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ABSTRACT. In Adaptive Markov Chain Monte Carlo (AMCMC) simulation, classical estimators
of asymptotic variances are inconsistent in general. In this work we establish that despite this
inconsistency, confidence interval procedures based on these estimators remain consistent. We
study two classes of confidence intervals, one based on the standard Gaussian limit theory, and the
class of so-called fixed-b confidence intervals. We compare the two procedures by deriving upper
bounds on their convergence rates. We establish that the rate of convergence of fixed-b variance
estimators is at least log(n)/y/n, while the convergence rate of the classical procedure is typically

-1/3

of order n . We use simulation examples to illustrate the results.

1. INTRODUCTION

Throughout the paper we consider the following setting that covers standard MCMC and many
AMCMC algorithms. 7 denotes a probability measure of interest on some measure space (X, B).
{Py,0 € O} is a family of Markov transition kernels on (X, B), for some measurable space (©,.A4).
We assume that each Py admits 7 as unique invariant distribution, and that the map (z,6) —
Py(z,-) is (B x A)-measurable. On some probability space (€2, F,P) with a nondecreasing filtration
{Fn, n > 0}, we consider a Fp-adapted random process {(Xp,0,), n > 0} with values in X x O

such that for any nonnegative function f: X - R, and n > 1,

B(fX)IFat) = [ Pos (a1, d2)(2), P-as 1)

We write E for the expectation operator wrt to P. We call the marginal sequence {X,, n > 0} an
adaptive Markov chain. Notice that when there is no adaptation (that is 6,, = 0), {X,,, n > 0}
reduces to a standard Markov chain. AMCMC algorithms have recently gained popularity in Monte
Carlo simulation due to their ability for producing efficient samplers with limited tuning from the

user. For an introduction and literature review on AMCMC, see e.g. Andrieu and Thoms (2008).

Let h : X — R be some function of interest, and suppose that we wish to estimate 7(h) def

Jx h(x)m(dx) (for instance, h(x) = x if we wish to estimate the mean of 7). Under some fairly

general conditions, it is known that 7, (h) e -t > p—1 h(X})) converges to m(h) and satisfies a

2000 Mathematics Subject Classification. 60F15, 60G42.
Key words and phrases. Adaptive Markov chain Monte Carlo, asymptotic variance, lag-window estimation, mar-

tingale approximation, Berry-Esseen bound.
Y. F. Atchadé: University of Michigan, 1085 South University, Ann Arbor, 48109, MI, United States. FE-mail

address: yvesa@Qumich.edu.



2 YVES F. ATCHADE

central limit theorem (Andrieu and Moulines (2006); Atchade and Fort (2010, 2012); Saksman and
Vihola (2010)). It is also known that in most practical cases, as n — oo, the bias of 7, (h) satisfies
E (7t,(h)) — w(h) = o(n~/?) and the variance is such that nVar (7, (h)) converges to a limit called
the asymptotic variance of h. In these cases, assessing the Monte Carlo error of 7, (h) boils down to
estimating the asymptotic variance. For a Markov chain with transition kernel P, the asymptotic

variance can be written as
—+oo

def
0-123(h) = Z ’YZ(Pa h)v (2)
f=—00
where for ¢ > 0, v,(P, h) def [(h(z) — 7(h))P*h(x)7(dz), and v_¢(P, h) = v¢(P,h). A well estab-
lished approach for estimating J?D(h) is by lag-window obtained by taking a weighted average of

the sample auto-covariances. More precisely, for 0 < £ < n — 1, set
dof n—~0
Yt E 7Y (XG) = Fa(h) (W(Xjre) = 7n(R), and Yo s = Yne.
j=1

Let {cn,;n > 1} be an increasing sequence of integers such that ¢, 1 oo, and w : R — R, an even

weight function (w(—z) = w(z)). The lag-window estimator of 0% (h) is

2 (h) = nz_:l w(f) Y k- (3)

k=—n+1 n

The precision of the Monte Carlo estimate is then gauged by computing the Monte Carlo error
\/IW or equivalently the effective sample size ny, 0/T'2(h). Alternatively a confidence interval
for m(h) can be formed using 7, (h) £ z, \/IW, where z, is the appropriate quantile of the
standard normal distribution. The width of this confidence interval can be used as a stopping rule
for the simulation (Jones et al. (2006)). All this is common practice in MCMC backed by the fact
that for ¢, = o(n), and under some regularity conditions (e.g. geometric ergodicity and existence
of (2+ ¢)-moment for h under ), T'2(h) converges in probability to 0% (k) (Damerdji (1995); Flegal
and Jones (2010); Atchade (2011)).

Asymptotic variance estimation for AMCMC may behave differently. With {(X,,60,), n > 0}
as defined above, if 6,, converges to a (possibly random) limit 6y, say, the asymptotic variance for
h is typically

Tim nVar (7, (k) = E [03, (1)] (4)
where o2 (h) of 0%8 (h). The same lag-window estimate T'2(h) given in (3) can still be computed
from the adaptive chain {X,, n > 0}. But as it turns out, if 6, is random, I'2(h) is inconsistent in
general in estimating the right-hand-side of (4) (Atchade (2011)). More precisely, I'2(h) converges
to the random limit O'g* (h), instead of the asymptotic variance E [O'g* (h)] The following example

illustrates this issue.

Ezample 1. The example is adapted from the PhD thesis of David Hastie (2005, University of
Bristol). Consider the toy density m(z) = 0.51p(x), where D =[-8 — 1, =] U [, 8 + 1], where
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B = 3/4. Consider a Random Walk Metropolis (RWM) with proposal kernel Qg(z, ) taken as the
density of the uniform U(z — 0,z + ), assuming 6 > 23. It is well known that if 6 is too large
or too small the resulting RWM kernel will mix poorly. An adaptive version of this algorithm will
adaptively tune 6 so as to achieve an acceptance probability in stationarity of about 23%. This
is a common strategy in AMCMC. It turns out that in this case the 23% acceptance probability
in stationarity can be achieved at three (3) distinct solutions {¥1, 2,93}, say. For the resulting
AMCMC sampler, 6,, can convergence to any one of these three solutions. For this example, I' (h)
converges to the random limit o3 (h) that takes values in {agl(h),af% (h),af93 (h)}, whereas the
asymptotic variance is p1051 (h) + pgagz (h) + pgagg (h), where p; = P(6, = 9;) (which depends in
general on the initialization of the algorithm). Figure 1 (c) and (d) show two sample paths of I'2 (h)
with very different limits. However the adaptive chain {X,,, n > 0} remains ergodic in the sense

that 7, (h) converges to 7(h).

(a) (b)

< 3.45

155 . . . . 33 . . . .
0 1 2 3 4 5 0 1 2 3 4 5
Iterations x10° Iterations x 10°
(c) (d)
2000 T T T T 11 T T T T
10.5 9
% 15001 ] %10 —
w w
g Z 95 ]
2 1000, 1 ]
3 : 9 |
g g
I 500 S 85
8
0 . . . . 75 . . . .
0 50 100 150 200 250 0 50 100 150 200 250

Iterations Iterations

Figure 1: Two sample paths of 6,, and I'2(h) from the toy example. Sample path 1 is (a) and (c).
In both cases, h(z) = =.

Despite its lack of consistency in estimating the asymptotic variance, we establish in this paper
that the lag-window estimators I'2 () can be used to derive asymptotically valid confidence interval
for w(h) in AMCMC simulation. The confidence interval is obtained by deriving the limiting
distribution of the random variable

o /(i (h) = 7(h) > i1 h(X5)

" 2y ®)

-

where h = h — m(h). The key insight of the analysis is that nI'2(h) behaves precisely like the
quadratic variation of the approximating martingale of Y }_; h(Xy). As a result, \/nI'2(h) is

roughly the correct scaling statistic in the central limit theorem for Y j_, h(X}), even in a general
AMCMC setting.
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The limiting behavior of T,, depends on the choice of ¢, in computing I'2(h). When ¢, = o(n),
we show (Theorem 2.1) that T,, has a standard Gaussian limit. When ¢, = n, we show (Theorem
2.2) that T,, converges in distribution to a standard Gaussian random variable scaled by an infinite
sum of chi-squared. The case ¢, = n corresponds to the so-called fixed-b asymptotics well-known in
Econometrics (Kiefer and Vogelsang (2005)). Theorems 2.1-2.2 are therefore extension to adaptive
Markov chains of results that have been established for other type of stochastic models. See for
instance Kiefer and Vogelsang (2005); Sun et al. (2008) for certain classes of stationary processes,
and see Atchade and Cattaneo (2011) for Markov chains. These two results allow us to derive
asymptotically valid confidence intervals for 7w(h) in MCMC and AMCMC simulation. We compare
these confidence interval procedures by simulation. We notice that the approach ¢, = o(n) is very
sensitive to the actual choice of ¢,. In contrast, the case ¢, = n requires no tuning (since ¢, = n),
produces slightly wider confidence intervals but with very good coverage probabilities.

The simulation results suggest that the lag-window estimator converges faster when ¢, = n, as
opposed ¢, = o(n). Similar conclusion has been reported elsewhere in the literature, but there are
very few rigorous results on the topic. Jansson (2004) studied stationary Gaussian moving average
models and established that when ¢, = n, the rate of convergence of T, is n~!log(n). Sun et al.
(2008) obtained the rate n~!, under the main assumption that the underlying process is Gaussian
and stationary. It is unlikely that these rates remain true without the Gaussian assumptions. We
study in this paper the rate of convergence of I'2(h) when {X,, n > 0} is a Markov chain. For
¢n = 0(n), we obtain that the convergence rate of T'2(h) toward o2(h) is of order n~'/3. But when
¢n = n, we show that the rate of weak convergence of I'2(h) is at least n~'/21log(n).

We organize the paper as follows. Section 2 contains the main results. We illustrate the results
with two simulation examples presented in Section 3. Most of the proofs are postponed to Section
5.

1.1. Notation. Throughout the paper, we use the notations: f def f==(f), 7(f) def [ f(z)m(d=),

Pf(z) = [ f(y)P(z,dy), and PIf(z) & P{PI~1f}(x), with P°f(x) = f(z). For V : X — [0,00),

we define Ly as the space of all measurable real-valued functions f : X — R s.t. |[[f]v o

supzex | f(2)|/V () < oo.

For sequences {ay,, b,} of real nonnegative numbers, the notation a, < b, means that a,, < cb,

for all n, and for some constant ¢ that does not depend on n. For a random sequence {X,}, we
write X,, = Op(ay) if the sequence | X,|/a, is bounded in probability. We say that X, = o,(ay)
is X,,/a, converges in probability to zero as n — oo. The notation X, X X means that X,
converges weakly to X. If X,Y are random variables, X %5y means that X and Y have the
same distribution. For a random variable X, and ¢ > 1, we use the notation || X||, L /e (1X19).
Throughout the paper ¢, denotes the cut-off point of the lag-window estimator and we assume
without further mention that ¢, 1 oo, as n — oo. Also we shall use QS), Qg), etc... as a generic

notation for negligible random terms.
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2. CONSISTENCY: STATEMENT OF THE RESULTS

We rely on martingale approximation and martingale theory. Throughout this section h : X — R
is a fixed measurable function. For each 6 € ©, we assume well-defined the functions gy and Fygy,

where

go(x) def ZPgﬁ(a:), and Pygg(x) def /Pg(x, dz)ge(z), z € X.
j=0

For each 0 € ©, the function gy satisfies the so-called Poisson’s equation

90(x) — Pags(z) = h(). (6)

For integer n > 1, set D, f 90, (Xn) — Py, .90, ,(Xn—1). For p > 1, and integers n > k > 1, let

def 1 def 1
an = EQP (’PHngan(Xn)‘Qp)7 bn = EQP (’PGngen(Xn) - P0n7190n71 (Xn)‘Qp)7
def 1 1) def b 1 b
W HEE (D), e Y hel Y an
J=1V(k—cn+1) ™ j=1V(k—cn+1)
k
and 57(127,1 def Z ﬁ?.

=1V (k—cn+1)

In keeping the notations simple, we omit the dependence on p in these terms. We shall convene

that if a > b, ZI; - = 0. The main regularity assumption is the following.

A1l For each 0 € O, gy and Pygg are well defined, and there exists p > 1 such that, as n — oo,

A2 There exists a random variable o2, positive almost surely such that
n n
Z K’ = o(nf), and n! Z D? % 52
k=1 k=1

as n — oo, where p is the same as in Al.

A3 The function w : R — [0, 1] has support [—1,1], is even and satisfies: w(0) =1, w(1) = 0.

Remark 1. We give below in Section 3.1 some drift conditions under which A1 holds. A2 depends
in general on the behavior of 6, which depends on the specific AMCMC considered. We give an
example in Section 3. Assumption A3 holds for most kernels used in practice, such as the class of
Bartlett kernels w(u) = (1 — |u|?)1(_y 1)(u), for ¢ > 1.
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When ¢, = o(n), Ty, has a Gaussian limit. To describe this case, we introduce the sequence

1

O P M (R} IR SN RS

1
- S b (ax +000% +020) +nYan (an-1 + 60 +02) + 07063 (8)
k=1
Theorem 2.1. Assume AI1-A3 and lim, n ¢, = 0. Iflim,r, =0, and
A2
lim,, n—P"\? py {nkégi}p = 0, then as n — oo, I'2(h) converges in probability to o2, and
T, — N(0,1).

Proof. See Section 5.2. g

When ¢,, = n, the limit of T,, is a Gaussian distribution scaled by a sum of chi-squared random
variables. Define the kernel p, : [0,1] x [0,1] — R by

1
Pl 1) = w(t — ) — g(t) — g(s) + /0 o(u)du,

where g(t fo (t — u)du. Notice that p, is symmetric: pi(s,t) = px(t,s). The kernel p, induces
a compact operator ¢ — (s — fo px(s,t)0(t)dt) on L]0, 1] that we also denote p,. We will assume
that the kernel p, is positive definite: for all n > 1, all a1,...,a, € R, and t,...,t, € [0,1],
Sy Z;'l:1 a;a;jp«(ti,t;) > 0. The positive definiteness assumption of the kernel p, would imply
that the operator p, has nonnegative eigenvalues. In which case we will denote {cy,j € I} the
(countable) set of positive eigenvalues of p, (each repeated according to its multiplicity), which we

assume non-empty to avoid trivialities.

Theorem 2.2. Assume A1-A8 and suppose that p, is positive definite. If ¢, = n, and lim,r, =0
then
Z
T, = 70, (9)
Zielaiziz

where {Zy, Z;, i € I} are i.i.d. N(0,1), and {«a;, i € I} is the set of positive eigenvalues of py.

Proof. See Section 5.3. O

It is not very convenient to work with the random variable Zy/(/>".c @i Z2, because the eigen-
values of p, are difficult to find in general. The next result gives an alternative representation of the

distribution of Zy/y/>,c, @i Z? that is more amenable to simulation. The proof is straightforward.

Proposition 2.3. Let {B(t), 0 <t < 1} denotes the standard Brownian motion. Set

v —/Olg(t)dt—i-Q/Ol [/Otp*(s,t)dB(s)] dB(t).
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Then

) gt , (10)
VX ZielaiZiQ

where {Zy, Z;, i € I} are i.i.d. N(0,1), and {«a;, i € I} is the set of positive eigenvalues of py.

Remark 2. In fact, y? = Y icl oziZZ-2 has many equivalent representations. It can be written as a

double Ito-Wiener integral or a double Wiener integral. More precisely

x2=1—/ dt—i—//p*stdB t)dB(s //p*stdB YdB(s).

double Ito-Wiener integral double Wiener integral

The difference being that the double Ito-Wiener integral excludes the diagonal fol px(t, t)dt =1 —
fo t)dt. We prefer the representation given in Proposmon 2.3 as a standard (iterated) stochastic
integral. In fact, it can be easily shown that y? also has a representation as a double Wiener
integral of w wrt to the Brownian bridge {B(t), 0 <t < 1}:

1 1
2 — wi s — 3 B .
2= /0 /0 (s — O)dB(1)dB(1)

double Wigner integral

Remark 3. Theorem 2.2 requires the positivity of p,, whereas Theorem 2.1 does not require any
positivity assumption. When w turns out to be positive (in the sense that the kernel k(s,t) =
w(t — s) is positive definite), then p, is also positive. This is easy to show and we omit details.
This result applies for example to the Bartlett kernel given by w(u) = (1 — |u|)1(_;1)(u). This
function is the characteristic function of the distribution with density (1 — cos(z))/m2?, z € R, and

by Bochner’s theorem (s,t) — w(t — s) is positive definite on [0, 1].

Theorems 2.1-2.2 yield two asymptotically valid confidence procedures for 7(h). From Theorem

2.1, we can form the classical confidence interval

ﬁn(h) + Rl—a/2 = ) (11)

where I'Z(h) is computed using ¢, = o(n), and z;_, 9 is the (1 — a/2)-quantile of the standard

normal distribution. We can also use Theorem 2.2 to propose the fixed-b confidence interval

fnh) = 1) 2, (12)

n

where T'2 (h) is computed using ¢, = n, and ¢;_, /2 is the (1 — a/2)-quantile of the distribution of
Zo/7\) D el aiZiQ. The quantiles ¢, are intractable in general. But using Proposition 2.3, we have
20/ > e i Z? dist. B(1)/+/X2, so that these quantiles can be obtained by simulating the Brownian
motion and approximating the iterated Ito integral fol f(f px(s,t)dB(s)dB(t). For illustration, we

consider the following two kernels
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1) The Bartlett kernel given by w(u) = (1 — |u|)1g.1)(u). As pointed out in Remark (3), px in
(0,1)

this case is known to be positive definite and is given by
2
px(s,t) = 3~ s(1—s)—t(1—t)—|s—t|
(2) We also consider the kernel w(u) = (1 — u?)1g1)(u), for which
px(s,t) =2(s — 0.5)(t — 0.5).

Thus obviously, p, is positive definite. In fact, in this case x? = Z2/6, where Z ~ N(0, 1).

In Figure 2, we plot the cdfs of Zy/y/> ) iZ? for these two kernels in comparison with the

standard Gaussian cdf. We also give some quantiles in Table 1.

Figure 2: CDF of Zy/y/Y,c; @iZ?. The standard normal CDF is given as a reference.

a=10% oa=5%
w(u) =1—|u]  3.796 4.784
w(u) =1—-u? 15590  31.520

TABLE 1. The table reports ¢ such that P(T' > t) = «/2, where T = Zo/\/ >, i Z2.

3. EXAMPLES

3.1. Application to adaptive Markov chains with geometric drift conditions. We will now
illustrate how the assumptions stated above can be checked using drift conditions. We consider the

following assumptions.
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B1 For each 8 € ©, Py has invariant distribution w. Uniformly for 8 € ©, there exist a
measurable function V : X — [1,00), C € B, v a probability measure on (X, B), b,e > 0 and
A € (0,1) such that v(C) > 0, Py(x,-) > ev(-)1e(x) and

PV <AV +ble. (13)

B2 There exists n € [0,1/2), positive v, | 0, with v, = O (n™%), a > 1/2, and a finite constant
¢ such that for allm > 1, all B € (0,1 —n), and all f € Lys, with |flys <1,

}Pan(Xn) - Penfl f(Xn)| < C’YnVﬁJrn(Xn% P—a.s. (14)

Remark 4. Bl is the well known geometric drift condition. In general these drift conditions are
difficult to check on specific examples, but there are known to hold for a number of target proba-
bility distributions and algorithms. On the other hand, B2 is the so-called diminishing adaptation
condition. This condition is in general easier to check and is known to hold for the Random Walk
Metropolis (RMW) (Andrieu and Moulines (2006)) and the Metropolis adjusted Langevin algo-
rithm (Atchade and Fort (2012)). Finally, we point out that in the case of a standard Markov
chain, B2 trivially holds.

In the present context Theorem 2.1-2.2 can be transposed as follows.

Theorem 3.1. Assume A3, B1-B2, and take h € Lys, for 6 € [0,1/2 —n). Suppose that there

exists a random variable 0, with 01299 (h) positive almost surely, such that 6, 2%0,, as n — co. Set
o2 aef 012,39* (h), and assume that \/n < cy.

(1) If \Jcn = 0 <n1_ﬁ>, as n — oo, then I'2(h) converges in probability to o2, and T, —
N(0,1).

(2) If ¢, = n, ps is positive definite, and o > ﬁ, then (9) holds.

Remark 5. The assumption that 6,, converges almost surely to a limit depends on the specific
adaptive algorithm under consideration. Many adaptive algorithms rely on stochastic approxima-
tion. In this case, conditions under which 6,, converges can be found for instance in Andrieu and
Moulines (2006); Atchade and Fort (2012) and the references therein. In practice, a simple plot of
the sample path of 6,, (or some function of it) can give a good indication whether the assumption
hold.

Proof of Theorem 3.1. The real number p in Al can be taken as p = m, and we notice that

p > 1, and 2p(6 +n) = 1. It is also well known that under Bl gy and Pygy are well-defined,

supgee |90lve + | Pagolys < oo, and

supE (V(X,)) < oc. (15)

n>0

These results can be found for instance in Andrieu and Moulines (2006). This implies that

kn <1, and a, S 1.

~
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(14) and (15) imply that b, < 7,,. We deduce that

n n
an+CT_LlZak+Zbk+
k=1 k=1

by assumption. Thus Al holds. Recall that D,, = gg, ,(Xn) — P, 196, ,(Xn-1), and o5(h) =
[ 7(dzx) [ Py(x,dz) (go(2) — Poga(x))?. Therefore, by the law of large numbers, we have the almost
sure convergence to zero of the sequence n™t >"1_, (D,% - O-gk—l (h)) (see e.g. Atchade (2011) Propo-

foz =0 <nc;1 —i—Z’yk + \/ﬁ> = O (nc,' + v/n) = O(v/n),
k=1 k=1

sition 3.3 for a proof). It follows that n=! Y}’ D? converges almost surely to o2(h). Thus clearly
A2 holds.
We also check that 57(1212: < /Cn, and 57(11,1 ST+ 0, S 57 S 14 ¢l Tt follows that

l+e ™ 1 14c7®
e
no N
e PA2
(1) The conditions ¢, = o (n2(1 Pb)), and a > 1/2 imply that lim, n P37, {K’kégl)c} =

0 and lim,, r,, = 0. Therefore, the conclusions of Theorem 2.1 hold.

(16)

Tn =

(2) If ¢, = n, the condition a > ﬁ implies that lim,, r, = 0, and the conclusions of Theorem
2.2 hold.

g

3.2. A logistic regression example. We assume that

where y; € {0,1}, z; € R? is a vector of covariate, and 8 € R? is the vector of parameter. B(p)

denotes the Bernoulli distribution with parameter p € (0,1), and p(x) = 15;0 is the cdf of the

logistic distribution. Assume a Gaussian prior N(0,s?I;) for 8, with s = 20. The posterior

distribution of 8 then becomes
7 (B|X) x lBIX) g3, 187

To illustrate the ideas above, we will consider two commonly used algorithms to sample from m:
a plain Random Walk Metropolis (RWM) with Gaussian proposal and the adaptive version of the
same algorithm presented in Atchade and Fort (2010) (Algorithm 3.1). This algorithm adaptively
and simultaneously estimates the covariance matrix of the target distribution and implements the
0.23 acceptance rule. It is known that for this problem, both algorithms satisfy B1-2 (see e.g.
Atchade (2011) Section 5.2).

As a simulation example I test the model with the Heart dataset which has n = 217 cases and
d = 14 covariates. I first run the adaptive chain for 10° iterations and takes the sample posterior
mean of 3 as the true posterior mean. I repeat the confidence intervals (95% confidence intervals)
K = 200 times to estimate coverage probability and half-length. Each sampler is run for 30,000
iterations. The result is summarized in Figure 3. For the case ¢,, = o(n), I use ¢, = n? for different
values of 6 € (0,1).
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We see from the results that using ¢, = n gives very good coverage, but slightly wider intervals.
The interval width is significantly wider for the quadratic kernel w(u) = 1 —u?, which is somewhat
expected given the very fat tail of the limiting distribution (Figure 2). In contrast, the result show
that in the setting ¢, = o(n) careful tuning of ¢,, is necessary to obtain good coverage. As expected,

the results in this case are similar for both kernels.

Coverage Probability. Non-Adaptive chain

Interval half-length. Non-Adaptive chain

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
d

Interval half-length. Adaptive chain

Figure 3: Coverage probability and confidence interval half-length for parameter g3 and for
different values of § using ¢, = n®. The vertical lines correspond to ¢, = n. The dashed lines

correspond to the kernel w(u) =1 — u?.

3.3. A random effect Poisson regression example. We now consider a random effect Poisson
regression example taken from Gelman et al. (2004). For e = 1,..., N, and p = 1,...,N,, the
variables v, are conditionally independent given ({,}, {gep}) € RV? x RN<*Np with conditional

distribution

Yep ~ P (nepeﬂ+()ée+5p+é‘ep> , e= 17 L. ’N& p= 1’ - 7Np7

where P(A) is the Poisson distribution with parameter A. In the above display, {n¢p} is a deter-
ministic baseline covariate, and p € R, {a.} € RYe are parameters. We assume that the random
effects {f,} and {e.,} are independent with prior distributions

iid

iidN(O,ag;), Eep ~ N(0,02), e=1,...,Ne, p=1,...,N,,

6])"’

for some parameters ag > 0, 02 > 0. We assume a diffuse prior for (u, a, 0[2_3, 02) (02 >0, U% > 0).
For identifiability, we assume that Zgil ap = 0. Let § = (u,a,ﬂ,e,a?,og) € R3TNe—1+(Np+1)Ne
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The posterior distribution of 6 given D = (yep, nep) takes the form

7T(0|D) X exp {Z ye,P(:u‘ + ae + ﬁp + €e7p) - nep€u+ae+ﬁp+€€p
e7p

N,

NeNp 2 NP 2 1 2 1 - 2

2 IOgUe—QIOgUﬁ—%‘?;ﬁe’p—%‘%zﬁp
). p:

This posterior distribution is typical of probability distributions for which AMCMC are useful.
A possible MCMC strategy to sample from this posterior is a Metropolis-within-Gibbs. One
and 1G(0.5(V, —
2),0.5 Z;)V:pl 55) respectively. The parameter p can be updated exactly as the log of the Gamma

can update o2 and o} exactly as inverse-Gamma 1G(0.5(3N,, — 2),0.5 dep €,
distribution G(}_. , Yeps Dc nepetetPrteer) The rest of the parameter oy, ag, B, and €., can
be updated one at the time, using one step of a RWM with a Gaussian proposal N (z,0?) with
o = e 2. One can compare this Metropolis-within-Gibbs sampler with its adaptive version where
the scaling parameters o of the RWM steps are adaptively tuned using the 23% acceptance rule.
It is unknown whether these algorithms satisfies the assumptions above.

Iset N, = 3 and N, = 27 (thus § € R%). I generate an artificial dataset with (a1, az, i, 02, 0%) =
(0.35,0.15, —1.0,0.1,0.3), and run a preliminary MCMC sampler for 2 millions (2 x 10°) iterations
and compute its sample mean. This gives a; = 0.3948 that I take as [ ay7(0|D)df. We wish to
construct 95% confidence intervals for a. I run each algorithm for 60,000 iterations and discard
the first 10,000 iterations as burn-in. This is repeated K = 200 times to estimate the properties
of the confidence intervals. The asymptotic variance are estimated using only the Bartlett kernel.

The results are reported in Figure 4 and yield similar conclusions as the previous example.

Coverage Probability. Non-adaptive chain

Interval half-length. Non-adaptive chain

[ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
8 8

Coverage Probability. Adaptive chain

Interval half-length. Adaptive chain

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 [ 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
8 8

Figure 4: Coverage probability and confidence interval half-length for parameter «; and for

different values of § using ¢, = n®. The vertical lines correspond to ¢, = n.
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4. RATE OF CONVERGENCE

The simulation results presented above suggest that T'2(h) has better convergence properties
when ¢, = n. We consider this issue here in the case where {X,, n > 0} is a Markov chain
with transition kernel P and invariant distribution 7, so that the asymptotic variance o2(h), is
non-random, and given by (2). The initial distribution of the chain is arbitrary. We assume that
0%(h) > 0 and without any loss of generality, we take m(h) = 0 and o%(h) = 1; otherwise, simply
replace h by (h—m(h))/\/o%(h). We further simplify the analysis by assuming that P satisfies the

following geometric ergodicity assumption

GE There exists a measurable function V : X — [1,00) such that

supE (V (X)) < oo, (17)
n>0
and for all 5 € (0,1],
|P"(x,) —7(:)||ys < Cp" V’B(:n), n>0, xeX (18)

When ¢,, = o(n), we have the following.

Theorem 4.1. Suppose that A3 and (GE) hold. Let § € [0,1/4), and h € Lys. Asn — oo, if
cn = o(n), then

1 c

EV2[(T2(h) —1)%] S — + /= 1
(T~ 1)’ £~ (19)
Proof. See Section 5.5. 0

Remark 6. Theorem 4.1 implies that the rate of convergence of I'2(h) is of order n=1/3 using ¢,, =
nl/3. This rate is known to be tight for kernels with characteristic exponent 1. The characteristic
exponent of w is the largest number r > 1 such that lim,_,q |z|™" (1 — w(z)) € (0,00). Our analysis
does not make use of this concept. If w has characteristic exponent r, it is known (see e.g. Parzen
(1957) Theorem 5A-5B) that the rate of convergence of I'2(h) is é + /%, using ¢, = p+2r) =t
for certain classes of stationary processes. The Bartlett kernel has characteristic exponent 1, and

the kernel w(u) = 1 — u? has characteristic exponent 2.

We also consider the rate of weak convergence of I'2(h) towards the limiting distribution of
Theorem 2.2, when ¢,, = n. Denote Lip;(R) the set of all bounded Lipschitz functions f: R — R

such that
det | f(z) = f(y)]

|f Lip = Sup
’ P Ty \x—y\

For P, @ two probability measures on R, we define

(/mp—/ﬂww

<1

d(P,Q) Y sup
feLipy (R)
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di (P, Q) is the Wasserstein metric between P, Q. It is well known (see e.g. Dudley (2002) Section
11.8, Problem 1) that in the case of R, dy can be written as

o0

4,(P.Q) = / P (A)) — Q (A du, Ay = (—o00,u).

—00

Thus an upper bound on dy (P,, P) gives a Berry-Esseen-type bound on the rate of weak convergence
of P, to P. In a slight abuse of notation, if X,Y are random variables, and X ~ Pand Y ~ Q, we
shall also write di(X,Y’) to mean d; (P, Q).

Theorem 4.2. Suppose that A3 and (GE) hold. Suppose also that | is finite. Let 6 € [0,1/4), and

h e Lys. If ¢, =n, then

log(n)
vn '

where x? = Zie,aiZf, {Z;, i € I} arei.i.d. N(0,1), and {«;, i € I} is the set of positive eigenvalues

of px-

dl (P%(h)v X2) S

as n — oo, (20)

Proof. See Section 5.5. g

For the proof we use the Bergstrom method, well known in studying convergence rates in the CLT
for partial sums (see e.g. Dedecker and Rio (2008)). The log(n) term in (20) is an artefact of the
method. We conjecture that in general the convergence rate of T'2(h) is n~ /2. If we further assume
that {h(X,), n > 0} is a Gaussian process with a martingale structure, then the convergence rate
in (20) can actually be improved to log(n)/n; we omit the details. Quadratic forms has also been
studied elsewhere in the literature. In a series of papers, F. Gotze and co-authors have studied
the convergence rate of quadratic forms and obtained the optimal rate of n=! (see e.g. Gotze
and Tikhomirov (2005) and references therein). But their setting is different as they assume i.i.d.

sequence and consider quadratic forms for which the weights do not depend with n.

Remark 7. The assumption that | is finite is mostly technical and it seems plausible that this result
continues to hold without this assumption. There are known kernels for which | is finite. For
example | is finite for the kernel w(u) = (1 — u?)1(_1 1)(u). This is because in this case, p.(s,t) =
2 (s — %) (t — %) Thus p, admits a unique positive eigenvalue oy = 1/6 with eigenfunction ¢ (t) =

1
t— %

5. PROOFS

5.1. Martingale approximation. Much of the analysis relies on the ability to approximate a
partial sum of the form Y ;_; axh(X}) by the martingale Y 7_; ay.Dg. This is well known and we
skip some of the details and refer the reader for instance to Andrieu and Moulines (2006). It is
easy to see from property (1) of the adaptive chain that E (Dy|Fx_1) = 0. Therefore, under Al,
{(Dg, Fx), k > 1} is a 2p-integrable martingale-difference. Such martingale satisfy Burkeholder’s
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inequality (Hall and Heyde (1980) Theorem 2.10) that we will use repetitively: for any sequence of
real numbers {ax, 1 < k <n}, and for any ¢ > 1,

[Z ||Oékal|qA2] o (21)

The following martingale approximation for partial sums plays an important role in the sequel.

Lemma 5.1. Under A1, and for any sequence of real numbers {ay, 0 < k < n},

Z Ctk}_l(Xk) = Z oDy, + 6%0), (22)
k=1 k=1

where the remainder is given by

n
def
e = 0Py go,(Xo) — anPs, g0, (Xn) + § ap —ap—1)Ps, 90, (Xk-1)
k=1

n
+ Y ar (Po.go,(Xx) — Po,_, 90, (X1)) ,
k=1

and satisfies

(0)

€n

‘2 < ’040|ao+|04n|an+2|04k—04k 1|ak- 1+Z|ak|bk
k=1 k=1

Combined with (21), this lemma implies that

> aph(Xy) > a2k, (23)
k=1 k=1

We now show that a similar martingale approximation holds for quadratic forms. This extends
Lemma 2.1 of Atchade and Cattaneo (2011) which considered the case where {X,,, n > 0} is a
Markov chain. The proof is postponed to the Appendix.

n n
S+ lanlan + ) log — apalag—1 + Y aklby +
2p k=1 k=1

Lemma 5.2. Assume A1 and A3. Consider the quadratic form

IS (MY hxnx)

Then we have

1 k—3j
n:7§ E DD+ D 1 (2)
Q - ':w< o ) kD + e, + €7,

for remainders e,(ll), 67(12) for which El/p(|e7(f)|p) < rg), where p is as in Al, and

RN e
7”7(11) - e kz_l ay, (ak + (5n’k + 5n,k) , and
1

5 1 & A 1
r;>= oA {ka (1+6n7,€>} +;Zb (ar + ap— 1)+Tzakﬁk+n Qnknp.
k=1

k=1 k=1
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Proof. See Section 6.3 in the Appendix. a

5.2. Proof of Theorem 2.1. The idea is to show that I'2 (h) behaves asymptotically like n ™! Y°7_, D2.
And since the partial sum n~1/2>°7_, h(X}) behaves like n=1/23"}"_| Dy as shown in Lemma 5.1,

it would follow that T,, behaves asymptotically like >_p_; Dy/1/> p_; D# which satisfies a CLT as
recalled in Theorem 6.1 of the Appendix.

As a matter of re-arranging the summations, we can rewrite I'2(h) as follows

IS (“=2) hcxpicn
k: 14=1
n n n 2
—% <Z h(Xk)> ( Un(k)h(Xk)> + %n ( h(Xk)) (24)
k=1 k=1 k=1
where v, (k) def -1 Yo w <k;£> and u, % -2 Y1 > kg w((¢ —k)/ep). Under A3, it is easy

to check that v, (k) and w,, satisfy

on(k) = O (i”

n

1 Cn . .
) , op(k) —vp(k—1)=0 <n> , and wu, =0 (ﬁ) , (uniformly in k).

Therefore, using (23) and (7), we can write (24) as

=yt

k=1 j=1

1) ) + )
where E!/P (\gq(ll)]p) < ¢p/n. Combined with Lemma 5.2, it follows that

ZDk—F ipkz ( >D+ (2), (26)

where E/?(|o 2)|1") <r® 4 r@ 4 cn/n. The term Y 5 Dy, Z] Lw((k — 7)/cn)Dj is a martingale
array and Burkeholder inequality (21) (applied twice) yields

1

n A2 | P2
> Dij S {np/\Q Z [mkdg,ﬂp } . (27)
k=2

LSt

k=2 j=1 »
We then obtain that
I~ 2, @)
:EZDk—i—gn : (28)
k=1

where
1

n A2 PA2
EU/p (, 97(13)|p> < 4@ 4 ;” {np/\2 3 [mkafj,l]p } = o(1),
k=2
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by assumption. A2 implies that n~! Z;‘L:1 ng converges almost surely to o2, and we conclude that

I'2(h) converges in probability to o2. It remains to deal with T,,. We have

) " B Z:l Dk OP(]')
- 75 k=t MXk)  VEELDE i, ot
TUURm e
LIRS >

Under A2, n~! pya D,% converges in probability to o2 that is positive almost surely, and by the
martingale weak invariance principle (see Theorem 6.1 and the following remark), we have that
Sr_1 Di/y/Sk-, D} 5 N(0,1). It follows that T, - N(0,1), and the theorem is proved.

5.3. Proof of Theorem 2.2. The idea of the proof is that for large n, and for ¢, = n, I'2 (h)

be-
haves like ), o (ﬁ Sr_i ¢ (E)D ) and that == Zk 1 95 () Dy behaves like fo ¢;(t)dB(t) ~
N(0,1). To carry the details, we start again from (24) which gives

2
1 n n k o j B B 2 n B n B un n B
— 23S aenen) -2 (Z h(X@) (Z vn<k>h<xk>)+n (Z h(Xw)
k=1 j=1 k=1 k=1 k=1
With ¢, = n, vn(k) = n~ 'Y} w(%E) is the right-Riemann sum approximation of g(kn~1),
where g(t fo u)du. Thus with the smoothness of w,

o) = k] =0 (). Jonlh) = g ) = v = 1) 4 (0~ 1] = 0 (5 )

n n?

1
and |uy, —/ g(t)dt‘ =0 <1> , (uniformly in k).
0

n

By combining this with the linear and quadratic martingale approximation (Lemma 5.1, Lemma
5.2), we obtain that

ri<h>=;2nji{w(’f

k=1 j=1

where

El/P (|Q |p) <r 42 + -

It is assumed that the kernel p, : [0,1] x [0,1] — R with p,(s, t) =w(s—t)—g(t)—g(s) —i—fol g(u)du
is twice continuously differentiable and positive definite. By Mercer’s theorem, there exist positive

eigenvalues {a;, j € I} and orthonormal eigenfunctions {¢;, j € I} ¢; € L%([0,1]) such that

)= a;;(s)e;(t). (30)

jel
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Notice that fol px(8,t)dt = 0 which means that 0 is also eigenvalue of p, with associated eigenfunc-

tion ¢ (¢o(t) = 1). Using the expansion (30), we conclude that
1 < k i

To(h)=> aj|—=> (=)D (1)

n( ) = Q; <\/ﬁk:1 ¢] <n> k) + 07,

(1)

where gy, is as in (29). It follows that

She1 ®0(£)Dy, 4 o)

S ﬁ > et (X) Y h(Xy) Vi1 D} e Zg,l D?
I3 (h) VnI'2(h) 5 Ek 1¢]( ) D + on(1)
jere oy 1Zk 1 D

We shall write | % {0} U1. Consider the Hilbert space £2() e {zeR: > el kT < 0o}, where
ag = 1, equipped with the norm |[zfl2 = |/ a]x and the inner product (z,y) = % > el 5Ty

n o4k
The random variable V¥, def {%(Tgfk
k=1"k

Lemma 5.3 below that ¥,, — U, where

def{/@ DdB(t ]E}

and {B(t), 0 <t <1} is the standard Brownian motion. The theorem follows from the continuous
mapping theorem, since {fol ¢;(t)dB(t), j € I} are i.i.d. N(0,1).

, J € I} is a £%(a)-valued random process. We prove in

Lemma 5.3. Under the assumptions of Theorem 2.2, U,, = U as n — .

Proof. We set the notation S, = Z§=1 D; (So = 0), Z] 1D2 (Up = 0), and s =
ZJ 1IE(DQ) (so = 0). Consider ¢, : [0,1] — R, the C’[O, 1]-valued process obtained by inter-
polating the points (“2—2, 5—:) e (:Z:, 5:) cey (1, (%) That is
Dy, (spt — sg—1) | Sk—1 Sk—1 Sk
W) = = ,f <t< 2k
C () Un Sk — Sk-1 - Un o S < Sn

Then we have

[rotmein- £ (525 S o) 2 - B

577,,]6(.7)

Now, conveniently, we introduce the integration map M : C[0,1] — ¢?(a) defined as M(h) =
{ fol ¢;(t)dh(t), j € 1}. These integrals are well-defined since the functions ¢; are continuously

differentiable (Theorem 6.2 (ii)). Furthermore, the inegration by part formula gives fol ¢j(t)dh(t) =
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¢;(1)h(1) — fo t)dt. Therefore, for h, hy € CI0,1],

/01 ¢;dh — /01 ¢jdho

< 4flh — ho||2 Sup Z%Isﬁg t)1* + 2|lh — holl3 Zag/{% t)dt < collh — holl%

jel

2
[ M(h) = M(ho)l3 = Z_aj

where the last inequality uses (36—37). This establishes that M in fact takes values in ¢?(«) and is

Lipschitz. Now, it is clear that we can write
U, = M((n) + €n.

where the j-th component of €, is
n
. k \ Dy
en(j) = Z (¢j (n) - 5n,k(])> U,
k=1
With A1-A2, we have the weak convergence of (,, towards the standard Brownian motion (see

Remark 8), and by the continuous mapping theorem, M((,) — ¥. The lemma is proved by

showing that €, converges in probability to zero in £?(«).
Negligibility of e,.
2
- k\\ D
lenl Z 2( ) ZjeTaj {22:1 (5n,k(3) — @; (ﬁ)) 7%}
€nlly = ajen(j) = i .
! n Zﬁzl Dl%

jel

Since n~! py D,% has a positive limit almost surely, it is enough to show that the numerator

converges to zero in probability. Towards that end, we have

2 n 9
, k Dy, 1 9 , k
Z v {Z <5n,k’(]) — ¢; (n)> \/ﬁ} = > E(D}) Zoéj <5n,k(3) — ¢; <n>) :
k=1 k=1 jel
For any arbitrary continuously differentiable function f: [0,1] - R, w € [0,1],and 0 <a <b <1,
the following bound holds true:

<bi / oyt - f(w))2 < (b—a) /0 )P

With 6, (j) = 52— ffk" . ¢j(t)dt, we use the above inequality to write
. E\\? _ sk — sk L e Sk — Sk—1
i (nk) =05 (=) ) <D ay | {h)YPdt S F———
jel n on jel 0 on

We conclude that

(S S (o () 5} ) s = -0

JeEl
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as m — oo, since Y p_; E(|Dg|?P) = o(nP). This completes the proof.
U

5.4. Proof theorem 4.1. The idea is to use the decomposition (25), together with Lemma 5.2
and a more careful bound on the term 67(11) in Lemma 5.2. The main ingredient of the proof is again
martingale approximation. We recall that o?(h) = 1 and w(h) = 0. Since P no longer depend on
0, we write g instead gy, Pg instead Pygg etc... We gather from (25) in the proof of Theorem 2.1,

and Lemma 5.2, that

n n k—1
1 2 k
21— 2 2 1) 4 o)
2(h) -1 nE:(Dk 1)+nZDk. w<0n )D + el + g
k=1 k=2 j=1
where
n k—2
e =" Pg(Xp—1) Y (n(k — ) — tin(k — 1 — 5)) h(X;),
k=3 J=1
and
1 c
ELY/2(1,W12y < @) L S <« = S0
lon' ) S’ + 7S m+ o

Using (27), if follows that I'2(h) —1 =137 (D —1) + eV + gg), where E1/2(]g$l2)\2) < ﬁ +
Cn + Cn < ﬁ
We know from Lemma 5.2 that E/2(|e (1)\ ) S rid) S \ﬁ But under the current assumptions,

it is possible to obtain a better bound. We further use the Poisson equation approach to write

Pg(x) = U(x) — PU(x), where U(z) = f >i>0 Pitlg(z). By the assumption (GE), and since

g € Lys, U is well defined. Set By, ;2 %ef Zf_% (Wn(k—j) —wp(k —1—7))h(X;), and oy ; &

Wn(k —7) — wn(k —1—j). By A3, and using the mean value theorem, we get [0, ;| < and

f\./nc?

|0nj — Onj—1] < - 2 , uniformly in j. Then using (23), it comes that

,

1 1
and EY* (|Byj_2 — Bppsl*) S —.

n ney

E1/4 (|Bn,k—2|4) S

The second inequality follows from the bounds on |6, ;| and |6, ; — 5 j—1|, and the fact that
B2~ Bug—s = ((2) — hn(1)) h(Xp—2) + Z nj—1) M(X;).

Now, from Pg(z) = U(z) — PU(z), we get

n

(U(Xk—1) = PU(Xp_1)) Bz = Y _ (U(Xg—1) — PU(X—2)) Bnp
3 k=3

+ Y PU(Xp-2) (Bni—2 — Bng—3) — PU(Xn-1)Bnn—2.
k=3

@)
Sl

Il
]

i

Noticing that Y ) 5 (U(Xp—1) — PU(X}_2)) Bpr—2 is a martingale array, we deduce easily from

the above that
1
ELY2 (102} < =
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Under assumption (GE), and since § € (0,1/4), we have E/2 [(ZZ=1 (Di — 1))2} S V. We
conclude that
1 1 & 1 c
El/Q[F2 h —12} S g 2
(Tah) = 1) N\/ﬁ+cn+ nNcnjL n’
which ends the proof.
5.5. Proof theorem 4.2. We define

We recall from (29) that
T3 (h) =Th + o),
where E!/2 (\QS)P) S r + P 4 nt < n~1/2 (see the proof of Theorem 3.1 for the bound on
rgl) + 7"22)). This implies that
i (T2 ¢) S i (T3%) + = (31)
Therefore we only need to focus on the term dy (f?l, X2)-

On the Euclidean space R, we shall use the norms ||z|2 = Y, aia?, |[|z]? = Y, 2? and the
inner-products (z,y), = > ;) ®iTi¥i, and (z,y) = >, z;y;. For a sequence (a1, az,...), we use the
notation a;.x = (a, ..., ar) (and a;.x is the empty set if ¢ > k). We introduce new random variables
{Zij, i€1,1<j<n} which are iid. N(0,1), and set Sp; < (z;?:g AT Sl ZU)T e R/,

so that
2

CEY w fZZJ —Hfsmua

i€l

For 1 </ <k <n, and omitting the dependence on n, we set By.;, as the R>* =1 matrix

By (i,5) = ¢ (i) Liel0<j<k.

By the Mercer’s expansion for p,, we have

Y (\}ﬁ;¢ (fj) Dk>2 = | Z=BruDral

i€l

For f € Lip;(R), we introduce the function f, : Rl = R, defined as fo(z) = f(lzl2). As a

matter of telescoping the sums, we have
E [f(f‘?z) - f(XQ)] =E [fa <\}ﬁBlan1:n> - fa <\}ﬁsln):|
= ;E |:fo¢ (\}HBI:ZDLZ + \}HSZJrI:n) — fa <\fB1z 1D101 -l- )]

n
1 1
= § E [fa,n,é+1 <B1:£—1D1:é—1 + BMDe> — famne+1 <Bu 1D1.0-1 + —=S¢. eﬂ
= Vn Vn Vn \f
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where we define
fan[( )dﬁfE fa ! —=Spn , and set foann—i—l(x):fa(JU)-
3Ty \/ﬁ . 3Tty
We deal with the case £ = n separately. Indeed, it is easy to check using the Lipschitz property of
f that

1 1 1 1
‘E |:fo¢ (\/ﬁBl:n—lDlzn—l + \/ﬁBnnDn> - fa (\FBlzn—lDlzn—l + \/ﬁsnn)] ’

1 1 1
7Bn:nDnH2 H Bl m— lDl m—1 + —S : i :| 5 =
v ¢* v v

For the rest of the proof, we assume 1 < ¢ < n — 1. First, we claim that f,, is differentiable

1
S E HH\/EBI:n—lDI:n—I +

everywhere on R'. To prove this, it suffices to obtain the almost everywhere differentiability of
z € RN fo(x+2) for any x € R'. By Rademacher’s theorem, f as a Lipschitz function is
differentiable almost everywhere on R. If E is the set of points where f is not differentiable, we
conclude that f, is differentiable at all points z ¢ {z € R': ||z + 2|2 € E}. Now by Ponomarév
(1987) Theorem 2, the Lebesgue measure of the set {z € R': ||z + 2||2 € E} is zero, which proves
the claim.

As a result, the function x — f, , ¢(2) is differentiable with derivative

vfa,n,f(x) -h =2E |:f¢; <l‘ + \}ﬁsﬁzn> <'T + \}ﬁsfzna h>a:| .

By writing his expectation wrt the distribution of z + ﬁSg;n, we get

Vfozné _2/f o €XPp <_2(n_n€+1) (H.’E”2—2<.’I),Z>)> ,un,f(dz)a

where i, ¢ is the distribution of ﬁSg;n. This implies that f, ¢ is infinitely differentiable with

second and third derivatives given by

V fane(@) - (h, ho)
= fo(2) (z, ), (x — 2, he) exp —+ (||£BH2 -2 <$,Z>) pin,e(dz)
<n £+1>/ < 2(n—L+1) )

1 n St Sen
_QE[f <ZE+\/ES n)<x n—€+1 T h>a<m,h2>}7

which implies after soe easy calculations that for h € R,

(2) . < 2
V0 foalo) - 10 S 100 (14—l ) (32)
Similarly,
v o(2)-(h1, ha, hg) = 2 _ " g 7! :L‘+LS@ . n Sen I
B T A N T AN T S R e e

x ((hg,h3> - <\/%h2> <\/nsief7+1h3>>} '
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VO o) )] g I (1 ) 3

Then by Taylor expansion we have

and for h € R',

1 1 1 1
—B1.y_1Dq.— —B,,D, | — —B1.y_1Dq.p— —S,.
fam,e+1 (\/ﬁ 1:0—1D1.e—1 + N z) Jamt+1 <\/ﬁ 1:0—1D1.—1 + NG M>

1 1
V fane+1(—=B1—1D1.0—1) - (BeeDe — Sp)

G v
+ 21nv(2)fa,n,2+1(\}HBLZ—IDI:K—I) [(BeeDe, BpgDy) — (See, Seer)] + QS:%,
where, using (33),
o2 5 o (1 e [ ) ettt + st
It follows that
SE (Je)) g Z 1 T Z n'2log(n). (34)
=1 =1 =1

By first conditioning on F;_1, we have
1

E an —Biy 1D141) - (BeeDy — Spp)| =0.

{Vf , ,e+1(\/ﬁ 1:—1D1:0-1) - (Bee Dy e.e)} 0

cps def
Writing Kn,( = %v@)fa,n,ﬁ(ﬁBl:Z—lDlzé—l% we have

1
V(Z)foz,n,é+1(%BI:Z—IDLE—I) [(BeDy, ByDy) — (See, Seup)]

() MO PR N WO P

Therefore,

E (v(z)fa,n,€+l(\}EBI:E—IDI:E—I) “[(BpeDg, By Dy) — (Spee,Seee)] \]:e—1> =
> ¢ (f;) b; <f;> Kp11(i,§) [E (DF|Fe-r) — 6i5]
,J
¢ ¢ . , ¢ ¢ .
= Z@' <n> of <n> Kney1(, ) [E(Df|Fe-1) — 1] + Z¢z’ (n) o) <n> Knq1(4,7),
4,J

i#]
where 6;; = 1 if 7 = j and zero otherwise. We claim that the proof will be finished if we show that
foralli,jel,and 1 </ <n,

Vo
n—0+1

N

E'? | (Kne(i,§) = Kngs (i) (35)
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To prove this claim, it suffice to use (35) to show that ’n_l Y orey bi (n) oF ( ) E (Kpe41(i, ]))‘ S

n V2 log(n) for i £ jy and |n~V 0, 61 (L) 65 (£) Knesa(iod) [E (D21Fer) —1]| S 02 log(n)
for all 7,7 € I. To show this, write

Tll:z_;l@‘ <£> oy <f;> E (Kpe41(4,7)) { Z¢z (i) (i) } E (Knn(i, 7))
< |

[E (Kne(i,j) = Knes1(i,5))]

By the convergence of Riemann sums, < n~!. Combined with (32) and

(35), this implies that
I, (), (¢ . 1 | log(n)
220 (1) () Bnentin| < | (m fzk) < el

For the second term, let U denotes the Poisson equation solution associated to E (Dg|]:g_1) —

so that we have almost surely
U(X¢—1) — PU(X,—1) = E (D} Fr_1) —

Therefore, by the usual martingale approximation trick

igqﬁ <f;> %) <€>E(Kn,e+1(z',j> [E (D Fe-1) =1]) = cf%( >¢a <n> (Kn2(3, 1)U (Xo))

n

_ %qbi <1 _ ) ; <1 — ;) E (Kpnn(i,j)U(Xn-1))

+ :L:;llﬂ*: H@ (i) oy (i) K p1(i,5) — & (E_nl) ?; (T) Knl(i7j)} U<X51)} :

We now use the fact that ¢;¢; is of class C! (see Theorem 6.2 (ii)), (32), and (35) to conclude that

+3 o (5o (£) B uenaen [ 07) - 1)

. |l log(n)
< *ZEUQ(K N K "2><7.
~ \/ﬁ + n — | n,@—‘rl(zvj) n7£+2(’t,])‘ ~ \/ﬁ

This proves the claim. It remains to establish (35). Write E; to denote the expectation operator
wrt n=1/28,.,,. We then have for any hy, hy € R',

1
2Kn,€ : (hh h2) = v(2)fa,n,£ (ﬁ

=2 —— |Ey | f/ B D — B D h —h
(”—5"‘1) E[fOC(\f e 1£1+\/ﬁ><\f et ul—i_\f 1>a<\/ﬁ 2>]

n—1{ S n 1

_ @) ey Ay o L
(n_€+1> VA fan, 41 <\/ﬁB1.Z—1D1.K—1+ \/ﬁ> (h1,h2) + <n_€+1> o (\/ﬁ>

B1:£1D1:€1> - (h1, h2)
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Therefore

2 (Kn,f - Kn,EJrl) ' (hh h2) =

1 S 1 B/,D
V(Q)fa,n,ﬁ—&-l <nB1:e—1D1:e_1 + — et
1

2. _v® Bi., D )
N \/ﬁ) (h1,h2) =V fo nes1 < =Bu-1Dre-1 + > (h1, h2)
Cn—l+1

Vi Vi
1

S n 1
(2) 2 o -
V¥ fanes1 <\/ﬁB1:e—1D1;e—1 + \/ﬁ> (h1,h) + (n T 1) O (\/ﬁ>

1 S B,D S, B(D

=v® —By_1D1. t2L 4 (1= )= ) - (g, hg, o2 — 2

v fa,n,ZJrl <\/ﬁ 1:4—-1 1.[71—’_ \/ﬁ—i_( )\/ﬁ 1, 27\/ﬁ \/ﬁ
1

1 S n 1
R, v /) — B., D 2. -~ .
no g1y Jamen (\/ﬁ e \/ﬁ> (1, h2) + (n—£+ 1) © <\/ﬁ) ’
for some ¢ € (0,1). Using (32) and (33), (35) follows from the above.

6. APPENDIX

6.1. A weak invariance principle for martingales. We recall a martingale weak invariance
principle from Hall and Heyde (1980) Theorem 4.2. Let {D,,, F,,, n > 0} be a martingale difference
sequence. Set S = Z?zl D;, U,? = Z?:l Djz, and sz = Z?:l E(DJZ) (So =0, U2 =0, s3 =
0). Consider ¢, : [0,1] — R, the C|0, 1]-valued process obtained by interpolating the points

(0,%) (%%) (154) where Uy = /U2

Theorem 6.1. As n — oo, suppose that
(1) s2 — oo, and g—g converges almost surely to a random variable that is positive almost surely.
(2) For all e > 0, s,,2 i E (D?1{|Dj|>esn}> — 0.

Then (,, as a random process in C|0, 1] (equipped with the uniform norm), converges weakly to the

standard Brownian motion.

Remark 8. Assumptions A1-A2 imply that the conclusion of Theorem 6.1 holds for the martingale
difference {Dy, 1 < k < n} of Section 2. To see this, notice that for p > 1 as in Al and for any

M >0,
U2 V1 L)
E <nnl{Un>nM}> < <M> ﬁzﬂk :
k=1
Therefore, under Al, n~1U2 is uniformly integrable. Now, by A2, n~1U?2 converges almost surely

to 02. We conclude that n~1s, = n~'E(U?2) converges to E(c2) > 0, so that s, — 0o, and U2/s,,
converges to 02 /E(02). Thus part (1) of the theorem holds. For all € > 0,

-2 2 < 2p « & 2p
Sn ZE (D]1{|DJ|>esn}> ~ 52p Kj ~ np Hj )
j=1 noj=1 J=1

thus part (2) also holds under A2.
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6.2. Mercer’s Theorem. We recall Mercer’s theorem below. Part (i) is the standard Mercer’s

theorem, and part (ii) is a special case of a result due to T. Kadota (Kadota (1967)).

Theorem 6.2 (Mercer’s Theorem). (i): Let k : [0,1] x [0,1] — R be a continuous positive
semi-definite kernel. Then there exist nonnegative numbers {\;, j > 0}, and orthonormal
functions {¢;, j > 0}, ¢; € L*([0,1]), such that fo z,y)¢i(y)dy = Njoj(x) for all x €
[0,1], j >0, and

lim sup |k(z,y) — Z)\]@ =

=00 4 yel0,1]
Furthermore, if \j # 0, ¢; is continuous.

(ii): Let k as above. If in addition k is of class C* on [0,1] x [0, 1], then for A #0, ¢ is of
class Ct on [0,1] and
. d? - / /
lim sup |5 ook(z,y) — Y Ad()d)(y)| =
=0

=00 4 yelo,1] | 92y

By setting = y, in both expansions, it follows that

0iup Z)\ 19 (2)]* < iup k(x,z) < oo. (36)
and )
sup Z)\ 05(2)]* < sup | m——k(u, V) |u=zp=z| < 0. (37)
0<a<1 o<z§1 Oudv

6.3. Proof of Lemma 5.2.
Proof. Set w,(0) =1/n, and for k > 0 integer W (k) = 2n"tw(k/c,). Then we can rewrite Q,, as

Qn—zzwn *J )B( )

k=1 j=1
Using the Poisson’s equation h(z) = gg(z)—Pyge(z), it holds almost surely that h(X) = gg, , (Xx)—
Py, 90, _,(Xk). Therefore
h(Xk)(X;) — DpDj = (M(Xy) — Di) h(X;) + Dy, (h(X;) — D;)
= (Po,_, 90, 1 (Xi—1) — P, 90, (X)) h(X;)
+ Dy, (P9j—1g¢9j_1(Xj—1) - P9j—199j—1(Xj)) :

Then setting €, = Qn — > 1y Z;?:l Wn(k — j)DDj, we obtain

n k
€n = Z Zw”(kj - ]) (Pek—lgek—1(Xk—1) - P9k—1gek—1(Xk)) B(XJ)
k=1 j—1

n k
ZZ _.7 Dk PG] 196, 1(X ) - P9j-1g9j—1(Xj)) = ngl) + Q1(12)' (38)
k=1 j=1
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We start with the second term on the right hand side of (38) that yields after some rearrangements

n k
= Z Z 1905 1(Xj*1) - P9j7199j71(Xj))
k=1 =1
n k—1
= ZDk Z(mn(k_j) _@n(k_j"i_l)) P9j7199j71(Xj—1)
k=2 j=1
n k—1
+> Dy wn(k — ) (Po;90,(X;) — Po,_,90,_, (X))
k=2 j=1
+ PGOQGO (XO) Z wn(k)Dk + (’LT)n(O) - wn(l)) Z DkP@kflg‘gk—l(Xk—l)
k=1 k=1
- wn(o) Z DkPGk_lgGk_l(Xk’) = Tél) + T752)7
k=1

where T,\") = — 0y (0) > "3_y DiPy,_,90,_,(Xi). We deal with 7? below. Notice that TS has
the general form 22—1 B, Dy, where B,, . is Fi_1-measurable. Thus by Burkeholder’s inequality

applied to the martingale Y, _, By, D, we derive after some calculations that

PA2 2 1 " 1 PA2
[0 S ity < Sl € i 3 e (1 000)
k=1

The first term on the right hand side of (38) gives

k— j)h(X;)

||M»

n
Z P9k 1961 Xk 1) P9k 19654 Xk
k=1

n

k
(Po, 190, 1 (Xp—1) — PQkQGk(Xk))Za}n(k_j) (X;)
j=1

k=1
n k
+Z(P9k99k(Xk) Poy,_1 96,1 (Xk) Z k — j)h(X;).
k=1 j=1
Then we write
n k
Z(Pek 19651 (Xk—1) — Py, 96, (Xk) Zﬁ)n — J)h(X;)
k=1 j=1
n k k—1
= ZPGk 196y, I(Xk—l) an(k’ _])B(XJ) - wn(k -1 _])B(XJ)
k=1 Jj=1 Jj=1

This implies that
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where
k— 2 )
ZP9k 1901 (Xk-1) (k_l_j))h(Xj)a
k=3 j=1
n k _ n _
R =" (Pogo, (Xk) = Poy_, g, (X)) > tinlk — )R(X;) = Po, g6, (Xn) Y a(n = j)R(X;),
k=1 j=1 ‘
and

R = 9,(0) Y Py, 90, (Xe—1)B(Xk) + (@ (1) = @ (0)) > Po,_, 90, (Xe—1)h(Xp—1).
k=1 k=2

We gather these terms together and rewrite (38) as
en =€) 4170 L R 4 72 L R (39)

Using (23) we get:

n k n
[RO| <0 ||>2 ok = DR+ an | > dn(n— HACX;)
Prk=1 ||j=1 . =1 2
S b (akr + 00 +62) + 0 tan (an oy + 00+ 62))
k=1
With the same technique we get

1 n
€Dy S —— > an (550 + 02
" k=2

Remark 9. In fact, as we shall show later, with additional assumptions, the term ES) has better

convergence rate than shown above. See the proof of Theorem 4.1 in Section 5.4.

The last two terms in (39) are

Tng) + Rg) = —wn(0) Z Dy Py, 96, (Xk) + wn(0) Z Poy._1 90, (Xk—l)B(Xk)
k=1 k=1

+ (@ (1) = B(0)) Y Poy 90,y (X-1)h(Xp—1). (40)
k=2
Replacing h(X}) by go,_,(Xk) — Pa,_, 96, ,(Xk), the first and third terms on the right hand side

of (40) gives after some easy re-arrangements

n n—1
— wy(0) Z Py, 196, (Xk) Dy + (0n(1) — wn(0)) Z Py, 90, (Xk)B(Xk)
k=1 k=1

n—1

= (Wn(1) — @n(0)) Y Po, 96, (Xi) (Po,_, 96, (Xi—1) — Po, 96, (X)) + 0,
pst
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where El/p(\gq(f’) P) S ntapkn +n eyt Y0 akke + 1> br(ak + kk). The second term on
the right-hand side of (40) gives

Wy, (0) Z P9k7199k71(Xk—1)B(Xk) = Wy (0) Z Py 1960, 1 (Xk—1) (P9k7199k71(Xk—1) — o, 90, (Xk))

k=1 k=1
+ oY
1
where E1/P (\@(14)]) <nt (Ezzl(ak,mk)pm)m +n~1 S0, ag—1b. Therefore
T + RE) = o) + 0\ + 1 (0) (P, 90, (X0))* — @n(0) Po,, 90, (Xn) Po,_, 96, (Xn—1)
n—1 n—1
+ (Wn (1) — 2w, (0)) Z P, 90, (Xk) Po,_, 90, (Xp—1) + (210 (0) — wn(1)) (Po,.96, (Xk))2 )
k=1 k=1
and
1 1 &
‘ T® | Rgg)H < HQS))H " HQ%@H + = (@@ + anan—1) + — > ax(ag + ap_1).
p P p N nen £
We obtain the lemma by putting all the remainders together. O
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