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Relativistic Precessions of a Star in
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Abstract:As proposed by Clifford M. Will, observations of the precessing orbits of a class
of stars around the supermassive black hole in the galactic center with very short period
(0(0.1) yr) could provide measurements of the spin and quadrupole moment of the black hole
and thereby test the no-hair theorems of general relativity, if the observation accuracy from
the Earth can be reached 10 pas and 1 pas in the near future. However, in the Galactic center,
many researches showed that there is a stellar density cusp, a region of diverging density around
the supermassive black hole. The result is that the observed stars are perturbed by other stars
unavoidably. In order to investigate the influences of such perturbing effects, we numerically
calculate the perturbation effects on precessions of perihelion and orbital plane coming from a
very close perturbing star and then compare with the precessions caused by the Schwarzschild
part (mass), frame-dragging effect (angular momentum) and quadrupole moment. Our results
show that the perturbing effect is much smaller than the Schwarzschild precession, but possibly
can affect the measurement of the frame-dragging effect and quadrupole moment, especially

for the latter one.

Key words: black hole physics; Galaxy: center; relativity
Chinese Library Classification: P228.4

1 Introduction

It is widely believed that there is a supermassive black hole (SMBH) associated with
the radio source Sgr A* in our Galactic center beyond any reasonable doubt” ™. The mass
of supermassive black hole was estimated about 4 million solar mass “*  The distance from
the SMBH to the Sun is about 8 kpc, is 100 times closer than the SMBH in Andromeda,
the nearest large galaxy. For this reason, the Galactic black hole offers the best laboratory
for strong gravitational field physics and testing general relativity (see reviews " for more
details).
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Using stars near the Galactic SMBH can detect post-Newtonian effects and test general
relativity (GR) in the weak and strong field limits near the SMBH. Several successful exper-
iments have done in our solar system for detecting very weak GR effects [8711], but the SMBH
will give us the best chance to test GR in strong gravitational field near a supermassive black
hole. The S2 star, one of a group of S stars at distances ranging from 10" — 10? mpc from the
Galactic center, with an orbital period about 15 years, has a periapse advance about 0.2°/yr
based on general relativity. But the Lense-Thirring effect of S2 is too small to be detected
now. As suggested by Willm], if we can find some stars around the Galactic center at very
small semimajors a < 1 mpe and with high eccentricity, the orbital plane precessions induced
by the spin angular momentum J and quadrupole moment () of the SMBH can be larger
than 10 pas/yr observing from the Earth and can be detected by some coming projects, for
example, GRAVITY. Further more, observed precessions in orbital planes of two such stars
can in principle fix J and @) of the SMBH then test general relativistic “no-hair” theorems
which demands that Q = —J?/M (where M is the mass of the SMBH).

These measurements require that the observed sources are in area which the distance
less than 1 mpc from the Galactic center. In such very central region, one can not just
take the observed stars as test mass but need consider potential complications. Numerous
theoretical model with different dynamical initial and boundary conditions showed that the
distribution of stars around the SMBH forms a stellar density cusp, a region of diverging
density around the SMBH"" "
including stellar black holes. And extrapolating the observed stellar densities at distances
of 1 pc from the SMBH show that of order 10° — 10? stars should be in this region ' .
Accordingly, the orbit of target star definitely can be perturbed by other stars nearby. Thus

This means in < 1 mpc region, there are dense of stars

perturbation from another star maybe can pollute the measurements of these relativistic
precessions if the perturbing star is massive and closes enough.

Merritt et al. (2010) did a N-body simulation and discussed the influence of star distri-
bution on the measurements of general relativistic precessions[ls]. And in 2011, Sadeghian
and Will discussed the almost same problem by analytic orbital perturbation theory[w].
They concluded that for a range of possible stellar distributions, the effects of stellar cluster
perturbations can not obscure the relativistic spin and quadrupole effects for an observed
star sufficiently close to the black hole. These results are consistent with those from the
numerical N-body simulations by [18].

However, both of the above two researches focused on the perturbation effect of N-star
distribution in the surrounding cluster (each star is far away from the target one) on the
target star’s orbital precessions and comparing with the relativistic effects. As a different
one from these two researches, in the present paper, we consider the perturbation effect
comes from only one perturbing star but is very close to the target star but not a moon

of it. We simulate this three-body system numerically and find that the perturbation from
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such close star is possible to pollute the observations of relativistic precessions especially the
quadrupole one. Consequently we must state here that the focus of our work is different from
the two papers[ls’ v though they look similar. And the results are also different because we
think that the perturbation effect can interfere the measurements of the relativistic effects.

The paper is organized as follows. In Sec.Il we briefly introduce the relativistic pre-
cessions of a star near the SMBH in the Galactic center. And we describe the dynamical
equations of our three-body system, and give a simple analysis based on the orbital per-
turbation theory. Then in Sec.IV, we present our numerical results. In the last section,

conclusions and discussions are made.

2 Relativistic effects in (Galactic center and dynamical equa-

tions

As mentioned in Sec.I, a supermassive black hole with M = 4 x 10°M, locates in our
Galactic center. The Schwarzschild radii of the SMBH is about 0.08 AU and 10 pas see from
the Earth. If a star with semimajor axis a orbits around the SMBH, the orbital period in
unit of year is:

P 2ma’/?

~ 1.48a°/2, (1)

where @ means the semimajor axis in units of mpc. From Eq. (1), we can see if a star with
semimajor axis 0.1 ~ 1 mpc, the period is about 0.1 ~ 1 yr.

The orbital periapse and plane precessions per orbit are given as [12],

1
AQ:AS—QAJCOSi—§AQ(1_3COS2i)7 (2)

Af2 = A; — Agcosi, (3)

where Aw = Aw + cosiAf?2 is the precession of pericenter relative to the fixed reference
direction, i, w and {2 are the orbital inclination, argument of periapse, and longitude of
ascending node respectively. Ag, A; and Ag represent the relativistic effects due to the
black hole’s mass (Schwarzschild part), angular momentum (frame-dragging) and quadrupole

. (19] . . . .
moment respectively in unit of arcmin/yr, they can be written as:

6r GM

_ 2P s _ 2\—1~-5/2
As Z 0= 8.351(1 —e€“)""a ) (4)
/2
_Amx GM ’ 2\-3/2, ~—3
_ 3mx? GM ’ —4 2\—2 2~—7/2
Ag = i |:(1—62)CL:| ~7.979 x 1075(1 —e*)*x“a . (6)

where c is the velocity of light, e the orbital eccentricity, and x = J/M? the Kerr parameter.

We can easily find that the Schwarzschild precession is much larger than the other two.
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For the simplicity and focusing on the main purpose, we here adopt a Newtonian gravi-
tational equations but not post-Newtonian one to calculate the perturbation effects. Because
that the relativistic precessions have been analytical worked out (see Egs. (2-6)), and gravi-
tational field of the perturbing star is weak enough to use Newtonian gravity. The omission
of the post-Newtonian terms in our numerical simulations does not change the results in this
paper, because in our simulations we want to figure out the third body’s perturbation. The
post-Newtonian terms added or no added in the numerical codes will be no influence on the
extraction of the perturbation effect from the near star on the target one. Considering the
mass of the SMBH is much larger than the orbiting stars, the acceleration of target star can

be written as,
GMR Gm,r
T R3 g3

a =

(7)

where m, is the mass of perturbing star, R is the vector from the SMBH pointing to the target
star and r the vector from the perturbing star to the target one. r is very small comparing to
R, but is large enough to avoid the two stars becoming a binary. It is very easy to estimate
the Hill radius of the target star with circular orbit, r ~ a(m/3M)'/3 ~ 4.4 x 10~3a. For
high eccentricity, the Hill radius will be smaller. Thus r must be larger than ry.

Though the distance between the target and perturbing stars is very small, the mass of
the perturbing star is only 107° of the SMBH. We still can consider the gravitational force
of m, as a perturbation on the orbit of the target star.

Based on a simple perturbation analysis, we can find that for the target star, because of
the perturbation, there is no secular variation of the semimajor a, but the inclination ¢ and
eccentricity e have slowly and secularly contrary changes due to the Kozai mechanisrnlzo],
and also the orbital periapse and plane exist secular precessions. As we know, even with the
numerical simulations, completely investigating the precession by the third body perturba-
tion in qualitative and quantitative is quite difficult, because the perturbation magnitude
depends on too many parameters. The parameters we chose in our numerical models in the
next chapter try to make the perturbation relatively large in order to study its influence on

the possible measurements of the relativistic effects in the future.

3 Nwumerical results

Based on the analysis in the last chapter, the semimajor of the target star is set from
0.1 mpc to about 1 mpc, and the difference of semimajors between the target star and the
perturbing one is 0.01 mpc. The last number is based on the extrapolation estimation which
suggests that there are of order 10° — 10? stars inside this region. And also, this separation
makes that the two stars are very hard to enter the Hill sphere of each other. It is means
that they are impossible to become a binary in the background gravitational field of the

SMBH. The mass of target star is one solar mass and the mass of perturbing one can be set



16 R B2 BE B OR CH E T 2012 4F

as one, two or three solar mass. For simplification, we put the initial orbit of the perturbing
star on the equatorial plane of the SMBH, but the target one have an orbital inclination 4
(the angle between the orbital angular momentum of the star and the spin of the SMBH).

And we set the Kerr spin parameter as its maximum value 1 during all calculations.

For calculating the values of precessions numerically, we simulate the orbital evolutions
about a few ten thousand periods to make the precession rates (£2) tend to constant values.
Then we take these constants as the average values of precession rates (in unit arcmin/yr).
A Runge-Kutta-Fehlberg 7(8) integrator is adopted for integrating the dynamical equations.
And we check the conservations of energy and angular momentum to make sure the numerical

precision and reliability.

In the top-left panel of Fig. 1, we plot the orbital precessions of a high eccentricity star
(e = 0.9) produced by the spin and quadrupole of the SMBH, and the perturbation caused
by a one solar-mass nearby star. It can be clearly seen that the perturbation effect is hard
to be observed by the instruments with 10 pas precision in the whole region we considered.
At the same time, the frame-dragging effect can be observed if the semimajor a < 0.7 mpc
and the quadrupole one also can be observed if the star is closer to the Galactic center
a < 0.17 mpe. But for a 1 pas observation accuracy, the perturbation effect completely

covers the quadrupole part for 0.2 mpc < a < 0.5 mpc.

Now, we keep all parameters except the mass of perturbing star being changed to
m, = 3My, we can see the quadrupole effect will be polluted obviously. Even the frame-
dragging effect will be covered by the perturbation for @ 2 0.7 mpc with 1 pas observation
accuracy (see the top-right panel of Fig. 1).

Then, in the bottom-left panel of Fig.1, we put the perturbing star with one solar
mass a little far from the target star, as |@. — a| = 0.1 mpc. We can find that for the
10 pas observation, we can not see the perturbation effect. For the 1 pas accuracy, the
perturbation has a small influence on the quadrupole effect observation, but almost nothing

on the frame-dragging observation.

Furthermore, the magnitude of perturbation also depends on the eccentricity e and
orbital inclination ¢. Based on our numerous simulations, usually, a higher eccentricity and
smaller inclination will produce a larger perturbation precession. We use e = 0.95, ¢ = 0.3
to replace the values of eccentricity and inclination in the mentioned panels (0.9 and 0.1
respectively). The results are shown in the bottom-right panel. Though having a higher
eccentricity, because of the bigger orbital inclination (i = 0.3), the perturbation effect almost
has no influence on the frame-dragging and quadrupole observations with both the 10 pas
and 1 pas precision.

In addition, with the future 10 pas even 1 pas observation technology, people can mea-

sure the Schwarzschild precessions of the S-stars which have been observed, for example, the
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Fig.1 Comparison of the third body perturbation effect with the SMBH’s spin and quadupole effects
for different orbital parameters. The dashed curve, the dot-dashed and the solid one represent the frame-
dragging, quadrupole and perturbation effects respectively; The thick solid and thick dashed curves are
the 10 pas/yr and 1 pas/yr observation levels from the Earth respectively (hereafter the same). The
orbital parameters: m, = m = 1 Mg, 2 = 2, ws = w, ex = e = 0.9, ¢ = 0.1 and |a. — a| =
0.01 mpc (the “*” labels the corresponding variables of the perturbing star)(top-left); m. = 3m = 3 Mg,
2, =2, wy =w, ex =e =09, 7 =01 and |a. —al = 0.0l mpc (top-right); m. = m = 1 Mo,
2. =02, we =w, e. =¢e=0.9,7=0.1 and |a. — a|] = 0.1 mpc (bottom left); m. = m = 1 Mg,
2. =902, wy =w, ex =e=0.95, i =0.3 and |a« — a|] = 0.01 mpc (bottom right).

S2 star with the orbital period about 15 years (the shortest period in all observed S-stars).
A problem is that it needs tens years observations to determine the values of precessions
because of the long orbital period. Just for a demonstration, we plot here the perturbation
effect on the Schwarzschild precession (induced by the mass part of the SMBH). We can see
clearly that the perturbation cannot influence on the observations for the target stars with

semimajor from 5 to 50 mpc (see Fig. 2).

4 Conclusions and discussions

It is quite difficult to completely describe the third body’s perturbation effect on the
target star, because the perturbation magnitude depends on too many orbital parameters:
mass, semimajor, eccentricity, inclination, and so on. In this paper, we try to use some
relatively large perturbations to investigate the influence of the precession induced by the

perturbation on the relativistic precessions. Our numerical simulations show that the pre-
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Fig.2 Comparison of the third body’s perturbation effect with the SMBH’s Einstein precession (the
mass part, represented by the dashed curve). The orbital parameters are: m. = m = 1 Mg, 2. =
2, we =w, e, =e=0.9, i, = 0.1 and |a. — a| = 0.1 mpc.The black point is the corresponding position

of the S2 star.

cession observations of the very near stars (a ~ O(0.1) mpc) around the central black hole in
our Galaxy to test the frame-dragging and quadrupole effects predicted by general relativity
can not exclude the possibility of being polluted by the third body’s perturbation.
However, it is also possible that there are more than one perturbing star unseen around
the target star in this very central region, and this situation will make the problem much
more complicated. And then, of course, it must can influence the measurement accuracy
of the frame-dragging and quadrupole moment. We need to do some N-body simulations
including at least 1 PN (post-Newtonian) terms to investigate this problem in details. In
addition, 10 pas and even 1 pas observation level can make us measure the Schwarzschild
precessions (induced by the mass part of the SMBH) of the observed S-stars, though it
needs about tens years observation data. As an example, we also numerically calculate the
perturbing effect on thus upcoming observation, and the results show that the perturbing

star has no influence on the observation in our model.
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