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THE MAXIMUM LIKELITHOOD DRIFT ESTIMATOR FOR MIXED
FRACTIONAL BROWNIAN MOTION

C. CAIL P. CHIGANSKY, AND M. KLEPTSYNA

ABSTRACT. The paper is concerned with the maximum likelihood estimator (MLE)
of the unknown drift parameter 6 € R in the continuous-time regression model
X;=0t+ B, +Bff, tc[0,T]

where B; is a Brownian motion and B}? is an independent fractional Brownian
motion with Hurst parameter H € (%, 1). We derive the exact formula for the
MLE in terms of the solution of an integral equation and find the asymptotic
distribution of the estimation error. In particular, it turns out that the Brownian
part does not contribute to the asymptotic variance of the MLE.

Another contribution of this paper is a formula for the Radon-Nikodym de-
rivative of the probability, induced by the mixed fractional Brownian motion
& = By + B, H > 3/4 with respect to the Wiener measure.

1. INTRODUCTION AND THE MAIN RESULT

Consider the continuous-time regression model
X, =0t+oB,+ B/, te|0,T], (1.1)
where B; is a Brownian motion and B} is an independent fractional Brownian

motion (fBm) with Hurst parameter H € (%, 1), i.e., zero mean Gaussian process
with the covariance function

1
EBH B = 5(|t|2H s )t — s|2H>, s,te0,T].

As is well known, for H € (%, 1) the process B exhibits the long-range dependence
property

> EB{ (B, - BI') =,

j=1
and hence &; := o B;+ B called in [4] the mized fractional Brownian motion (fBm),
can be thought of as observation noise with both “white” and heavily correlated
components. The mixed fBm has a number of peculiar probabilistic properties,
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studied in e.g. [, [2], [I7], which have some relevance to mathematical finance (see
e.g. [3]).

The constant o > 0, controlling the intensity of the Brownian part, and the Hurst
parameter H can be reconstructed precisely from the trajectory X7 := {X; t €
(0,7} (see, e.g., [1]) and hence are assumed to be known.

Given the sample path X7, it is required to estimate the unknown drift parameter
0 € R. The parameter estimation problems in models with mixed fBm have been
considered in the recent monographs [§] and [12], where the construction of the
maximum likelihood estimator (MLE) of 6 appears as an open problem (see Remark
(iii) page 181 in [12] and the discussion on page 354 in [§]). Our main result aims
at filling this gap:

Theorem 1.1. The MLE of 0 is given by
k tTdt

wherd] the function g(t,T), t € [0,T] is the unique L?*[0,T] solution of the integral
equation

(1.2)

T
o’g(t,T)+ H(2H — 1)/ g(s,T)|s — t|*2ds = o, fora.a t€[0,T]. (1.3)
0

This estimator is strongly consistent and the corresponding estimation error is nor-

mal
A o
br— 0~ N 1.4
' (fo tTdt) .

with the asymptotic behavior of the variance
T3 —2H)

« 2HT'(H
lim T2_2HE9(9T - 9)2 = )\H = ( — H) s

T—o00 I

(1.5)

G| T

where I'(x) is the standard Gamma function.

Remark 1.2.

(1) The asymptotic variance in ([.3]) is independent of o and coincides with the
asymptotic variance of the MLE in the problem with ¢ = 0, i.e., estimating
the drift of fBm without additional Brownian component (see Section 5.1 in
[6]). This means that the Brownian part is asymptotically negligible.

(2) Actually, it will appear (see Remark below) that for some constant kg
the following limits hold:

T
lim 20T _ k(T t) = kytt2 2 (T — )21, (1.6)

o—0 o

the stochastic integral in the numerator is defined through the usual limit procedure, recalled
in Subsection
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The MLE weights functions: mixed fBm and fBm
2.6 T T T T T T

T
mixed fBm
fBm

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time tO [0,T]

FiGure 1. The MLE weight function for mixed fBM versus fBm
(c=1,T=1, H=3/4)

T t. T T
lim 9, T) dt = / by (T, t) dt = N\ 7?72, (1.7)
o—0 0 o 0
Hence, the limiting form of (L2) for o tending to 0 is
. Ay [T
Or = T2—20 ; ku (T, t)d X, (1.8)

which is nothing else but the expression obtained in [6] for the MLE in the
model with ¢ = 0. It is easy to check that this estimator is applicable to
the data X, generated by the model with any ¢ > 0 and its asymptotic
variance coincides with (LH). In other words, the estimator (L8] has the
same asymptotic accuracy as the genuine MLE.

Remark 1.3.

The proof of Theorem [L.T] suggests an approximation procedure for the func-
tion g(t,T') (see (Z.5) and (2.6))). Its typical form, depicted in Figure[I] versus
the weight function from the estimator (L)), indicates significant difference
in the non-asymptotic regime.

The integral equation (3] is known as the second type Fredholm equation
with weakly singular kernel (see [I1]) or as the Wiener-Hopf equation on
the finite interval. Its solution can be reduced to a particular instance of
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the Riemann boundary value problem, which unfortunately doesn’t seem to
be helpful in our case. It is well known, however, that (L3]) has a unique
continuous solution, which enjoys some regularity properties (see, e.g., [16]).

Another interesting outcome of our approach is a formula for the Radon—Nikodym
derivative of the probability, induced by the mixed fractional Brownian motion with
respect to the Wiener measure. It is shown in [4] (see also [2]) that for H > 3/4
these measures are mutually absolutely continuous, however no expression for the
corresponding derivative is given. The derivative is calculated in terms of reproduc-
ing kernels in [I7], but the author points out that it might be hard to obtain more
explicit expression (see remark (iii) on page 63). The following proposition gives a
representation formula in terms of the solution of (LL3)):

Proposition 1.4. For H > 3/4, the probability u®, induced by & := B; + B,
t € [0,T7] is absolutely continuous with respect to the Wiener measure v and

de@=eo{- [ wioie—1 [ ces)

with ¢4(€) = [y 43dg, and g(r,t) = &g(r,t) where g = (g(5,1), 0 < s <t < T)

satisfies the equation

g(s,t)+ H(2H — 1) /Otg(r, tr —s|*2dr =1, s€10,1]. (1.9)

2. PROOF OF THEOREM [I.1]

2.1. The likelihood function and the MLE. Let B = (B,)icjor and B =
(B )seo,r] be processes defined on a measurable space (£, F) and Py be a probabil-
ity, under which B and B are independent, BY is a fractional Brownian motion
with Hurst parameter H € (3, 1) and B is a Brownian motion with drift ¢ e,

O'Etzet‘i‘O'Bt, tE[O,T]

Under Py, the process X = 0B + BY is the mixed fBm with drift 6 as defined in
(CI). By Girsanov’s theorem and independence of B and BY

In order to eliminate some confusion, existing in the literature (see, e.g., [14]), let us
stress that this derivative is not the likelihood for the problem at hand, since ,e.g.,
it is not measurable with respect to the observed o-algebra F2t = o{X;,t € [0,T]}.
The proper likelihood function is obtained by conditioning on FX.

More precisely, let ug be the probability induced by X on the space of continuous
functions with the usual supremum topology under probability Py. Then for a
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measurable set A,
dP dP
po(A) =Po(X € A) = EOdszl{XeA} = E0E0< ’ ‘?T ) lixeay =

| e@pmin)

where ®(z) is a measurable functional, such that
dP
B(X) = ( "}?X), Py — a.s.

The latter means that py << po for any 6 € R and, since B = B under Py, the
corresponding likelihood function is given by

La(x30) =80 (G107 ) = 5o (e (280 - 1 5r) [o) -

0 162
exp < My + 5—2(VT — T)) .
The latter equality holds with My := Eo(Bz|F2) and Vp = Eq (BT — MT)z, since
the process (B, X) is Gaussian and hence the conditional distribution of By given
F2 is Gaussian as well.
Let (F;) and () be the natural filtrations of (B, B) and X respectively and
set

M, =Eo(B,|F}), tel[0,T). (2.1)
Since B is an (JF;)-martingale and FX C F,, the process M is an (F;*)-martingale
with respect to Py. Moreover, since V; = Eo(B2|F;X) — M? and B? —t is an (F;)-
martingale, for s < t,
Eo (M7 — (t = V)|FT) = Eo(Bo(BE|T} ) — t]FT) = Eo(Bf — t|F7) =
Eo(B{|FY) — s = M — (s = Vi),

i.e., the quadratic variation process of the martingale M is (M), =t — V;, and the
likelihood function reads

La(xi0) = exp 2002 — 52001 )

The MLE of 6, being the maximizer of the above expression, is given by
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This estimator is unbiased:
My My
Ego—— =
" (M)r (M)r
1 162 d 0
02—<M>T exp <—§§<M>T) d@EO exp ( MT) =

2 U\;)T exp <—%§—Z<M>T) @ ox G v <M>T) _9,

with the variance

O'E()LT(X 9)

. . M3
B (07 — 0)° = Bgb2 — 0° = 0°Bp—L — 6% =
(r =6 =Eof 03
162 0 M2
0'2 exp (_§§<M>T> EO exp <;MT) <M§% — 82 =

e (<3000 ) o Eves (o) -0 - 22)

g (15 +57) == i

To recap, the MLE error is a zero mean Gaussian random variable with variance
o%/(M)7. Next we shall derive an explicit characterization of the martingale M
in terms of the solution of the integral equation (L3]) and will find the appropriate
asymptotic as T — oo.

2.2. The martingale representation. Let us recall briefly some relevant prop-
erties of the integrals with respect to fractional Brownian motion. Following the
notations of [10], define the spaces

L2[0,T]::{f 0, T]|—>]Rsuchthat/ (u du<oo}

|A|CIF{_% ::{f 0, T]HRsuchthat// w)|| f(v ||u—v|2H_Hdudv<oo},

Ag_% = {f : [0, 7] — R such that /0 <35_H(Ig:_uH_% (u))(s))zds < oo},

_1
where Ig_ ? is the Riemann-Liouville fractional integral operator (see [15]). For

_1 _1
H € (3,1) the inclusions L?[0,7] C |A|¥ 2 C Ag 2 hold (see Remark 4.2 in [10]).
For the simple function of the form,

n

f(u) = kal{[uk7uk+1)}(u), fk - R, O=u <us <..<u,= T,
k=1
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the stochastic integral with respect to BY is defined by
T n
H._ H H
/0 f(t>dBt T Z fk (Buk+1 o Buk)
k=1

1
Since the simple functions are dense in A? ? (see Theorem 4.1 in [10]) , the definition
_1
of fOT f(t)dB is extended to f € Aff ? through the limit

T T
| sastt =i [ poasy
0 nJo

where f,, is any sequence of simple functions, such that lim, || f — f"HAH’
T

=0.

1
2

It turns out however (see Section 5 of [I0]), that the image of Ag ~% under the
map f fOT f(t)dB{" is a strict subset of §pjy 1(B"), the closure in L*(2, F,Py)
of all possible linear combinations of the increments of B”. In other words, some
linear functionals of B¥ cannot be realized as stochastic integrals of the above type.
Nevertheless we have the following:

Lemma 2.1. Assume H € (%, 1) and let n be a Gaussian random variable, such

that (n, Xy), t € [0,T] is a Gaussian random process. Then there exists a function
g(-,T) € L?[0,T), such that

T
Eo(n|F%) = Egn + / o(s,T)AX,, Po—as. (2.3)
0

Proof. Following the arguments of the proof of Lemma 10.1 in [7], let (¢;),7 =0, ..., 2"
be the dyadic partition of [0,T], i.e., t; = 27", i = 0,...,2" and FF, = 0{X;, —
Xi,_,,i=1,..,2"}. Then F3, /' F3 and by the martingale convergence

lim Bo(n|75,) = Bo(nl 7). Bo— a.. (2.4)

as well as in L*(Q, F,Py), since Eo(n|F7,,) are uniformly integrable. By the Normal
Correlation theorem,

2n
EO(M?%(JL) = EOT] + Z gin—l (th - Xti71)7 (25)
i=1
with constants ¢ |, 7 = 1,...,2". Define
27l
Gn(t,T) = g8 Ly ey (1), (2.6)
i=1

then . .
Eo(mﬁy){n):EOma/ gn(t,T)dBt+/ gn(t, T)dB},
0 0
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and
X X 2 2 g 2
EO (EO (7]|3~T,n) - EO (n‘?T,m)) =0 /0 (gn(t7 T) - gm(tu T)) dt+

n [ [ @6 T) = 06D 05, 7) = s, ) = s,

where ¢y := H(2H — 1). Since the kernel in the last integral is positive definite

T
lim sup 02/ (90(t,T) = gu(t, 7)) dt < lim sup EO(EO(n\?%fn)—Eo(n\?%fm))Q ~0,
0

n m>n . m>n

where the latter equality holds by ([2.4), since L*(Q, F, Py) is complete. Since L?[0, T
is a complete space, there exists a function ¢(¢,T) € L*0,T], such that lim, ||g —
gnll2 = 0. Then

2

Eq <Eo(77|3"§5) —Eon—a/o g(t>T)dBt_/0 g(t,T)ngH) <
3Eo (Eo(mff) — Eo(n\?ﬁn))z + 30—2/0 (gu(t,T) — g(t,T)) dt+
301{/0 /0 (9.8, T) — g(t,T)) (gn(s.T) — g(5,T))|s — t|*"2dsdt “— 0,

where the latter convergence holds, since L?[0,7T] C \A\g 2 O

Applying the above lemma, we obtain the claimed formulas (2)) and (T4):

Lemma 2.2. Let (M,;) be the (FX)—martingale defined by @I)). The following
representations hold:

T
My — / gt T)dX,, (2.7)
0
and

T
(M)y = / ot T)dt, (2.8)
0
where g(t,T) is the unique solution of (L3)).

Proof. By Lemma [2]], there exists g(-,T') € L*[0,T], such that

T
My = Eo(Br|F3) = / g(t, T)dX,, Py— a.s.
0
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holds. For an arbitrary function h € L?[0, T,

Eo (BT - /OTg(r, T)er) /OT h(s)dX, =

E, </0TdBt—o—/0Tg(t,T)dBt—/OTg(t,T)dBtH) <o—/OT h(t)dBmL/OT h(t)dBtH)

tATMQ(U_O%ﬂ&T)_@{ATﬂﬁTNS—TPHﬁm)d&

By the orthogonality property of the conditional expectation and by arbitrariness
of h, it follows that g(¢,T") satisfies (L3]) for almost all ¢t € [0,7]. This solution is
unique (see, e.g., [16]). Further, since M is a Gaussian martingale,

(M) = EoM2 = E0</0Tg(s,T)dXS)2 _

T T T
/ g(t,T) <02g(t, T)+ CH/ g(s,T)|s — t|2H_2ds) dt = O’/ g(t, T)dt.
0 0 0
U

2.3. The large sample asymptotic. Finally we shall derive the asymptotic an-
nounced in (LH). Let p := T?#~" and define g,(u) := T*"~1g(uT,T), u € [0,1].
Then (L3) reads

1 1
—0°g,(u) + CH/ gu(V)|u—v*"2dv =0, wel0,1], (2.9)
K 0
and, moreover,
T 1
(M) = a/ g(s,T)ds = UT2_2H/ gu(u)du. (2.10)
0 0
Define the operator K
1 _1
Kftw)=cn [ f@)lu—oP" 2o, fea? (2.11)
0

and the scalar products

1
(f,h) ::/ f(s)h(s)ds, f,he L2[0,1]
0
and Lo
umm;qm/ /f@mwwwwW*%ww hfe At
0 0

In terms of these notations, the equation (2.9]) becomes
2
o
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We shall also consider the first type auxiliary integral equation
Kg=o, (2.12)
which admits the unique solution (see Lemma 3 in [6] and the references therein):
1
g(u) = %Ff(f]:z?;g—_;lzf)U%_H(l — u)%_H, u € (0,1),

where (o, ) = Flffgisg)

The function 0, := g, — g satisfies

o? o?
—o, + Ko, = ——g.
p Yoo

_1
Since g € L*0,1] C |A|f 2, multiplying by d,, and integrating we obtain

0'2 O'2
TN + 10112 = Z1(g, 5,1,
MII ulls + 119,11 % M}< )]

and, in particular, [|0,[3 < |(g,0,)|- On the other hand, by the Cauchy-Schwarz
inequality ‘(g,éu)} < |lgll2/|9,]|2 and hence ||0,|l> < ||g]|2. Note that d,, also satisfies

2
g
—g, + Ké, =0.
0 ju ju

Multiplying both sides of this equation by ¢g and integrating, we get

0.2
;(guag> + <K5u,g> = 0.

But

(91, 9)| < [(0s 9} | + 9113 < N0ullzllgllz + llgll3 < 2llgl3 < o0
and hence

U2 02 2 H—00O
(0, )| = {0, Kg)| = [(Kbp, )| = ;\(gu,gﬂ < ;2||9||2 — 0,
and
1 1
lim gu(u)du = / g(u)du.

Finally, by the formulas ([2:2)) and (2.10)

2 2
T2 1Ry (0 — 0)* =772 T = 7 Toee, 7
( ’ ) (M)r afol gu(u)du fol g(u)du




MLE OF THE DRIFT OF MIXED FBM 11

The asymptotic ([L3) now follows, since

! 1 1 Yy g
/Og(r)dr:Cg(H)F@—QH)/O re (1 —r)2 " dr =

Jun

1 BR-2HH-1) 1 5 3 )
HQH—-1) T°(H-1) F(Q_QH)6(§—H,2 H) =
| Te-amrH-Y) 1 TGR-m)
HQ2H —1)T(3 - HT*(H — §)T(2—2H)T(3—2H)

r(G—H) B T — H)

H(2H —1)I(H — HI'(3—2H) 2HT(H + H)I'(3 —2H)’

where we used the property I'(z 4+ 1) = zI'(x), = > 0.

Of course, the martingale property of the process MH = fOTg(t,T)dft, T >0
with & := 0 B; + BY and the representation of the error:

My
(MH)p’
where (M) — oo when T' — oo implies the strong consistency of 67 due to the
strong law of large numbers for martingales.

Op — 0 =

Remark 2.3. By means of a study similar to the previous, one can check that the
limits (@) and ([7) hold.

Remark 2.4. Tt is worth mentioning that, following the terminology of [9],[6] and [5],
the martingale M* merits to be called the fundamental martingale associated to the
mixed fractional Brownian motion . It will play also a key role in the statistical
analysis of models more general than (I.I)) such as the mixed fractional Ornstein-
Uhlenbeck process. The progress in this direction will be reported elsewhere.

3. PROOF OF PROPOSITION [I.4]

In the following lemmas, we shall first prove a number of useful properties of the
solution of (L9), assuming hereafter that H > 3/4.

Lemma 3.1. The solution g(s,t) of (I]:QI) is continuously differentiable at t > 0 for
any s € (0,t). The derivative §(s,t) :== 2g(s,t) satisfies the equation

t
g(s,t)+cn / g(r,t)|r — | 2dr = —cpg(t,t)|t —s[* 2, s€(0,t), t >0, (3.1)
0

and fo (s,t)ds < 0.
Proof. The function g;(u) := g(ut,t), u € [0, 1], t > 0 satisfies the integral equation

1
gr(u) + cHt2H_1/ g()|v —u|*2dv=1, wel01].
0
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This equation has a unique continuous solution for any ¢t > 0 (see [16]) and, in
terminology of [13], any point A := t*~! is regular. Since for H > 3/4 the kernel
210D belongs to L»[0,1], it follows from ,e.g., Theorem on page 154 in [13], that
the solution ¢;(u) is analytic at t > 0. By [16] the solution g;(u) is continuously
differentiable at u € (0,1) and hence the function g(s,t) = ¢:(s/t) is continuously
differentiable at ¢ > 0 for any s € (0,¢). The equation (3.]), obtained by taking the
derivative of both sides of (L9)), has a unique solution in Ly[0,t| for H > 3/4. O

Lemma 3.2. The solution g(s,t) of (L) is such that g(t,t) # 0 for all t > 0.
Proof. Letting ¢(s,t) :== £g(s,t) and taking the derivative of (L), we obtain

a t 8 t—s
#6ut) = —cug [ ool = s -2ar = e 2 ([ gt s -

—S

t
- cH/ g'(w+ s, Ol du+ cpg(t, Ot — s — cg(0, 1|57 =

—S

t
—en [ o)l = s R+ cagle, ) (e - P [s2),
0

where we used the obvious symmetry g(t — s,t) = g(s,t) and g(t,t) = ¢(0,t) in
particular. Now suppose ¢(t,t) = 0 for some ¢t > 0. Then
t

J'(s,t) + CH/ g (rt)|r—s|*2dr =0, s€l0,t].
0

This equation has the unique solution ¢'(s,t) =0, i.e., g(s,t) is a constant function.
But since g(t,t) = 0, it follows that g(s,t) = 0 for all s € [0,¢], which contradicts

(L.3). O
Lemma 3.3. The solution g(s,t) of (L) is such that for all t > 0,

[ ats.tds = [ 6.0 (32)

Proof. We shall use Krein’s method for solving integral equations with difference
kernels on a finite interval (see §13.13-1 in [I1]). Let y(s,?) satisfy the equation

y(s,t) +/0 y(r,)k(r —s)dr = f(s), s€|0,t],

where k(u) = cy|u[?? 72 and f is a continuous function and consider the auxiliary
equation with parameter 7 € [0, ¢]:

g(s,T)+ /OTg(r, T)k(r —s)dr=1, se€l0,7].
Then .
y(s,t) = F(t)g(s,t) — / g(s,7)F'(7)dr, (3.3)
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where

Fr) = ﬁ% /0 " (s, 7)f(s)ds. (3.4)

In particular, by uniqueness of the solutions, for f = 1 we get y(s,t) = g(s,t),
s € [0,t] and setting s := ¢ in (B3), we see that F(t) = 1. Now by (34)

2 d [
t,t) = — t)d
st.0) =5 [ ats.0as
and ([3.2) follows by integration. O

Now we are ready to prove Proposition [[L4l By Lemma and Lemma [3.3]

<M>t:/0 g(s,t)ds:/o g*(s,8)ds, te[0,T).

Hence by the Levy theorem and Corollary

t

1

Wt:/ ——dM,, tel0,T),
0 g(S,S)

is a Brownian motion. On the other hand,

M= [ .06 = [ gts.sac.+ [ (otrt) = o), =

/Otg(& s)dés + /Ot /;;(r, s)dsd&, = /Otg(s, s)d&s + /Ot /Osg(r, s)dg,ds,

and hence

B t 1 - t S g(’f’, 8) B n
Wf,—/o g(878)dMS_£t+/O/O g(s,s)d&ds—' £t+/0 ©s(€)ds.

The desired claim follows from Theorem 7.7 in [7], once we check

T T
/ Ep?(B)dt < oo and / Ep?(£)dt < oco. (3.5)
0 0

Since () is additive and & = B; + B}, where B and B are independent, it is
enough to check only the latter condition. By (B the function R(s,t) := ‘;((i:))
satisfies

t
R(s,t) + CH/ R(r,t)|r — s|*" 2dr = —cy|t — s|*" 72, s€(0,t), t >0. (3.6)
0
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Hence for H > 3/4, using the latter equation we get

t 2 t t ot
M(@:E( / R(m)d@) - / (s, t)ds + cx / / R(s, ) R(r, )| — 5| ~2drds =
/ R(s, 1) (R(s,t)+cH / R(r,t)\r—s|2H_2dr) ds = —ci / R(s, )|t — 5|2 ~2ds <
0 0

0

t 1/2 ¢ 1/2 c ¢ 1/2
R*(s,t)d / t— 4H‘4d> S (/ R? ,td) =312,
e () mmas) ([ 1emsitas) = ([ e

Since the kernel is positive definite, multiplying (3.6]) by R(s,t) and integrating gives

t t t 1/2
R%*(s,t)ds < —c / R(s,t)|t — s|*" 2ds < o (/ R2(s,t)ds) =372
/0 . 0 V 4H — 3 0

and consequently

t 1/2
CH _
R*(s,t)ds < = 32
(/0 (5:1) ) - V4H -3

Plugging this bound back gives Ep?(£) < _Ch_¢4H-3 and in turn

= 13
s Ch T b Ch AH-2
E dt < —=— [ t""7°dt = T
/0 P(Qdl < T /0 (4H — 3)(4H — 2) ’
which verifies (8.5]) and completes the proof. O
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