diz =7}) = Efa(r)a?B2n26,1 + o(n™?). (61)

We denote, for short, s := P(H,, N {di2 = r}) and write
= EF(’Hm N {d12 = ’r‘}) = Eﬁ(dlg = T|Hm)F(Hm) = Eﬁ(dm = T|Hm)p1mp2ma

where P denotes the conditionall probability given A1, As, B, and approximate P(d12 = 7|H,)
by a Poisson probability fi(r). Indeed, dis = Y ;" 4 I; is the sum of indicators of events L£; =
{D;N D1 # 0, D; N Dy # ()} which are conditionally independent, given Ay, A, By, Hy,. Hence,
for A = (n — 2)p and p = P(L3), Lemma [2 implies

[P(dio = r[Hm) — [r(r)] < 2(n — 2)5%. (62)

Next we evaluate the probability p. We observe that L3 = {wm, € D3} U H' U H2. Denoting
s := P(wy, € D3) we write

0<p—p. <P(H")+P(H). (63)
Since py < a1 By, (nm)~Y? and
?(7:[1) = (m — 1)?(7‘[%) S A1A2a1b3n_3/2m_1/2,
F(/HQ) = (m;l)ﬁ(sz) § A1A2a2b%n_2

we obtain from that
P2 < 3P(HY) + 3P(H?) + 3p2 < ¢ (A1A2 + By (nV/4 + nL)> n=2. (64)

Here c is a constant which does not depend on n and m. In the last step we used the simple
inequality px < pulc + I, where I, := ]I{Bm<n1/4} and I, := 1 — L. Now, , imply

% = EfA(r)pimpam + o(n~?).
Next, using the inequality | f(r) — fa(r)] < |A — A| we replace A by A. We have arrived to (61))
st = EfA(r)pimPam + o(n™2) = Efa(r)a?B2n 26,1 + o(n™?).
We secondly show (60). We denote C = {v; 7¢ v2} and write
Py = P(di2 = r|C)P(C). (65)

By the inequalities 0 < 1-P(C) < E} 3., p1;p2;, the second probability P(C) = 1 +0(n71h).
For the first probability we apply the Poisson approximation as in the proof of above. In
particular, Lemma [2] implies

[P(diz = 7|C) — fr,(r)| < 2(n — 2)p*, (66)
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where A1 = (n —2)p and p = P(L3|C). Next we evaluate p = P(L3NC)/P(C). We observe that
L3N C =CNH2 Hence, by inclusion-exclusion, we have 0 < 51 — P(£3NC) < Sy, where

Si= Y P(H«NC)=(3)P(H12NC), (67)

{s,t}C[m]

Z P(Hs N Hay) = (5) (("9)P +2(m — 2)p") = O(n™?).

Here the sum ), runs over distinct pairs {{5, t},{z, y}} of subsets of [m] of size 2 and
= P(HiaNHzg) = O(n™7), P =P(Hi2NHiz) = O(n"°).
Therefore, P(L3NC) = 51 + O(n~3). Furthermore, combining with relations
P(H12 N C) = Epripsipaspsaq = ajagby(nm) > +0(n~?),

here we denote ¢ = (1 — p12)(1 — pa1) [[j25(1 — p1jpe;) and use

0<1-¢g<pi2+pa—+ Z P1jP2j; (68)
3<j<m

we obtain S = 2~ 'atazb3n =2 + O(n=?). We have shown that
h=P(L3NC)/P(C) =2 alasban™2 + O(n™3).
Invoking this expression of p in we derive from , .

Let us prove (12). To this aim we write o« = P(B)/P(D), where D denotes the event {v; ~
v3,v2 ~v3} and B =D N{v; ~ va}, and show that

P(B) = s +0(n"?),  P(D) =3+ +o(n?). (69)

Here s := aSbsn=3/>m~1/2 and s := 27 'a3asbin=2. To show the first relation of we
observe that the event H! implies B, and the event B implies H!' U #H3. In particular, we have
0 < P(B) — P(H!) < P(#H?). Here

P(H3) = (?)P(/Hug) = O(n_g).

Hence, P(B) = P(H!') + O(n3). Next we approximate P(#!) using inclusion-exclusion

S PMH)- Y. PHINHH)<PMH)< ) P(H! (70)

s€[m)] {s,t}C[m] s€[m)]

and obtain P(H!) = s + o(n™2). Here we invoke the bound

Y PHINH) = ()PHINH;) =O0(n?)

{s:t}C[m]

and > i) P(H!) = mP(H]) = s + o(n72).
Let us prove the second relation of . We observe that D = H!' UH? and approximate

P(D) ~ P(’Hl) + P(HQ) ~ mP(”H%) + (g)P(ng) = 301 + 39 + o(n_Q).
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The rigorous argument is a bit more involved since we operate under minimal moment conditions.
Introduce event A* = {A3 < nt/ 41 and its indicator function I = I 4«. We construct upper and
lower bounds for P(D) using the inequalities

PH' NA)+PH*NAY) —PH' NH*NA") <P(DNA*) <P(D) <P(H') + P(H?).

By the union bound, the right hand side is bounded by mP(H1)+ () P(Hi2) = 51+ 202+0(n2).
Next we show a matching lower bound for P(D). Proceeding as in we write

P(H!' N A*) = mP(Hi N A" +0(n3),
where
P(H1 N A") = Epiipoipsil = Epripoipst + o(n™?) = afbs(nm) =% + o(n™3).
Hence, we have P(H! N A*) = s, + o(n™2). It remains to show that
PH2NAY) > +o(n?), PHINHZNAY) =o(n?). (71)
For the first inequality we write, by inclusion-exclusion,

P(H*NA") > > PHaNA")—R=(})P(Hi12NA") - R,

{s:t}C[m]

where P(H 2 N A*) = a2a2b2(nm) 2 + o(n=*) and where
14203

R=> PHuNHeyNA*) = (3) (") Ry +2(3) (m — 2)Ry = o(n?).

Here we invoked the bounds
Ry = P(H12 NHszqe N .A*) < (nm)74E(A1A2)2Ai(BlBQBgB4)2 = O(n73'5m74),
Ry =P(Hi12NHizNAY) < (nm) PEAAZA3(B1ByB3)? = O(n~2™m™3).

In the last step we used inequalities A3I < A%nl/2 and A3l < A§n1/4.
Finally, in order to show the second bound of we apply the union bound

PH NHINAD) < Y. PH'NHaNA)S Y (retret Y. 7
{s,t}C[m] {s,t}C[m)] ue[m]\{s,t}
and invoke the bounds

(nm)PEA AZAZB3 B2 = O((nm)™°/?),
(nm) " TPEA2AZAS B2 B2 BT = O((nm)~7/?n!/%).

rs = P(H: N Hy N AY)
. =P(HL N He N AY)

<
<
The following inequality is refered to as LeCam’s lemma, see e.g., [23].

Lemma 2. Let S = I; + 1 4+ --- + 1, be the sum of independent random indicators with
probabilities P(I; = 1) = p;. Let A be Poisson random variable with mean py + -+ + p,. The
total variation distance between the distributions Ps of Py of S and A

sup  [P(S€A)-P(AcA)<2) pf. (72)
Ac{0,1,2... } ;
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Lemma 3. ([7]) Given integers 1 < s < d; < da < m, let D1, Dy be independent random
subsets of the set W = {1,...,m} such that Dy (respectively D) is uniformly distributed in the
class of subsets of W of size dy (respectively dy). The probabilities p’' := P(|Dy N Dy| = s) and
p" :=P(|D1 N D3| > s) satisfy

(d1 — s)(da — s)
(1  om+1-—d pzl’dQ’s sp << pfll,d%s’ (73)
N -1
Here we denote Piy s = (dsl) (d;) (T) )
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