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Abstract

A direct numerical algorithm for solving the time-nonlocal non-Markovian master equation in
the second Born approximation is introduced and the range of utility of this approximation, and
of the Markov approximation, is analyzed for the traditional dimer system that models excitation
energy transfer in photosynthesis. Specifically, the coupled integro-differential equations for the
reduced density matrix are solved by an efficient auxiliary function method in both the energy and
site representations. In addition to giving exact results to this order, the approach allows us to
computationally assess the range of the reorganization energy and decay rates of the phonon auto-
correlation function for which the Markovian Redfield theory and the second order approximation
is valid. For example, the use of Redfield theory for A > 10 cm~! in systems like Fenna-Mathews-
Olson (FMO) type systems is shown to be in error. In addition, analytic inequalities are obtained
for the regime of validity of the Markov approximation in cases of weak and strong resonance
coupling, allowing for a quick determination of the utility of the Markovian dynamics in parameter
regions. Finally, results for the evolution of states in a dimer system, with and without initial

coherence, are compared in order to assess the role of initial coherences.
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I. INTRODUCTION

The quantum mechanics of open systems, i.e. systems interacting with an external en-
vironment, is currently the focus of widespread attention|1-3]. Of particular recent interest
is the issue of the extent to which quantum coherence of the system is maintained in the
presence of the environment. Two significant modern examples may be noted: (a) the need
to maintain coherence in order to implement methods for quantum mechanically controlling
molecular processes[4]|, and (b) issues of the role of such quantum coherent processes in
natural environments, such as the observed long-lived coherent electronic energy transfer
(EET) in photosynthesis|3].

In either of these cases, and in many other examples as well, dynamical evolution of the
open system provide a significant computational challenge. As such, a variety of approxima-
tions are often invoked to propagate the system, such as the second Born approximation to
master equations and the Markov approximation, both of which are the focus of this paper.
In particular, in this paper we introduce a simple method to solve the second Born quantum
master equation without doing the Markov approximation on the slowly decaying envelope
of the density matrix. In addition to being straightforward, this approach allows, by com-
paring to results using the Markov approximation, a reliable determination of the range of
coupling strengths and decay rates of the bath auto-correlation function, over which one can
use the Markovian theory and the second order approximation. In addition, by examining
the size of the fourth order term, this approach affords an estimate of the range of validity
of the widely used second-order approximation for model photosynthetic systems.

Although the method developed here is applicable to general systems with exponential
bath correlation functions, for computational simplicity we study, as do others, the dimer
system, generally regarded as a simple photosynthesis EET model. In this case our Marko-
vian analysis contrasts with, for example, that in Ref. [6] in which Markovian Redfield
theory is used apriori and its consequences analyzed, as opposed to comparison with exact
results.

The particular challenge arising from these EET types of systems relates to the param-
eter range in which the dynamics occurs. Specifically, quantum dynamics can be readily
analyzed in two limiting cases defined by the relative contributions of the inter- system cou-

pling V' responsible for excitation energy transfer (EET), and system-bath coupling constant



asp, responsible for decoherence. These parameters define two important time scales: the
excitation transfer time scale Ty,qnsfer = h/V, and the decoherence time scale T4eco = h/asp.
If the system-bath coupling is very weak and Tjeco > Tiransfer, the system is almost closed
and the Schrodinger equation can be used to study the dynamics. In the opposite case
Tdeco K Tiransfer (Strong system-bath coupling), the system is open, the decoherence rate
is very fast, the dynamics is almost incoherent and a simple Pauli type master equation
description suffices. These limiting regimes are well understood. Many real systems, such
as a number of harvesting systems |[7-18], however, fall between these extremes. Recent
observations [5] of the long-lived EET has reactivated interest in these systems.

The standard approach used to treat this intermediate regime is to use the second Born
quantum master equation [1], a perturbative master equation up to second order in system-
bath interaction with weak system-bath coupling, plus its Markovian approximation (e.g., as
in the Redfield master equation). Recently, two approaches have been studied for arbitrary
coupling regimes. One is based on weakening the system-bath coupling removal of system-
bath interaction and repartitioning the Hamiltonian term using a polaron transformation,
followed by the standard second Born master equation [19]. The second approach is based
on a reduced hierarchy equation of Kubo and Tanimura, starting from the path integral
approach for quantum dissipative systems [20]. Additional methods are also being developed
by the community. Here, as noted above, we introduce and utilize a particularly direct
approach.

In the following section (Section IT) we outline the basic model for a dimer. In Section I1T
we introduce the second Born quantum master equation and phonon correlation function,
diagonalize the Hamiltonian and cast the master equation into both the site and energy
representations. Section IV gives a new auxiliary function method of solving these equations,
and provides an analysis of results in the Markovian approximation. Discussion of the results
and the underlying physical picture is given at the end of Section V. In Section VI we discuss
the regime of validity of the second order approximation in the master equation by estimating
the order of magnitude of the fourth order term.

The vast majority of treatments in the literature utilize coherence-free initial conditions
and study the subsequent dynamics. Results for these initial conditions are compared to
that obtained with model excitation with weak light in Section VII. The last section provides

a brief conclusion.



II. THE MODEL: DIMER SYSTEM

Consider a model dimer system given by the following standard Frenkel exciton Hamil-

tonian [6]:

Htot — Hel+Hreorg+th+Hel—ph (1)
2

H = ln)(n] + J([1)(2] + [2)(1]) (2)
n=1

2
H™9 = > Ay (n], Ay =Y hwidy,/2 (3)
n=1 )

2
H = 3R W= e + )2 )
n=1 (
2
Hd—ph = Z VnuTw Vn = |n> <n|? Un = Z hwzdm% (5)
n=1 i

Here |n) represents the state in which only the n'* site is excited and all others are in
the ground state. The quantity €? is the excited electronic energy of the n'" site in the
absence of phonons, and J is the electronic coupling between the sites which is responsible
for EET. The ground state energies of the donor and acceptor are set equal to zero and A;
is the reorganization energy of the j** site that is dissipated in the bath after the electronic
transition occurs. The quantity d;; is the dimensionless displacement of the equilibrium
configuration of the i"® phonon mode between the ground and the excited electronic state
of the j™ site, and ¢;, p; are the dimensionless coordinates and momenta of the i** phonon

mode of frequency w;.

III. THE SECOND-BORN QUANTUM MASTER EQUATION

The method of projection operators used to obtain open system master equations is well
known [2]. With the help of projection operators one can obtain the following quantum
master equation for the reduced density matrix of the system in the second Born approxi-

mation, which is valid when system-bath coupling is weak as compared to the characteristic



energy scale of the system [see, e.g., Ref. [1]].

(Ciy(t =)V (1), V] (1)p" (7)] = C5(t = D)V (), " ())V] (T)])  (6)
Here, the interaction representation has been used, which is defined for system operators as,
Ol(t) = Ug(t)OUg(t) (7)

where Ug(t) = exp(—%f[st) is the time evolution operator, and H, = 322_ (€2 + \,,)|n) (n| +
J(|1)(2] + |2)(1]) is the system Hamiltonian. Here, the bath is assumed to be a continuum

of harmonic oscillators, and the bath correlation functions are defined as

Cij(1) = (ui(t)u;(0)) — (ui)(uy) - (8)

Below, the canonical average of the bath operators, (u;), which involve the averaging over the
product of displacement and bath position co-ordinates is taken to be zero. The above master
equation [Eq. (6)] is also termed the time convolution equation and can be obtained from
the Nakajima-Zwanzig equation with a zeroth order approximation to the time evolution
operator in the kernel [2].

Converting this master equation [Eq. (6)] back to the Schrodinger representation gives

W) )~ 2 Y / dr (9)
(Ciglt = T)Valt), Uslt = 1)Vip(r)UL (£ = 7)] = C3(t = 7)[Vi, Uslt = T)p(m) VUL (E = 7)])

We consider the case where the characteristics of the bath as seen by both the sites are
the same, and there is no bath correlation between the sites. The bath correlation function

is then of the form Cj;(t) = C(t)d;;, where

C(t) :/_ C>O621—07;}C’(w)e‘im. (10)
C(w) =211 +n(w))J(w), (11)

where n(w) is the Bose-Einstein distribution function. Assuming the Drude-Lorentz model

for the spectral density J(w) = 2)\0;—372 where A is the reorganization energy, and assuming
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the high temperature approximation (é—“’T << 1), as is appropriate for the systems like the

FMO model [see Refs. [6] and [20]], we obtain the correlation function as,

— %e—vt 5 — L (12)

C(t) 3 , T

A. Explicit Site Representation of the Non-Markovian Master Equation

For the explicit site representation we need the eigensystem of the Hamiltonian. Assuming
A1 = Ay = A the eigenvalues E; and eigenvectors |e;) for the system Hamiltonian

2

Hy = (e + Aa)lm)(nl + J(11)(2 + 2)(1)) (13)

n=1

can be easily obtained as

1
Bra= (& + &+ 20 F /(e + e +20)2 — d(eded — J2 + A + ) + \?))

er) = —— (“) &) = —— (“)
e) = —— , ey = ——
! Vai+1\1 ? as+1\1

1
Q1o = ﬁ(A:F\/AQ—i—ZlJz), A= —é. (14)

Here the column vectors denote components in the site basis, the eigenkets are normalized
and, since ajas = —1, they are orthogonal. With lengthy but straightforward calculations,
Eq. (@) for the reduced density operator can be written explicitly in the site representation,

using Eqgs. (I0) and (II), and as a set of coupled integro-differential delay equations,

dx(t) J
= —2—
il hyz(t)
dyl(t) . A 4)\ vt /t NT
e hyg(t) 57126 i dre
[ cos(Era(t — 7))y1(7) + nasin(Eia(t — 7))y2(7)]
dys(t) A J 4N _ t/t
= ——uy(t)— =(1—2z(t)) — —=e 7 dre’™
dt hyl( ) h( flf( )) ﬁh2e 0 TE
[=n2sin(Erz(t — 7))y1(7) + 13 cos(Enz(t — 7))y2(7) + 2Qu2(7)]  (15)
with gy =1, m = _\/ﬁa n3 = ﬁfuza Eyp = (Ey — Ey)/h = _wv Q=

ﬁ:ﬂ. Here z(t) = p1i(t) = (1|p(t)|1) (site), y1(t) = Re[pi2(t)], and yo(t) = Im[p1o(t)],

with subscripts denoting the sites.



B. Energy Representation of the Non-Markovian Master Equation

The kets |e12) in Eq. (I4) are the eigenstates of the Hamiltonian H,. The equation for

a general element of the reduced density matrix in energy representation

Pap(t) = (€al p(t)]es), (16)

is obtained from Egs. (@) and (I0) as

dps(t) R B
dl;f = —iWeps, — = Z /0 drC(t — 1)

i,c,d=1
[‘/iacv'icde—iwcb(t—'r)pzb(,r) . V'iacv'idbe—iwad(t—'r)pid(T)}

—C(t = 7) [ViooV e anlton gt (1) — VetV e a0l ()], (1)

with wy, = (E, — Ep)/h and

Q0 1
_ atte : vac: . 18
Va2 +1/a2+1 ? Va2 +1/a2+1 (18)

Results in the energy representation, using Eq. (I2)) are discussed below.

ac
Vi

IV. METHOD OF SOLUTION: NON-MARKOVIAN

To obtain a solution for the non-Markovian case, we first convert the coupled integro-
differential equations in the site representation [Eq. (IH)] to a larger number of coupled
ordinary differential equations, a transformation made possible by the exponential form of
the correlation function. The resultant coupled ordinary differential equations can be numer-
ically solved easily. This transformation is performed as follows. First, for computational
simplicity we put 7/ = v7 in Eq. (5] and then «¢ = ¢’ in the resulting equations, and define
three auxiliary functions f;(#'):

A g ! T @1_/~ / il’l@,—T,NT/
Rty = [ are hqva ) + s 20 ﬂM)]

fa(t')

t/
/ 67—,:&2 (r")dr',
0

fs(t)

/0 dr'e” [—ng sin[%(t' — o (7') +m3 cos[%(t/ — ’7'/)]’3}2(7'/):| . (19)



Here, g1(t') = y1(t'/7y), §2(t') = yo(t'/7) and we also define Z(t') = (¢’ /). We then obtain
six coupled ordinary differential equations, three from Eq. (IH]) and three from differentiating

the three auxiliary functions, giving:

) = 3l

(¥ = Sn(t) = 5z ()

(t) = = ll) = 2+ 2255 () = S Bl = e (),

Fi) = et = e Ba(e) + 22 () - (E—) A,

Aat) = (),

Flt) = € miat) = e milt) = e u(¥) - (ET) falt) (20)

where overdots denote derivatives with respect to t’. These equations can be efficiently
solved numerically.

For comparison with other studies, results are given below for the particular initial con-
ditions: p11(0) = #(0) = 1, §:1(0) = 72(0) = 0, f1(0) = f2(0) = f3(0) = £1(0)5(0) = 0.
These initial conditions (corresponding to all the population being on site 1, and no coher-
ences), are those which have been used extensively in previous investigations [see Ref.[6]]
but are somewhat unphysical, because they lack initial coherences which become important
in photo-excitation. We treat this problem of initial conditions and state preparation with

a more plausible model in Section VII.

V. ENERGY REPRESENTATION AND MARKOVIAN LIMIT
A. Formalism

To consider the Markov approximation, we note that it is particularly simple to invoke
in the energy representation. Hence, below we first utilize the energy basis and then convert
the result back to the site representation for comparison with the non-Markovian solution.

The Markov approximation can be performed when the time scale on which the envelope

of the density matrix decays is much longer than the decay time of the phonon correlation



function |1]. Then one can introduce the following approximation:
pip(t = 7) = e T e (1t — ) o eI e (1) = e pl (1), (21)

As discussed in Ref. [6], the non-Markovian regime is marked by slow dissipation of the
reorganization energy (i.e., the slow decay of the phonon correlation function as compared
to relaxation dynamics time scale, the decay of the envelope part of the density matrix).
Transitions occur in accord with the vertical Franck-Condon principle. In the Markovian
regime phonon relaxation is very fast (e.g., large ) as compared to the decay of the envelope
of the density matrix. Thus, phonons remain effectively in equilibrium during the EET
process in the Markovian regime [6].

To obtain the equations in the Markov approximation, Eq. (17) is first converted to
dimensionless form with 7 = 7 and ¢’ = vt. Putting ¢ — 7 = 7/ in the resulting equation in
the energy representation and then implementing the above approximation on the density
matrix elements allows the time integration to be performed easily for the case of exponential

phonon correlation function [Eq. (11)]. The result is the set of Markovian equations;

05 () = —iwa s, (t)

2 V*iac‘/icd . V*iac‘/idb .
S (T ) - o o))

_ﬁhz”yz o 1-— i@dc B 14 i@db
2)\ Vachb Vchdb

(3 7 ~e t/ _ 7 1 ~e t/ . 22

+5h272 ; <1 - z."‘jcapCd( ) 1+ Z.‘DcdpaC( )) ( )

Here pg,(t'/7) = 0, ('), @ap = =2, Equation (22) constitutes a system of coupled ordinary
differential equations that can be solved with given initial conditions.
The results can then be transformed back to the site representation using the transfor-

mation

pii(t) = (ilp(D)]7) = > _(ilea)pin(esli)- (23)

a,b
where p;; is in site representation, pS, is in energy representation, and i,j,a,b € {1,2}.
Equation (23]) constitutes four linear equations that provides the relationship between the

representations.



B. Limiting Cases: Analytical Results
1. Strong Coupling Case: J > A

For J > A, we have [from Eq. ()] a; ~ 1, ay ~ —1, and V}’ ~ 1/2 for i = j and
~ —1/2fori#j ({i,j} =1,2) and V7 ~ 1/2 for all 7, 5. One can then analytically solve
Egs. (22) to obtain the simple expression

1,
Lemttmt 1 1), (24)

Fialt) = 5(

for the traditional initial conditions p$, (¢ = 0) = 1, pf,(t' = 0) = p5,(t' = 0) = 0. The
Markov approximation can be performed when the time scale on which the envelope of the
density matrix decays is much longer than the decay time of the phonon auto-correlation

function. Hence < 1 must hold for the Markov approximation to be valid in

; W
the J > A domain. (Note that the decay time constant for the phonon auto-correlation

function is unity, since we defined t' = 7t.)

2. Weak Coupling Case: J < A

For J < A, we have [from Eq. [[@)], a12 = 55(A F VA2 +4J2) ~ %(1 F 1). Hence,
in this domain a; ~ 0, and ay ~ A/J. This leads to V]! = V}!2 = V32 ~ 0, V2 ~ 1.
Vit~ 1, V92 =V~ J/A, and V2 = (£)2 From Eq. (22) we then have

PLil(t/) =

ff@ (20T/AP(T + T%) = 4T/ A (T + T) i (#) + 207/ A) (1) + 350 (1) , (25)

‘e ZA ~e
Plz(t/) = hfyﬂm(ﬂ +

4>\ * ~e / ~e *

5 ((J/AT (205, (t') = 1) = (1 +20(J/A)*)ph () + 2(J/A)'T7 5 (1)) . (26)
1

L

The reduction from a large number (33) of terms in Eq. (22]) to the smaller number

where I' =

of terms [in Eq. (26])] is made possible by neglecting small terms of the order of (J/A)3.
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However, even in this approximation the above equations do not admit a simple analytic
solution, and no simple analytic expression can be given for the range of validity of the
Markov approximation. Hence, we invoke a further approximation, neglecting second order

terms (J/A)? as compared to first order J/A. By separating real and imaginary parts as
P55 () = x(t') + iy (') and writing p7, (') = r(t'), Eqs. (23) and (26]) become

J o4\
#(t') = (Z)Wx(t/)’
A B

Wy
A 4\
=)

These coupled ordinary differential equations have the straightforward solution:

r(t) = m(nQ + &2 + [a& — bile€
[bn — agleg cos(nt')e ™" + [an + bEJe€ sin(nt )e "),
z(t') = e~ (acos(nt’) — bsin(nt")),

y(t') = e~ (asin(nt’) + beos(nt)). (28)
with initial conditions r(t' = 0) =1, z(t' =0) =a, y(t'=0) =0b. Here { = hzﬁ 5, N = hAw

and € = %. Interestingly, for a = b = 0 the density matrix elements do not change with

time. This is due to our approximations of only retaining terms first order in J/A. Thus, for
the condition of Markov approximation to hold requires £ = ﬁhg > < 1 (again noting that
the decay time constant for the phonon auto-correlation function is unity since ¢’ = ~t).
These analytic results are summarized in Table I, and these inequalities have been nu-
merically verified (e.g., see Fig. [Il). Note that the J > A result goes over to the J < A

result as J gets smaller.

C. Computational Results

In other parameter regimes, the validity of the Markov approximation [Eq. (22)] must
be determined by numerical comparisons with the exact result [Eq. (20)]. Figure 2 com-

pares the solution for the Markovian master equation to the non-Markovian results for the
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TABLE I: Regimes of validity of the Markov approximation

Case Approx. matrix elements Markovian approximation
i N1l s 4X
J >> A ka ~ (—1)k(l+])§, ’L,],k‘ = 1,2 m << 1
J << A ka >~ 0x105202 + 5k2(5i15j1 + (%)252'25]'2 + %(51'159'2 + 5i25j1)) % <<1
J=100cmt>> A=1cm™? J=100cmt>> A=1cm™?
42 4 A
(,6(4 JA2 4 hbarn2 yh2) o 1) (5(4 JA2 + hbar~2 yA2) Nl)
P11
1.0]
0.8
0.61‘““ ﬁ f\, n
0_4,'11,? ‘-”-" v
v
5 10 15 20t ¥ 5 10 15 20t
J=1cm << A=100cm™? J=1cm << A=100cm™?
— 4 [ 1 S
(B hbarr2 yA2 o 1) (ﬁ hbar~2 yA2 Nl)
P11 P11
1.0000 1.00fg-o___
0.9999¢ 095 \_ TTveeee____
0.9998 090, N = TTtee
0.9997} 0.85} ’

0.9996¢
0.9995¢

0.80¢
0.75¢

X X X . X 4 . . . . 4
20 40 60 80 TOOt 200 400 600 800\5:90&

FIG. 1: Verification of the analytic inequalities (Table I). Time evolution of population on site
1: blue (solid) curve is the non-Markovian solution and red (dotted) curve is the Markovian

approximation. Upper row (case J >> A): 3

m =0.04 << 1, X =2 (upper left graph),

and M—ﬁ}ﬂw—g) =09 ~ 1, X = 50(upper right graph). Lower row (case J << A): B—;LLQ% =

0.02 << 1, X =2 (lower left graph), and BFZLLQ)\“F ~ 3, A =10 (lower right graph). Clearly, graphs

are in accord with Table I. Time ¢’ is the dimensionless time, 10 units on this scale are equivalent

to one ps.

standard electronic coupling parameter values in photosynthetic EET: v~! = 100 fs, J =
50 cm™!, A =100 cm™!, T = 300 K , a regime in which the estimates in Table I do not
apply. The initial excitation is assumed to be on site one. The Markovian approximation

is seen to be very good for A = 1 em™!, fair for A = 2 em~! and invalid for reorganization
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A=1.0cm™

o A A A ,\ l\vl\ Avmv.-;v“ —— t /
odl vEV 10/ V15 720 " 25 30
-0.2F

-0.3F

FIG. 2: Time evolution of population on site 1 [p11(t)] and the coherences [pi2(t)] [blue (solid)
curve is the non-Markovian solution and red (dotted) curve is the Markovian approximation]|, for
various values of A (in cm™'). Other parameter are: A = 100em™"', J = 50ecm™"', v = 10"3sec™!.
The breakdown of the Markov approximation at A = 10 cm™! is clearly visible. The time t’ is

dimensionless, with 10 units on this scale being equivalent to one ps.

energies A > 10 cm ™.

To explore regimes of validity of the Markovian approximation for other values of the
physical constants, we present sample results in Figs. Bl and [l obtained by varying (J, \)
and (771 ), keeping A = 100 cm™!. The results show for these cases that the Markovian
approximation is poor for large A and “small’ J and for large v~ and small X\. Other

parameter values can be readily examined computationally using this approach.
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J=100cm™t, A =2cm™ J=60cm™t,A=2cm™ J=5cm™*,A=2cm™

Pu P11
1.0 1.0
0.8
0.6
0.4
0w w st s 10015 20 5 w0 00 W0 600 800 “I00
J=100cm™t,A=10cm™ J=60cm™,A=10cm™ J=5cm™*, A=10cm™

-t/ ‘
10 t 100 200 300 400 500

FIG. 3: Time evolution of population on site 1: blue (solid) curve is the non-Markovian solution
and red (dotted) curve is the Markovian approximation) for various values of the reorganization
energy A and inter-site coupling .JJ. The level separation A = 100 cm~! and y~! = 100 fs. It is
clear that Markovian approximation is poor for large A and small J. Time t’ is the dimensionless

time, 10 units on this scale are equivalent to one ps.
VI. REGIME OF VALIDITY OF THE SECOND-ORDER APPROXIMATION

We have considered the master equation up to the second order in system-bath interac-
tion. The aim of this section is to determine the system-bath interaction energy range (as
represented by the reorganization energy A) over which the second order master equation [or
coupled system of equations (Eq. (20)] can be used. To do so we compare estimates of the
second order and the fourth order terms. This can be done analytically for the parameter
regime where J ~ A. To do so we note that up to the second order, with the master equa-
tion written in dimensionless time form [Eq. (20)], the magnitude of the second order term
is of the order of Bh—’g\vz for the case J ~ A. This arises by noting that |Hgsg|* ~ A, and the
integral f(f, dr'e” [cos[%(t’ — )1 (") + 2 sin[%(t’ — )]ga2(7")| ~ 1, for the standard
set of parameters (y"' =100 fs, J=20cm™', A=100cm™, T =300 K).

Similarly, we can estimate the parameter dependence of the fourth order term. To esti-
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1 1 1

y~1=10 femtosec, A=2 cm~

P11
1.0

y~1=200 femtosec, A=2 cm™

y~1=1000 femtosec, A=2 cm"~

0.9
0.8
0.7
0.6

X § n . ’ A L . . . ’
20 40 60 80 100 20 40 60 80 100t 100 200 300 400 500t

1 1

y~1=1000 femtosec, A=10cm™*  y'=200 femtosec, 1=10 cm~ y~1=10 femtosec, 1=10 cm~

P11 P11 P11
1.0 1.0 1.0
0.9} 0.9 0.9
0.8 0.8f 0.8
0.7 0.7f 0.7
06 o6t 1. 06!}
oA s '~ t/ R t/
5 10 15 20 100 200 300 400 500

FIG. 4: Time evolution of population on site 1 [blue (solid) curve is the non-Markovian solution
and red (dotted) curve is the Markovian approximation| for various values of the reorganization
energy A and phonon relaxation time y~!. The level separation A = 100 cm™! and J = 50 cm ™.

1

It is clear that Markovian approximation is poor for large relaxation times v~" and small A, and

it better for small y~!. ¢ is the scaled time, as in the figure above.

mate this we recall the Nakajima-Zwanzig master equation (valid to all orders)

9l _ /0 drtra (£5S(7)OLEn (M) Ry ) 7(7) (29)

where the time evolution operator is
t
S(t,7) = T exp|—i / 47 QLL (7]

t t T2
= 1—i / dr' QLL (1) — / dry / dr QLE R (T2) QLL L (11) + ... (30)

Here, Q@ = I —P is the well know projection operator and L% is the system-bath Liouvillian
(—#[Hg, ]). The time ordering operator 7 orders time dependent operators from left to
right with decreasing time arguments, to take into account the non-commutation of operators
at different times.

The zeroth order approximation to the time evolution operator S(¢,7) gives the second
order quantum master equation, the first order approximation to the time evolution operator

gives the third order contribution which vanishes as the bath average of odd bath operators
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vanish (see Ref. [2]), and the second order approximation to S gives the fourth order
contribution. In order to estimate the magnitude of the latter term we write the fourth

order term A, from Nakajima-Zwanzig equation as

t t T

Ai= g [ [Lin [ dntra {[H5a(0), QUiTia(ra). QUTE(r). QUTe(r). Regh (P}
(31)

We start from the interior commutator (1 — P)[HZL,(7), Regp(7)] and recall that PO =
RegtrgO and HL, = Viu! (where the summation convection is used). The bath average
of single bath operators vanish [trz(u;(7)Re,) = 0] so that Q times the interior commu-
tator gives [V (7)u;(7), Regp(7)]. Similarly, writing Q@ = 1 — P for the second from the
interior commutator, and simplifying, the bath trace operation gives us the two time bath
correlation functions (u;(7)u;(71))r. Repeating the same operations for the remaining com-
mutators, noting that the bath averaging for the odd bath operators vanish and using the
Wick theorem (u;ujupw)p = (wiu;) r{upw) r + (wite) rR(ujw) g + (uiw) p(ujug) R, we obtain
that the fourth order term includes the product of two time bath correlation functions i.e.,
(wi(T)wi(m)) r(w;(T1)u;(72)) g On converting the equation into dimensionless time form as
described in Section IV, and using the high temperature approximation for the correlation

function, we conclude that the order-of-magnitude of the fourth order term is;

>\2
The ratio R4y of the fourth-order term to the second-order term is therefore Riy = ,YQT?‘FLQ,

which is of the order of 0.074 for A = 1 em™!, and ~ 0.74 for A = 10 cm~!. This suggests that
the second order approximation for the master equation is good for A ~ 1 for the standard
set of parameters (y™' = 100 fs, J =20 cm™!, A =100 cm™', T = 300 K). However,
for large A ~ 10 the fourth order term cannot be neglected. Interestingly, the domain of
applicability of the second-order approximation in this J ~ A regime has a dependence on

the same collection of parameters, (\/y2fh* small), as does the Markov approximation in

the J < A.
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FIG. 5: Two harmonic oscillators excited by an ultra-short laser pulse.

VII. INITIAL STATE PREPARATION BY AN ULTRA-SHORT LASER PULSE

A. Formulation

To understand the effect of initial coherences on the subsequent quantum dynamics, we
consider a model of two 1-D harmonic oscillators separated by a distance a that are excited
by an ultra short laser pulse (Fig. [). The results of this excitation are used below as
sample coherent initial conditions for dimer propagation. Note that we restrict attention, as
do most treatments of excitation of light-harvesting systems, to the “one-exciton manifold”,
i.e. single excitations on each site. This model is useful to examine the dynamics, but should
be augmented by excitation of states with bi-excitons of examining issues like entanglement,
where the contributions from higher exciton states, no matter how small in magnitude, affect
the entanglement measure.

In the system (Fig. [l) the wave vector of the laser pulse along the propagation direction
makes an angle ¢ with the line perpendicular that joining the oscillators. The laser field
is treated semiclassically with the field sufficiently weak to allow first order perturbation

theory for the light-oscillator interaction [22]. The total Hamiltonian in the coordinate
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representation is then

HT = Hsys+Hint
o 1, ., O 1

Hys = ———+= —k
v omo T2 T oo T2 24
eh
2me

.~ 0 LA
AYV = Al(yl,H,t)e.ja—yl + As(yo,0,a,t) (33)

€J—,
Y2

with the vector potential A(y,0,t) = 3, éx(Ape'kysind=w  Axe=ilkysiné—wt)) For g coherent

laser pulse, & = €. If A*(—%) = A(%), where c is the speed of light, then changing the

summation to integration assuming continuous distribution of modes, we have

A(y,0,t) = €/Oo dwA(w/c) expliw(ysin(d)/c — t)]. (34)

For a Gaussian pulse A(w/c) = Agexp[—n(w — wy)?], where wy is the central pulse fre-

quency and 7 defines the pulse width. The vector potentials take the form

. , )
Ai(y1,0,t) = Ao\/i exp {MO <y1 sin @ —t)} exp [—i (y1 sinf t) ]
U] c 4n c
As(y1,0,a,t) = Ao\/gexp {z’wo (y2 scme - %sin(é’) — t)}

exp [—i (y2 SInb 9 (o) - t)2] (35)

4n c c

The laser frequency is assumed tuned so as to excite the first excited state, with both
oscillators initially (at ¢ = —00) in their ground states.

The eigensystems of oscillators 1 and 2 are

Var 1 V2 1

V= hwa(n+1/2), uwy) = Yprepl-gotul], w” = ~raiy exp[—5adad]
NGT 1 V2 1

) = hwea(n+1/2), u(()2) = exp[—§a§y§], u§2) = 1—/4042’/2?/2 exp[—§a2y2](36)

with we; = v/ki/m and of = mk:i/hz, 1 = 1,2. The total wavefunction of the system is

1
U(y1, s, 1) Zamn i )ufy) (2) expl—— (B + B, ayun(t = —00) = duodmo.

(37)
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Standard first-order perturbation theory gives the coefficients as

+oo +00
Can = 6;21809/ dt// / dIQU Il) (ZL’Q)

<A1(1’1,9 t)(&z )+ As(x9,0,a t)(aiz)) (1)(;1;'1)u((]2)(1’2) exp[—iwnmt’]  (38)

Using the dipole approximation, the spatial integrals for both ag; and a9 can be done
exactly. The remaining time integral is treated as follows: the laser pulse is assumed to be
ultrashort compared to the subsequent quantum dynamics. For times much greater than
t/\/n, the exponential e~ (/4 in time integration will be small, and the upper limit of the
time integration can be extended to 4+o00. The integration can then be performed exactly,
giving

2 2
arg = —Cy/pcos Be o (14110

0
apy = —C—COS e~ (Hon)?, (39)
Vi

Here p1 = oy /ag = (k1/ko)V/*, ( = mAse/aran/V2me, vo = wor/wo, Vio = wig/wo, With
Wnn = (ES) + EY — BY — B /h.

The first excited states of the both oscillators (Efl), Efz)) constitute our relevant system
(they are separated by about 100 cm™ in typical systems like FMO), and quantum dynamics

takes place between them. The superposition of the excited states is written as
) = a10]10) + ap:(01), (40)

where |10) indicates that the first oscillator is excited and the second is in the ground state.

The density matrix at the initial time is
po = |) (0] = |aro[*]10) (10] + [ao1|*|01)(01] + a19ag, [10)(01] + agiajy|01)(10[.  (41)

This initial density matrix corresponds to a particular orientation angle 6. For excitation

of an ensemble we average over theta,

1 27
(pobo = 5 / pod, (42)

with the normalization

P11+ P22 = <|a10|2)9 + <|a01\2>9 = 1. (43)
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FIG. 6: (a) Population of angle averaged energy state [10) (10|, and (b) Coherence p12 as a function
of u= ﬁ—; Solid line, laser frequency wg = 104Hz, dashed line 5 x 10'* Hz (Orange), dotted line
1015 Hz. Note that Impy2 = 0.

Thus,
P = (laio]*)o
(laio]®)o + (Jao1|?*)e
Pas = (laoi|*)e
(laiol?)o + (Jao1|*)e
(a10ag, )0
= = : 44
P12 = P = oY + (aor 2o (44)
with
(lasoyo = 1C2M6_2"w8(1+”10)2 {|ao|*)e = 1C21€—2WS(1+V01)2
2 ’ 2
(a10af)e = ——C2y (o) mbllttvan) + (o] (45)
awol C

Here Ji(.) is the Bessel function of first kind and of order 1. This constitutes the initial

density matrix for the relevant system.

B. Numerical Results

Let n = 10~* ps?, the separation between the two oscillators @ = 2 nm, wy = —we =
—10" Hz, and wig = \/wor. Figure [G shows the density matrix elements [i.e. the initial
state given by Eqs. (@4]) and (45)] as a function of the ratio of oscillator for constants ky/ko
for various values of the excitation laser frequency.

This initial state can then be used as a model for the initial conditions for the numerical
solution of the non-Markovian equations [Eq. (IH)] for the dimer. Figure [ (in the site

representation) compares the time evolution of py;(t) for an initial “no-coherence” state
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FIG. 7: The effect of initial coherence on the of relaxation dynamics. Long time behavior for
various values of ki/ky. Here A = 1 ecm™! and wg = 10'*. The blue (solid) curve is for “no-
coherence” initial condition , and red (dotted) curve is for the “initial coherence” condition, i.e.,
initial value of the density matrix elements for the model photo-excitation studied above. The

second and third row shows the dynamics of the off-diagonal elements.

(only populations) and the model generated state with “initial coherence”, for various values
of ki/ks.

One may identify two time scales associated with the electronic energy transfer, the time
scale over which the site occupation p;; becomes relatively constant, and the rate at which
this occurs. From the plots of py; in Fig. [7, it appears that the presence of initial coherence
(‘at t = 0) effects both of these time scales, but has little effect on the overall damping-out
of the coherence, i.e. the overall decay of oscillations in both the real and imaginary parts of

p12. By contrast, the fall-off rate for the decay of p;; is far faster for the case with initially
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no-coherence than it is for the case where there initially is coherence. In cases other than
k1/ks = 1.0 the time at which the system reaches the equilibrium value of 1/2 seems similar

in both the cases where there is coherence initially and where there is not.

VIII. CONCLUSION

A straightforward approach to solving the second order Born master equation, with and
without the Markov approximation, has been introduced. In addition to obtaining numer-
ical results showing the range of validity of these approximations, a number of analytical
estimates, shown in Table I, of parameter ranges over which these approximations can be
used has been obtained. For the case of the traditional dimer model for electronic energy
transfer in photosynthesis, surprisingly small reorganization energies (a few cm™!) are re-
quired for the validity of the Markovian approximation. In addition, we note that for dimer
coupling strengths on the order of the energy difference between site energies, higher order
terms than second order in the system-bath coupling are required if 4\/(h*$7?) << 1 is not
satisfied, where A is the reorganization energy, and v defines the exponential falloff rate of
the bath correlation function. Once again, the limitation to small reorganization energies,
not well appreciated in the past, is made explicit.

We have also provided an example of the role of initial coherences in the subsequent
evolution of the dimer dynamics for typical parameters associated with model photosynthetic

light harvesting systems.
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