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1 Introduction and preliminaries

As an important class of special matrices, circulant
matrices have a wide range of interesting applica-
tions"?. The circulant matrices have in recent years
been extended in many directions®™!. The permutation
factor circulant matrices are another natural extension of
this well-studied class, and can be found in [8-9]. Let
B={0,1} be the Boolean algebra. We denote by
M,(B) the set of all nxn matrices over B. Clearly,
M,(B) forms a semigroup under the usual matrix
product. We call M (B) the Boolean matrix semigroup.
Let A=(a;), B=(b;) e M (B). Define A<Bbya; <
b, forall i,j=12,---,n.

Let C=(c;)eM,(B) by ¢, =1=c;,(i#n) and
c; =0 forall other iand j. Let

C,(B)={A|A=a,E+aC+---+a,,C""'eM, (B)},
where E is the unit matrix in M (B). Then C (B) isa
commutative subsemigroup of M (B). For AeC (B),
A is called a circulant Boolean matrix. C,(B) is called
the semigroup of circulant Boolean matrices. K-Hang K
et al studied the semigroup C_ (B) in [10-11]. Chao C
Y et al studied the semigroup of generalized-circulant
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Boolean matrices in [5-7]. In this paper, we shall study
the semigroup of the following permutation factor
Boolean matrices.

Definition 1%
P over B is called a basic permutation factor circulant
Boolean matrix if and only if

P"=E, Q)
n is the smallest positive integer which satisfies the

An nxn permutation matrix

above equation (1).
Definition 2!
a permutation factor circulant Boolean matrix if

Annxnmatrix A over B is called

A=aE+aP+---+a, P"". )

In view of the structure of the powers of the
basic permutation factor circulant Boolean matrix P
in M, (B) and Definition 1, it is clear that A is a per-
mutation factor circulant Boolean matrix in M, (B)
if and only if A commutes with P, that is, AP=PA. Let
z,={0,1,---,n—1} be the residue classes additive
group module n. Write

Supp(A) ={i |a =1}c Z,,
Then, A can be denoted by

A= ZTeSuup(A) P". (3)
The set of all permutation factor circulant
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Boolean matrix in M (B) is denoted by PM, (B).
Then, PM (B) is also a commutative subsemigroup
of M,(B). If P=C, PM, (B)=C,(B). Therefore,
the permutation factor circulant Boolean matrix is a
generalized of the circulant Boolean matrix.

Definition 3 Let AeM, (B). A is said to be
an idempotent Boolean matrix if A’ = A.

We shall characterize all idempotents in
PM, (B), and also establish the Euler-Fermat theorem
for the semigroup PM, (B) . All results in this paper
are generalizations of results in [10-11].

2 The idempotentsin PM_(B)

Theorem 1 Let A:ZBUUp(A)Pi . Then A is
an idempotent in PM_(B) if and only if D = Suup(A)
is a subgroup of Z_ . Thus, if A=E, A takes the
following form:

A=E+P% 4.4 POVIDI (4)
where d is some positive factor of n.

Proof Necessity. Since A=A and

A= PYPI=F Pi+J:72 P =A=) P,

TeD  jeD T,jeD keD+D TeD
D +D =Suup(A?) =Suup(A) = D. Therefore, the subset
D =Suup(A) of Z, is a subgroup of the residue
classes additive group Z,.

Sufficiency. Since D = Suup(A) is a subgroup
of the residue classes additive group Z,, D+D=D.
Then we have

AP= > PI= 3 PY=3 P'=A.

T,JeD keD+D keD

Therefore, A is an idempotent in PM, (B) .

Also, if Azzﬁewuw\)Pi is an idempotent in,
D= Suup(A) is a subgroup of Z, . Thus, if D=0,
there exist a positive factor d of n such that

D=<d >={0,d,---,(n/d -1)d}.

Then

A=E+P" +...4 P,

This proves the theorem.

Theorem 2 The number of idempotent in
PM, (B) is the number of subgroup of the residue
classes additive group Z,, that is, D(n)+1 where D(n)

denotes the number of positive factor of n.

Proof By Theorem 1, A is an idempotent in
PM, (B) if and only if D=Suup(A) is a subgroup of
Z,. For asubgroup D of Z ,if D=0, there exist a
positive factor d of n such thatD =<d >.

Conversely, for a positive factor d of n, there
exist only subgroup D of Z, such that D=<d >.
Thus, Theorem 2 holds.

3 Euler-Fermat theorem for the
semigroup PM. (B)

In [11], Schwarz studied the Euler-Fermat
theorem for the semigroup C,(B) of circulant
Boolean matrices, and obtained the following result.

Theorem 3™ For any AeC (B), we have
A" = A" This result is the best possible, i.e., none
of the exponents can be replaced by a smaller
number.

The purpose of this section is to generalize this
result in the semigroup PM, (B) . We need the
following lemma.

Lemma 1% Let n be a positive integer. Then
for any 2n-1 integers, there exist n integers such
that their sum is a multiple of n.

Theorem 4 For any AePM,(B), we have
A" = A" This result is the best possible, i.e., none
of the exponents can be replaced by a smaller
number.

Proof Let A=Y""aP'cPM,(B) and A“=

Z:ai(k)P‘ e PM, (B), where k is any positive integer.
Then, forany i, a® isasum of terms Q of the form:
Q=aa &,

I

with k indices i,,i,, i, such that i +i, +---+i, =1,

(k) _
a¥= > aa-a,

iy 4o =i

ie.,

Since for any h, nh =0. Therefore, for any i, we

Z _ all aIZ o ainfl =

i +Hip g =i

have
ad =
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_ Z _ ailaiz o ain—l (ainfl )n <
(2n-1)

i+t g +Ni =1
aa --a & ---q =g ,

z _hThp 1" Ton1 1

Ty Hip iy b g =i
hence, A" <A™,

Conversely, for any term Q=aa ---a,a -
a, of a® ™, by Lemma 1, we can select n elements
from indices i,i,,---,i,,, such that their sumis 0.
We can assume without loss of generality that the n

integersare i ,---,i,, ,. Then

(2n-1) _ _
ai T 72 _ ai1 aiz o ain—l ain o aizm -
i+ i g i+ g =i
aa --a a--a <
_ ,zﬁ _hTh 1 T2n1
i Hip i g =i
— (-1
> aa g =a?
i Hip i g =i

Hence, A”'< A", and we have A"'=A*"",
When P=C, PM,(B)=C,(B), by Theorem 3, we can
see that this result is the best possible, i.e., none of
the exponents can be replaced by a smaller number.
This proves the theorem.
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