


Chapter 3:
Motion Analysis and Discretization

3.1 The concept of matrix exponent
3.2 Calculation of matrix exponent
3.3 Controlled motion of linear time invariant system

3.4 The state space description of discrete system
3.5 The controlled motion of linear time invariant discrete system
3.6 Discretization of linear continuous system



3.1 The concept of matrix exponent
l/' ntE ™

3.1.1 The free motion of linear time invariant system

Free motion: The motion caused only by initial condition,
with input u=0.
Equation of free motion:
X=4X, X(t,)=2X,
homogeneous state equation
At X(t,)=X,, [t, ) ,the solution of homogeneous
state equation can be represented as
X () =D(1—1,) X,
where P(—1%) is state transition matrix ,  satisfy
d(t—t,) = AD(t—1,)
d(0) =1
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Proving of free motion solution X (¢) =@(¢—¢,)X,
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X)) =D(t—1t)X,=AD(t—1t)X, = AX
X(t,)=P(—-1,)X,=P(0)X, =X,

Notice:

(1) Solution of free motion can be represented uniform form
with state transition matrix .X(t) 1s state transition of X(0).

(2) If state transition matrix 1s determined ,the Solution of free
motion can be known. So the solution 1s determined uniquely
by state transition matrix.

(3) For linear time invariant system ,

O(r—1,) ="



3.1.2 Property of state transition matrix (LTI)

(1) Invertibility D' (t—t,)=P(t,—1)

Prove:  @(t—1,))®(1,—1) = e’ et =™ =
(2) Decomposability D(t, +1,) = D(t,)D(1,)

Prove:  @(t, +1,) =" = o™ = P(1)D(1,)
(3) Transitivity &(t, —1,)D(t, - t,) = (1, - t,)

Prove:  ®(t, —1)®(t, 1) = (t,)D(—1, )(,)D(—+,)
= B(1,)DO)D(~1,) = D(1,)D(~1,) = D1, ~1,)



—]+At+ t + - ZA_ktk

3.2.2 Use Laplace inverse transform
“=rsr -7
Prove: =T+ At+41 +-
L[eAt} :§+SA2+;1_3+... — (sI — A"
e =L (sI-A)"|



3.2.3 Transform to finite polynomial

—Cayley-Hamilton theorem
e =a,t)[+a,()A+--+a, (t)A""

a,(t),a,(t),--,a,(t) are functions of't.

(1) If the eigenvalues of matrix A are distinct

a0 ] (1A A ﬂ,"_l__l_eﬂ"_
al(t) 1 22 ﬂ; /’]‘2"_1 eﬂzt

a0 (1A A e AT e



(2) If the eigenvalue ( 4, )of matrix A is n-repeated root
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3.2.4 Through nonsingular transformation

(1) If the eigenvalues of matrix A are distinct

At

e 1

0

At

P—l

P 1s a matrix which
make A diagonal
canonical form

T ———




(2) If the eigenvalue ( 4 )of matrix A is n-repeated root

Y S Sy
(n—1)!
e=0| : . : 0!
0o . - te™
0 e 0 M ]

Q 1s a matrix which make A Jordan canonical
form

. . y 0 1
Example: Find matrix exponent €”' of A{_Z _3}



Sol:
(1) Use Laplace inverse transform e = [ [( o] — A)‘l]

|

2 —1 1 -1

= i Thr W Tie
=2 2 1 2

s+l T s+2 s+l + s+2

1 -1 [s+3 1
-1 S - Y.
[s7— 4] = —la ]
2 S+3 (s"+3s5+2)
s+3 1
_ (s+1)(s+2) (s+1)(s+2)
o -2 S
|: (s+1)(s+2) (s+1)(s+2) :|
B s+3 1 ]
eAt — L—l (s+13(2s+2) (s+1)S(s+2)
N (s+1)(s+2) (s+1)(s+2) |
_ -2 _ _
2 —e” el —e¥
= ~ > ~
—2¢ 427 —e'+2e

-2t



(2) Use Cayley-Hamilton theorem

e’ =a,(t)] +a,(t)A

A1 - 4| = de{ (A+1)(A1+2)

[‘:izif E_lﬂ P
ol 21
sy

A
|
S0 o)



e =a,(t)] +a,(t)A

1 O 0 1
=2e" —e™* {O J +(e —e™ { . 3}
B 2e—l‘ . e—2t e—t . e—2t
—2e"' +2e" —e ' +2e7*

(3) Through nonsingular transformation

0
e =P P!
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3.3 Controlled motion of linear time invariant system

Sk
Concept: motion of linear time invariant system under control
action
Equation: X =AX +Bu, X(,)=X,

Nonhomogeneous state equation

Block diagram: U, s=(4,B)

X=AX+Bu
X(t0)=X0

The solution of nonhomogeneous state equation (theorem) :
If the solution of The solution of nonhomogeneous state equa
tion exists, the solution must have the follow form.



ty =0, X(1)=20)X, +j;q5(t—z')Bu(z')dz' te [0,00)

ty#£0, X(0)=P(t=1)X, + [ D-1)Bu(e)dr 1€ [1,%0)
Prove: ¥ = 4x+Bu
X — AX = Bu

Left —multiplying the two sides of equation above with ¢

e [X - AX} =e " Bu

i[e_“")( } =e¢ " Bu

dt



Doing integral

e X(7) = jo ¢ " Bu(t)dr
e X (1) — X (0) = jo e Bu(r)drt

X(0)=e"X(0)+ ] & Bu(r)dr

=D X(0)+| S(t-D)Bu(t)dr  1e[0,0)



Example: The state equation is

el Ak e

where u(¢)=1(¢) , find the solution of equation
Sol: From the example above

2o —e ¥ o~ — oM
—2e7 427 —e' 427

D(t)=e” = [

X(t) =D X, + j; ®(t — 7)Bu(t)dt
| 2e7 =™ e —e ¥ || x,(0)
—2e" +2e™ —e" +2e7M || x,(0)
+-‘,t ze—(t—f) _e—l(t—f) e—(t—z') _e—2(t—z') 0 "
0 _26—(1—7) + Ze—Z(t—T) _e—(t—z') + Ze—Z(t—r) 1



:L (2" —e)x,(0)+ (e —e ™" )x,(0) }r t{ o (7T) _ p20-D) }’T

0

—2e” +2e7")x,(0)+(—e™ +2e7")x,(0) —e 7 427270

| Qe (O =5 (0) | |3 +ge™
| (<2e7 426 )x, (0) + (=™ + 27 )x, (0)

_[ @7 =)0+ (e —e )5, (0) +4-e e
(267 +2¢ )5, (0) + (- +2¢ ), () +e” —e™



The state transition matrix are known , find system matrix

Method : (1) 4=21)P(-)

Prove : .
D(t)= A(t)D(t)
A(t)=D(t)D7'(t)=D(t)D(—t)
(2) A=9(0)
Prove : D(t)=e"

D(t)=Ae"
t=0, @(0)=A4e" =4



3)  a=si-[L[&1)]]

d(t)="L" [(sl — A )—1]
(sI-A)" =L [®(1)]

Prove

Example :

Known

sl — A= :L [&(1 )]:

A=sl— :L [®(1 )]:

(1) =

e—t

0
0

-1

-1

0

(1-21)e™™

-2t

—le

0
4te™*

(1+420)e™™

. Find A.



Sol: (1) A=®D(t)P(—t)

—e 0 0
A= 0 (—4+4t)e™ (4-8t)e
0 (=1+2t)e™  —4te™
(2) 4=9(0)
—e ! 0
A=®D(0)=| 0 (—4+4¢t)e™
0 (—1+2t)e™

-2t

e 0
10 (1+2t)e”
0 te*
o | [-1
(4-8t)e™ |=| 0
—4te™ 0

0
—4te

2t

(1-2¢t )e”!

0
0

4 4
-1 0




(3) a=si-[L[o)]]

- 0
-1
SI-A" =Llem]=| 0 -2
-1
i (s+2)%
- -1
- 0 0 s+1 0
SI-A)=| 0 S i1 =1 0 s+4
(5+2) (s+2)
-1 s+4 0 1
(s+2)*  (s+2)* |
s 0 0] [-1 0 o
=0 s 0|—-| 0 -4 4
0 0 0O -1 0
-1 0 0
A= 0 -4 4
0O -1 0

1

4

(s+2)2
2

s+2

(s+2)" |

1
— 0 0
s 4
0 (s42)?  (s+2)?
0 -1 s+4
(s+2)*  (s+2)* |




Continuous system Discrete system

Time-domain differential equation
Frequency-domain s-domain transfer function  z-domain pulse transfer function

Transform Laplace transform Z transform

Differential equation
y" +ay" P +va_y+a,y=bu"™ +bu"" +---+b _1i+bu

Difference equation

yk+n)+aytk+n—-1)+---+a, y(k+1)+a, y(k)
=byu(k+n)+bu(k+n—-1)+---+b u(k) (k=0,1,2--")

k means kth sample moment



s-domain transfer function

_Y(s) bs"+bs"+-+b, _s+b,
U(s) s"+as" ' ++a_s+a,

W (s)

z-domain pulse transfer function

Y(Z) _byz"+bz"" +---+b,
UZ) z"+az""'+-+a

W(Z)=



3.4.1. Change scalar difference equation to state space description
3.4.1.1 Case 1-- difference equation do not contain

difference of input variable

yvk+n)+ayk+n—=-1)+--+a_y(k+1)+a y(k)=bu(k)
(1)Select state variables
(x,(k) = y(k)

x, (k) = y(k +1)
x, (k) = y(k +2)

N

x,(k)=y(k+n—1)



(2) Change state variable equation to 1th difference equations set

(x,(k+1) = y(k+1) = x, (k)
X, (k+1) = y(k +2) = x,(k)

AL

x_(k+1)=y(k+n-1)=x (k)

x (k+1)=y(k+n)
=—a y(k)—a, yk+1)——ay(k+n-1)+b u(k)
=—a,x,(k)—a, ,x,(k)—---—a,x, (k) +b,u(k)

y(k) = x,(k)

(3)Write out state space description




xGk+D]T O 1 0 0
x| [0 0 1 - 0
G+l 0 0 0 1
| x,(k+1) | |-a, —a, -a., - —a

[ x, (k)

k

| x, (k) |

The general form of Discrete system state space description

{X(k +1) = Gk X (k) + H (k)u(k)
(k) = C(k)X (k) + D(k)u(k)

or {X(k +1)=G X, +Hu,
y(k)=C. X, +D,u,

- x, (k) |
x, (k)

X, (k)

| x, (k)




3.4.1.2 Case 2-- difference equation contain

difference of input variable
vk+n)+ayk+n=1)+--+a_ y(k+1)+a y(k)
=bu(k+n)+bu(k+n—1)+---+b u(k) (k=0,1,2--)

(1)Select state variables

(x, (k) = y(k)— hyu(k) b =b

x, (k) = x,(k +1) — hu, (k) h=b-ah,

) x3(k):x2(k+1)_h2u(k) <.hz :b2 _alhl _azho

. \hn = bn o alhn—l T an—lhl o anhO
X, (6) = x, ,(k+1)— h, (k)

|, () = x, (k4 1)~ hu(k)




(2) Change state variable equation tolth difference equations set

(x,(k+1)=x,(k)+hu(k)
X, (k+1)=x,(k)+hu(k)

X, (k+1)=x,(k)+h,_u(k)
kxn(k-l_l) = _anxl(k)_an—lxz(k)_"'_alxn(k)+hnu(k)

y(k)=x(k)+hyu(k)

(3) Write out state space description



[ x(k+1) ] [0 1 0 - 0 x(k)] [n ]
X, (k+1) 0 0 1 0 || x(k) h,
: =l S D] |uck)
x, (k+1) 0 0 0 - 1 {|x_(k)| |h,
| x,(k+1) | |-a, -a, -a,, - —a ]l x(k)] | h _
x, (k)
x (k
y=[1 0 - 0] 2(:)+h0u(k)
| x, (k) |




3.4.2. Change pulse transfer function to state space descriptio

_Y(z)  bz"'4--4Db z+b
U(z) z'4+az" ' +-+a_ z+a

W(z)

3.4.2.1 Case 1-- pulse transfer function have distinct poles

W(z)—Y(Z)= y + b 4o k, k. =limW(z)(z-=z ), (i=12,--n)

_U(Z) z—z, zZ—2z, z—z, 2z
x(k+1)] [z 0[x(k)] [1]
x2(k:+1) _ z, ) xz(:k) N l u(h)
X, (k. +1) 0 | z || x, ('k) 1
| 4L _xl(k_)__ 4L

v =lk & - k]




3.4.2.2 Case 2-- pulse transfer function has n-repeated pole

11

k

12

W(z)

_Y(@)_ &

= + 4ot
U(Z) (Z - Zl)n (Z - Zl)n_l

k=lim— W) -zy] (=12

o (=) dz"

X, (k+1)]| [z
x,(k+1)|
| x,(k+1)| |0

y(k)= [kn ki

) kln]

0 _‘xl(k)_
x, (k)

z | X, (k)_
X, (k)
x, (k)

| x, (5)

u(k)




Methods for Solving difference equation include iteration method
and Z-transform method

3.5.1 Iteration method
3.5.1.1 Liner time variant discrete system
X(0) and u(k) (k=0,1,...,n) are known, the solution can be obtained:

x(1) = G(0) X (0) + H(0)u(0)
x(2) = GA)X 1)+ H()u(1)
x(3)=GQ)X(2)+ H(2)u(2)



3.5.1.2 Liner time invariant discrete system
G, H are invariant, X(0) and u(k) (k=0,1,...,n) are known, then
x(1) = GX (0) + Hu(0)
x(2) = GX (1) + Hu(1) = G* X (0) + GHu(0) + Hu(1)
x(3) = GX (2) + Hu(2) = G* X (0) + G* Hu(0) + GHu(1) + Hu(2)

X(k)=G"X(0)+ kj G*""'Hu(i)

Discussion of solution
(1) First part associate with 1nitial valve X(0).
Second part associate with control action u(k).
(2) Kth state x(k) associate only with sampled value before k mo
ment, not with kth sampled value .
(3) State transition matrix &ck)=G*  satisfy D(k+1)=GP(k)
D(0)=1



Example: Known linear time invariant discrete system equation is

0 1 1

X(k+1)=GX(k )+ Hu(k), G{_o.w _J HzH
1
t=0, X (0){_1}

k=012, u(k)=1

Find the solution of sate equation.



Sol: Using iteration method

XA)=GX(0)+ Hu(0)=
X2)=GX1)+ Hu(1)=

X(3)=GX(2)+ Hu(2) = [

X (k)= {

0 1
—0.16 -1
e -
—0.16 -1

0 1
~0.16 -1

0 2.84

-1 1.84 -0.84 1.386




3.5.2 Z-transform method

X (k+1) = GX (k) + Hu(k)

Doing Z-transform
zZX(2)—zX(0)=GX(z)+ HU(2)
(zI - G) X (2) = zX (0)+ HU(z)
X(2)=E -6G)"'zX(0)+(zl -G) ' HU(2)

Doing Z-inverse transform

X(k)=Z"|(I-G)"'z | X(0)+Z | (I -G)" HU(z) |



G'=2"(zA-G)"'z|

kj G HU(i)=2"|(zI-G) "' HU(z)]

i=0

Example above: using Z-transform method
#(k)=G' =7 (2I-G)"'z|

Lz Al | z+1 1
(zI -G ) = =—
0.16 z+1 z24+z+0.16|-0.16 =z

z+1 1
(z+02)(z+0.8) (z+0.2)(z+0.8)
—0.16 z
1 (z+0.2)(z+0.8) (z+0.2)(z+0.8) |
4 1 5 5/ ]
Bokhon %
z+0.2 z+0.8 z+0.2 z+0.8
0.8 0.8 1 4
5.0 5 %

| z+0.2 z+0.8 z+0.2 z+0.8




z7 V2 )=(-a)k

z+a

ok )=Gk =771 [(ZI—G )7l z}

4 z 1 z 5 z 5 z
—1{ 3025027737208 307202 3(z+0.8)}

0.8 z 0.8 z 1 z 4 z
3 (7502773 (7308’ 37502737508’

4 k1 k5 k5 k
{ F02)F1(-08)F  3(~0.2)f=3(-08) }

0.8 k_ 0.8 ko1 k_4 k
0502/ 08 -08)"  1(-02)* % (-08)

z

u(k)=1 U(z)=

z—1



ZX(0)+ HU(2) =

X(2)=-6)"

z+1

=(zI - G)'[zX (0)+ HU(2)]

z

z—1
z

L z—1_

ZX (0)+ HU(2)]

X(2)=-G)'zX(0)+(zI —G) ' HU(2)

—0.16

(z+0.2)(z+0.8) (z+0.2)(z+0.8)

(z+2)°

(z+0.2)(z+0.8)(z—1)
(-z" +1.84z2)z

(z+0.2)(z+0.8)(z—1) |

| (z+0.2)(z+0.8) (z+0.2)(z+0.8) | |

z
z—1
—z2+2z
. z-1
1 | 2]
z—1
z —z'+2z
z—1
Wiz, Wz B
z+0.2 z+4+0.8 2z-1
3.46Z 3 17.%2 +%SZ
 z+0.2 z+4+0.8 z-1 |




X(k)=

[ 17 22 25 ]
——(=0.2) +Z2(=0.8) + == (1)*
6( ) 9( ) 18()

170 0.8y +-

3.4 .
22 (0.2 - ==
6 P 18




3.6.1 Hypothesis
(1) Adopting equal time-interval sampling, sampling period T;

neglecting sampling time;
the sampling valve is zero between two samplings.
(2) T satisfy Shanon theorem.

sampling frequency =2 times upper limit frequency of continu
ous function spectrum.

(3) 0 order holder



3.6.2 Linear time variant system discretazation

* Theorem: Linear time variant system equations are

X = AWX(@®)+ Bt)u(t)
y=CO)X(1)+DMu()
its discretazation equations are

Xk +1) = Gl X (k) + H (k)u(k)
(k) = C(k) X (k)+ D(k)u(k)

The coefficient relation are
G(k) = G(kT) = ®((k + )T, kT)
Hk)y=HET)=[ " ®((k+1T,0)B(r)d7

C(k)=[CD]=ir
D(k) =[D(®)],~4r
- e



L i e P
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Approximate represents of linear time variant system discretazation
state equation

In general case, The matrix A of time variant system 1s difficult
to be written out, Approximate represents 1s necessary .

X(kT) = H{ X[k +D)T]- X (kT)}

L{X[k+1)T]— X (kT)}
= AKT) X (kT)+ B(kT)u(kT)
X[(k+1D)T] =1+ TAGKT)| X (kT) + TB(kT)u(kT)
= G(kT)X (kT)+ H(kT)- u(kT)
G(kT) =1+ TA(KT)
H(kT)=TB(kT)



Example: linear time variant system state equation

X)) = A0 X @)+ B()u(t)

0 51-¢) 5 5
AV A = ) B =
here 4 [o 5S¢~ } © [0 5(1—e_5t)}

0 0
Initial condition  #(®)= L} X(0)= { 0}'

Find sampling moment approximate valve.



Sol: Suppose T=0.2s

G(kT)=1+TAKT) = B ‘1’} + 0.2[0 51— )}

0 Se_S(kT)

1 0| |0 1-¢* 1 1-¢*
= + =
0 1| [0 ¢* 0 1+e*

—5(kT) —k
HT)=T-B(kT)=02°> = 1
0 51-e7*)| |0 1-¢™*

Descetazation state equations are

|:x1[(k+1)T]:|_ 1 1-e" || x,(kT) +1 e’ || u(kT)
wl(k+DT]| |0 l+e* || x,(kT)| |0 1-e™ |[u,(kT)



Using iterative method

[ x,(0.2)
 x,(0.2)
[ x,(0.4)
 x,(0.4)
[ x,(0.6)

 x,(0.6)

dollo o2

1.368

0.865
1.1353

0.632}

L
|

[o e

1.368 N 1 0.135
0 0.865

0.632

|

0
1

|

~ [1.368

0.632

i

|

2.05
1.582

|



3.6.3 Linear time invariant system discretazation

 Theorem: Linear time invariant system equations are

X ()= AX + Bu
y=CX + Du

its discretazation equations are

X(k+1) = GX (k) + Hu(k)
(k)= CX(k)+ Du(k)
The coefficient relation are

k=0,1,2,--

G_eAT

Hz(IOTeA’ -dt)-B
G, H, C and D are constant matrix.



Prove: G=D(k+ )T —kT)=D(T)=e""

H= j;’f””qb((k 1T —7)Bd7 = ( [ ok +1T - T)dT) ‘B

kT
Let t=(k+1)T —1,
then df =-dr,
when 7=kT, t=T;
when 7=(k+1)7T, t=0;

H=(—I:¢( t) dt)B =(j0TeAtdt)B

Example 1: Known [:7 1o 17x7 [o
e S

Find discretization equations



S Fuut i RN
0 S%z - 0 o 2T

T
([ ra)
T T (1= T lpylp2T_1
Jy = (e g | 1T tae
08 —Jo 2t - 4 oot
0 e 0 Lo 4]
|7 AT 0] 3T e ) M)
0 —%e_ZT +% | _%e—2T +% %(l—e_ZT)



the discretization state equation 1s
|:x1 (k + 1)] _ {1 LT 41 —ﬂ[xl (k)} N F (T +%)}u "
x,Gk+1)| |0 e (k)] | ta-e*)

If T=1s, the discretization state equation can be written as

[xl(k+l)} [1 0.432}[x1(k)} [0.284}
= + u(k)
X (k+1)| [0 0.135| x,(k)| |0.432

Example 2:

S li
R(s) Sumpine
@]

—p

Y(s)

) 1
P s(s+1)

0 order holder Object

Find discretization equations




Sol: (1) Open-loop system discrtization equation

1
W(s)= 21 = /

2
S
S +S 1+%

=| J- X2 J‘ ,




Discretization 4" = ['[(s] —A)_l]‘tzT

17" I 1 1 1-¢
(S]—A)_1=|:S 1:| _ 1 s+1 1i|=|:s s(s+1)i| eAT =|: e :|
0 s+1 s(s+1)| 0 s 0 -1
N |1 1= |0
H(T)_(Le dt)B_'OL) ° M }dt
-t [ -T
0l ¢ l—e

Discretization state space description of open-loop system is
x,(k+1) _ 1 1-¢e" || x,(k) N T-1+e u(h)
(k+D| |0 T | x,(k) 1-e’
x, (k)
k=1 o]
NGO {xz 5



7 S T
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0 0.368 0.632
[xl(k+1)} [1 0.632}[3@(/()} [0.368}

= + u(k)
x,(k+1)| [0 0.368] x,(k)| |0.632

Y= 0{“")}

X, (k)

0 0.632 0.368
e |

H(T)= [

(2) close-loop system discrtization equation
For close-loop system

u(k) =r(k)—y(k) =r(k)—CX(k)

.. Discretization state space description of close-loop system 1s

X(k+1)= G(T)X (k) + H(TDu(k) = G(T) X (k) + H(T)[r (k) — CX (k)]
=[G(T)-HT)ClX (k) + H(T)r(k)



Or [xl(k +1)} [2 —T-e 1- e‘T}[xl(k)} [T ~1+ e'T}
= + I"(k)
x,(k+1) S | e’ || x,(k) 1-¢

_ x, (k)
k)= O{xz ( k)}

When t=1s
{xl(k+l)} [0.632 0.632}[x1(k)} [0.368}
= + r(k)
x,(k+1)| |—0.632 0.368 || x,(k)| |0.632

~ x, (k)
k)= OLZ (k)}



Excise:

1. (P85 3.1) Known system state equation 1s

561 _ 0 1 X xl(o) . 1
5,0 |3 2)lx] (O] [-1
Find % (®), x,(?)

2. (P85 3.6) Known state transition matrix of system X=AX

1S

®(1,0) = [Ze_t P )}

e—t _e—Zt ze—Zt _e—t

Find A



3. (P87 3.14)Known continuous system state equation 1s

MERAMEN:

Find discretization equations

4. (P87 3.12) Known motion equation 1s
v(k+3)+3y(k+2)+2y(k+ 1)+ y(k) =u(k+2)+ 2u(k+1)+u(k)

Find state equations.



y(t)
The concept of differenceg

I
|
|
I
kKT (kDT

dy

The slope of curve at point A 18—

When the sampling period is short enough, the slope of curve at
point A can be substituted by the slope of line AB, that 1s

Nk +DT] - y(kT)
T




SO dy| Mk +DT]-y(kT)

dt)ur r

This 1s difference of y at kT.
For forward moment (k+1)T 1s used, this difference is called

forward difference.

Backward difference: dy| _ YkT) =)k —1T]
dt |z T
. . 1 1
Center difference: & Wk + 5)T] (k- E)T]
dt |, _ir T




Example: Turn Yy +ay = f(¢) to difference equation
Sol: t=kT

y[(k+1)7]:]—J/(kT) +ay(kT) = f(kT)

Vk+DTT+ (@l =) y(kT) =Tf (kT)

or y(k+D)+(aT -1)y(k)=Tf (k)

- =



Definition: X(z) = i w(kT)z™
k=0

Denoted as: Z(x(kT)] = ix(kT)z‘k
Example 1: x(kT)=1
Sol: When |z|>1

- 1 1 1
Zl = l.Z_k:_—l—_—|—_—|—... =
L] kzz(; z 70z z-1




Example 2: x(kT)=kT

Sol: When|z|>1

Zkt]= ZkT z ¥ = TZ _kl——TzZ—z —TzdiZZ_k
k=0

koZ Z k=0

T /*‘Tzz% ¥

(Z 1) (2—1)




Z-transform formulas of common function

z

Z(a) =

zZ+a
1z

(z-1)

Z(kT) =

z

Z(e—akT) —

—aT
z—e

zsin wl’
z>=2zcos@wl +1
z(z—cosal)
z> =2zcosaT +1

Z[sin(wkT)] =

Z[sin(wkT)] =




Properties of Z-transform

1. Z[x(KT)+ y(kT)]|=Z[x(kT)]+ Z[ y(kT)]
2. Zlax(kT)]=aZ[x(kT)]

3. ZIx(kT —nT)]|=z"Z[x(kT)]

Z[x(kT +nT)] = z"{Z[x(kT)] - i x(kT)z™}

- =




