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Abstract: A new method is presented to find the finite symmetry groups of nonlinear physics systems. For 
the (2+1)-dimensional Nizhnik-Novikov-Veselov (NNV) equation, both the Lie point symmetry and the 
non-Lie symmetry group are obtained using the proposed method. In contrast, only the Lie symmetry 
groups can be found if using the traditional Lie approach. Furthermore, a variety of localized structures of 
the NNV equation can also be obtained from the non-Lie symmetry group. 
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It is getting popular in soliton theory to find 
symmetries, symmetry groups and symmetry reductions, 
and to construct group invariant solutions for nonlinear 
partial differential equations (PDEs)[1-4]. There is a 
standard method depending on the famous first 
fundamental theorem of Lie[5] to get the Lie point 
symmetry group of a nonlinear system, and it had been 
widely used to obtain Lie point symmetry algebras and 
groups for almost all the known integrable systems. 
However it is still quite complicated and difficult to 
getting non-Lie symmetry groups by this method. 
Recently, Lou and Ma[6-7] had proposed a general direct 
method. Using the method, not only the Lie point 
symmetry groups and the non-Lie symmetry groups can 
be obtained for some nonlinear partial differential 
equation (PDEs), but also the expressions of the exact 
finite transformations of the Lie groups are much 
simpler than those obtained via the standard approaches 
for some nonlinear PDEs. 

Indeed there have also some researches on the 
symmetry for an integrable system by means of the 
general direct method, but for the method concerning 
the Lax pair is has not been reported. In fact, the Lax 
pair of an integrable model has been proved to be very 
important in the study of its various interesting 
properties. Especially, it is one of the best ways of 
determining some concrete integrals for a given PDE. It 
had been also proved that the Lax pairs are very useful 
in finding infinitely many symmetries. 

In this paper, starting from a weak Lax pair, we 
obtain the general Lie point symmetry group and some 
localized solutions of the Nizhnik-Novikov-Veselov 
(NNV) equation by the general direct method. In Sec. 2, 
we obtain the finite symmetry transformation groups 
and the related special Lie point symmetries of the NNV 
equation. Some types of exact solutions obtained from 
the transformation theorem are given in Sec. 3. The last 
one is a short summary and discussion. 
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1 Symmetry groups and symmetries 
of the NNV equation 

The Nizhnik-Novikov-Veselov (NNV) system 
have the form 

3( ) 3( ) 0t xxx yyyy x yu u u uv uw+ + − − = , 
0x yu v− = , 
0,y xu w− =  (1) 

where ( , , )u u x y t= , ( , , )v v x y t= , ( , , )w w x y t= , the 
subscripts denote partial differential. Eq. (1) is an only 
known isotropic Lax integrable extension of the well 
known (1+1)-dimensional KdV equation. It is just the 
compatibility conditions of the following system: 

0,xyuϕ ϕ− =  (2) 

3 3 0.t xxx yyy x yv wϕ ϕ ϕ ϕ ϕ+ − − − =  (3) 

That is, Eqs. (2)－(3) are Lax pairs of system (1). 
Some types of the soliton solutions of the NNV equation 
have been studied by many authors. For example, Boiti 
solved the NNV equation via the inverse scattering 
transformation. Hu[8] obtained the soliton-like solutions 
of the NNV equation by means of the Backlund 
transformation. Lou[9] got many interesting soliton 
structures of the NNV equation through the variable 
separation approach[10]. On the other hand, the nonlinear 
superposition formula of the NNV equation was given 
in Ref. [11]. And some special types of multi-dromion 
solutions were found by Radha and Lakshmanan[12]. 

In order to obtain the finite symmetry trans- 
formation group of Eq. (1), we let 

 ( , , ),ϕ βψ ξ η τ=  (4) 
where , , ,β ξ η τ  are all functions of , ,x y t , and ψ  
satisfies the equations 
 ( , , ) ,Uξηψ ξ η τ ψ=  (5) 

3 ( , , ) 3 ( , , ) ,W Vτ ηηη ξξξ η ξψ ψ ψ ξ η τ ψ ξ η τ ψ= − + +   (6) 

Substituting Eqs. (4)－(6) into Eqs. (2)－(3), we 
obtain 
 6 0,x y ξβτ τ ψ− + =  (7) 

 3 3
9( ) 0.y x ξβ τ τ ψ− + =  (8) 

Obviously, β  should not be zero and there exists 
no nontrivial solution for 0xτ =  and 0yτ = , so 

 0xτ = , 0,yτ =  i.e. ( ).tτ τ=  (9) 
we have 

 0x y x yξξ ηηβξ ξ ψ βη η ψ− − + = . (10) 
It is easy to see that 

 ( , )x tξ ξ= , ( , )y tη η= . (11) 
Now the substitution of (9) and (11) into Eqs. (7)－

(8), by vanishing the coefficients of the polynomials of 
Ψ  and it’s derivatives, the remaining determining 
equations of the functions read  
 0,xβ =  0,yβ =  0,tβ =  (12) 
 3 0,x tξ τ− = 3 0,t yτ η− =  (13) 
 0,x yu Uξ η− =   3 3 0x t tv Vξ τ ξ− − = , 
 3 0.y t tw Wη τ η− − =  (14) 

From Eqs. (12)－(14) we can have the following 
Theorem. 

Theorem 1  If { ( , , ), ( , , )}U U x y t V V x y t= = is a 
solution of the SK equation, then { , }u v  is given by 

 2/3 ( , , )tu Uτ ξ η τ= , 

 2/3 1 1/3( , , ) / 9 / 3t tt t t tv V x gτ ξ η τ τ τ τ− −= − − , 

 2/3 1 1/3( , , ) / 9 / 3t tt t t tv W y fτ ξ η τ τ τ τ− −= + + , (15) 

where 1/3 ,t x gξ τ= + 1/3
t y fη τ= +  and ,f  ,g  τ  are 

arbitrary function of t . 
It is obvious that once the symmetry group is 

obtained, to find Lie point symmetry algebra, the 
infinitesimal transformations, is quite a straightforward 
work. The generators of the symmetry algebra related to 
the symmetry group theorem 1 can be obtained by 
setting 

1 ( )h tτ ε= + , ( )g k tε= , ( )f l tε= , (16) 

and ε  is an infinitesimal parameter, then we get the 
Lie point symmetry algebra with the general symmetry 
elements: 
 1 2 3( ) ( ) ( )h k lσ σ σ σ= + + =  

/3 /3 2 /3

/3 / 3 2 / 3 /9

/ 3 /3 2 / 3 /9

t t x t y t

t t x t y t tt

t t x t y t tt

hu xh u yh u h u

hv xh v yh v h v xh

hw xh w yh w h w yh

⎛ ⎞+ + +
⎜ ⎟

+ + + + +⎜ ⎟
⎜ ⎟+ + + +⎝ ⎠

 

 / 3 ,

/ 3

yx

x t y

x y t

luku
kv k lv
kw lw l

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟+ + ⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟ +⎝ ⎠ ⎝ ⎠

 (17) 
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while the related Kac-Moody-Virasoro type symmetry 
algebra is as follows: 

1 1 1 2 1 1 2 2 1[ ( ), ( )] ( ),t th h h h h hσ σ σ= −  

( ) ( )1 2 2[ , ] ( )th k hkσ σ σ= , 

( ) ( ) ( ) ( )2 3 2 1 2 2[ , ] [ , ]k l k kσ σ σ σ= =  

( ) ( )3 1 3 2[ , ] 0,l lσ σ =  

( ) ( )1 3 3[ , ] ( ).th l hlσ σ σ=  (18) 

2 Some special localized solutions of 
the NNV equation 

To find some types of localized excitations in high 
dimensions is one of the most important and difficult 
work. In this section, we just write down some types of 
localized solutions with help of the group trans- 
formation theorem and the known solutions for the 
NNV equation. 

It is easy to verify that the NNV system possesses 
the following single line soliton solution 

 1 2
2

1 2

2 ( )
(1 )

y xq p a a A
u

a p a q Apq
−

=
+ + +

, (19) 

2 2
1

2
1 2

2( )
(1 )

xa Aq pv
a p a q Apq

+
= −

+ + +
 

1
0

1 2

2( ) ,
(1 )

xxa Aq p v
a p a q Apq

+
+

+ + +
 (20) 

 
2 2

1
2

1 2

2( )
(1 )

ya Aq q
w

a p a q Apq
+

= −
+ + +

 

 1
0

1 2

2( )
,

(1 )
yya Aq q

w
a p a q Apq

+
+

+ + +
 (21) 

where ( , )p p x t= , ( , )q q y t= , 1 2,a a  and A  are 
arbitrary constants. 

Case 1  ( , ) exp(2 2 )p x t x t= + , ( , ) exp(2 ).q y t y=  
In this case, we have a simple straight line soliton 
solution of NNV equation: 

 1 2
2

1 2

8exp( )( ) ,
(1 exp( ) exp(2 ) exp( ))

P a a Au
a Q a y A P

−
=

+ + +
 (22) 

and 2( )P x y t= + + , 2( )Q x t= + . Applying Theorem 
1 on the solution Eq. (22), the group invariant solution is 

 
2/3

1 2
2

1 2

8exp( )( ) ,
(1 exp( ) exp(2 ) exp( ))

tP a a Au
a Q a A P

τ
η
−

=
+ + +

 (23) 

where 2( )P ξ η τ= + + , 2( )Q ξ τ= + , 1/3
t x gξ τ= + , 

1/3
t y fη τ= + , and f , g , τ  are arbitrary function of 

t . It is easy to see that, when we take ,tτ =  0g =  
and 0f = , then the solution Eq. (23) is reduced to Eq. 
(22). 

Case 2  ( , ) exp( (cos( ) 4/3)),p x t x x= +  ( , )q y t =  
exp( ).y  In this case, a dromion solution oscillating in 
the x  direction will be found: 

1 2
2

1 2

2 exp( )( ) ,
3(1 exp( ) exp( ) exp( ))

P Q y A a au
a Q a y A Q y

+ −
=

+ + + +
 

(24) 
and 3 sin 3cos 4,P x x x= − − cos 4/3.Q x x= +  According 
to the symmetry transformation group, the oscillating 
dromion solution of Eq. (24) is changed to 

 
2/3

1 2
2

1 2

2 exp( )( )
3(1 exp( ) exp( ) exp( ))

tP Q A a au
a Q a A Q

η τ
η η

+ −
=

+ + + +
, 

(25) 
where 3 sin 3cos 4,P ξ ξ ξ= − − 1/3

t x gξ τ= + , η =  
1/3
t y fτ +  and f , g , τ  are arbitrary function of t . 

It is easy to see that, when we take ,tτ =  0g =  and 
0f = , then the solution Eq. (25) is reduced to Eq. (24). 
Fig. 1 displays a plot of the oscillating dromion 

structure given by Eq. (25) and 1 1a A= = , 2 2,a =  

2 sin ( )tτ = , sin ( )f t= , 3exp ( )g t=  at times 0t = , 

/ 3t = π . 
Case 3  ( , ) exp( cos 20 /19)p x t x t x= + , ( , )q y t =  

exp( sin )y t+ . In this case, substituting p  and q  into 
Eq. (22), a dromion type of breather solution is given as 
follow: 

 1 2
2

1 2

2(19cos 20) ( )
19(1 )

t PQ A a au
a P a Q APQ
+ −

= −
+ + +

, (26) 

where exp( cos 20 /19)P x t x= + , exp( sin )Q y t= + , 
applying Theorem 1 on the solution Eq. (29), the 
group invariant solution is 

 
2/3

1 2
2

1 2

2(19cos 20) ( ) ,
19(1 )

tPQ A a au
a P a Q APQ

τ τ+ −
= −

+ + +
 (27) 

where exp( cos 20 /19)P ξ τ ξ= + , exp( )exp(sin )Q η τ= , 
1/3
t x gξ τ= + , 1/3

t y fη τ= +  and ,f g ,τ are arbitrary 
function of t . It is easy to see that, when we take τ =  
,t  0g =  and 0f = , then the solution Eq. (27) is 

reduced to Eq. (26). 
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Fig. 2 is a plot of a dromion type of breather 
solution of Eq. (30) with 1 10a A= = , 2 20a = , τ =  

2sin t , sinf t= , sing t=  at 0t = , π / 6t = . 
Using the obtained symmetry groups and known 

solutions, one can obtain various interesting localized 
excitations, and some known solutions in Ref. [11] are 
only special cases when tτ = , 0g =  and 0f = . By 
selecting the arbitrary functions τ , g , f , we can get 
complicated and abundant structures of the NNV 
equation. 

3 Summary and discussion 

In summary, starting from the Lax pair expressions 

of the NNV equation, the finite symmetry trans- 
formation groups theorem 1 is obtained in a very simple 
way. According to the theorem 1, the related Lie point 
symmetries which have a Kac-Moody-Virasoro structure 
can be derived simply by restricting the arbitrary 
functions in infinitesimal forms. It is necessary to point 
out that we can obtain all group invariable solutions 
from known solutions by theorem 1. This method is 
valid for other types of known (2+1)-dimensional 
integrable models such as the Kadomtsev-Petviashvili 
equation, the Davey-Stewartson system and Broer-Kaup 
equation, Especially, it is important in the (3+1)- 
dimensional Jimbo-Miwa equation. 

        
(a) 0t =                                          (b) / 3t = π  

Fig. 1  Two oscillating dromion solutions for the field u  of Eq. (25) with 1 = = 1,a A  2 = 2,a   
= 2sin ,tτ  = sin ,f t  = exp( )3g t  at times 

         
(a) 0t =                                     (b) / 6t = π  

Fig. 2  A plot of a dromion type of breather solution of Eq. (30) with 1 = = 10,a A  2 = 20,a   
= 2sin ,tτ  = sin ,f t  = sing t  at times 
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Nizhnik-Novikov-Veselov方程的非李点对称及其精确解 

胡瀚玮 1, 俞  军 2* 

（1.宁波大学 理学院, 浙江 宁波 315211; 2.绍兴文理学院 物理系, 浙江 绍兴 312000） 

摘要: 对于非线性物理系统的有限对称群, 一个新的方法被提出. 将该方法作用于 Nizhnik-Novikov- 
Veselov (NNV)方程, 李点和非李点对称能同时得到, 而使用经典李群法只能得到李点对称. 最后, 通过对
称变化群能得到许多新的孤子解. 
关键词: Lax对; 对称; 对称群; 精确解 
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