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Abstract: A new method is presented to find the finite symmetry groups of nonlinear physics systems. For
the (2+1)-dimensional Nizhnik-Novikov-Veselov (NNV) equation, both the Lie point symmetry and the

non-Lie symmetry group are obtained using the proposed method. In contrast, only the Lie symmetry

groups can be found if using the traditional Lie approach. Furthermore, a variety of localized structures of

the NNV equation can also be obtained from the non-Lie symmetry group.
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It is getting popular in soliton theory to find
symmetries, symmetry groups and symmetry reductions,
and to construct group invariant solutions for nonlinear
partial differential equations (PDEs)!'™*. There is a
standard method depending on the famous first
fundamental theorem of Lie® to get the Lie point
symmetry group of a nonlinear system, and it had been
widely used to obtain Lie point symmetry algebras and
groups for almost all the known integrable systems.
However it is still quite complicated and difficult to
getting non-Lie symmetry groups by this method.
Recently, Lou and Ma'®"! had proposed a general direct
method. Using the method, not only the Lie point
symmetry groups and the non-Lie symmetry groups can
be obtained for some nonlinear partial differential
equation (PDEs), but also the expressions of the exact
finite transformations of the Lie groups are much
simpler than those obtained via the standard approaches

for some nonlinear PDEs.
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Indeed there have also some researches on the
symmetry for an integrable system by means of the
general direct method, but for the method concerning
the Lax pair is has not been reported. In fact, the Lax
pair of an integrable model has been proved to be very
important in the study of its various interesting
properties. Especially, it is one of the best ways of
determining some concrete integrals for a given PDE. It
had been also proved that the Lax pairs are very useful
in finding infinitely many symmetries.

In this paper, starting from a weak Lax pair, we
obtain the general Lie point symmetry group and some
localized solutions of the Nizhnik-Novikov-Veselov
(NNV) equation by the general direct method. In Sec. 2,
we obtain the finite symmetry transformation groups
and the related special Lie point symmetries of the NNV
equation. Some types of exact solutions obtained from
the transformation theorem are given in Sec. 3. The last

one is a short summary and discussion.

JOURNAL OF NINGBO UNIVERSITY ( NSEE ): http://3xb.nbu.edu.cn

Foundation items: Supported by National Natural Science Foundation of China (10875078); Natural Science Foundation of Zhejiang Province (Y7080455).
Thefirst author: HU Han-wei ( 1987—), male, Jinhua Zhejiang, post of graduate student, research domain: mathematical physics. E-mail: huhanwei5955@sina.com
*Corresponding author: YU Jun ( 1959-), female, Shaoxing Zhejiang, professor, research domain: mathematical physics. E-mail: junyu@usx.edu.cn



84

2012

1 Symmetry groups and symmetries
of the NNV equation

The Nizhnik-Novikov-Veselov (NNV) system
have the form

U + U, +U,, —3(Uv), —3(uw), =0,

u,—-v, =0,

u,—w, =0, (1)
where u=u(Xx,y,t) , v=v(Xx,y,t) , w=w(x,y,t) , the
subscripts denote partial differential. Eq. (1) is an only
known isotropic Lax integrable extension of the well
known (1+1)-dimensional KdV equation. It is just the
compatibility conditions of the following system:

up—g, =0, 2

Pt P — Py — VP, —3Wep, =0. 3)

That is, Egs. (2) (3) are Lax pairs of system (1).
Some types of the soliton solutions of the NNV equation
have been studied by many authors. For example, Boiti
solved the NNV equation via the inverse scattering

[8]

transformation. Hu'™ obtained the soliton-like solutions

of the NNV equation by means of the Backlund
transformation. Loul’

structures of the NNV equation through the variable

got many interesting soliton

separation approach!'”. On the other hand, the nonlinear
superposition formula of the NNV equation was given
in Ref. [11]. And some special types of multi-dromion
solutions were found by Radha and Lakshmanan!',

In order to obtain the finite symmetry trans-
formation group of Eq. (1), we let

@ =py(&.n.7), 4)
where f,&,n,7 are all functions of X,y,t, and w
satisfies the equations

v, =U(n,0v, (5)

Yo=Y Vet N (Em, Dy, + 3V (S0, D)y, (6)

Substituting Egs. (4) (6) into Egs. (2) (3), we
obtain

—pr,r W+ =0, @)

(&) =W+ =0, ®)

Obviously, £ should not be zero and there exists

no nontrivial solution for 7, =0 and 7, =0, so

7,=0, 7,=0, ie. r=7(1). 9)
we have

—PESW e = By, +-o-=0. (10)
It is easy to see that

c=c(x), n=n(y.n). (11)

Now the substitution of (9) and (11) into Egs. (7)
(8), by vanishing the coefficients of the polynomials of
¥ and it’s derivatives, the remaining determining

equations of the functions read

B.=0, p,=0, p =0, (12)
& —1,=0,7,-1, =0, (13)
u-gnU =0, 3v§ -37V -4 =0,

wn, =3t W -7, =0. (14)

From Egs. (12) (14) we can have the following
Theorem.

Theorem 1 If {U=U(xy,t),V=V(Xy,t)}is a
solution of the SK equation, then {u,v} is given by

u=7"U(n.7),

v=7"N(&n,1)-1,7,'X/9-0,5,7 /3,

v=c"W(&En, ) +r,7 'y /9+ fr7 /3, (15)

where &=17"x+g,n=1"

y+f and f, g, 7 are
arbitrary function of t.

It is obvious that once the symmetry group is
obtained, to find Lie point symmetry algebra, the
infinitesimal transformations, is quite a straightforward
work. The generators of the symmetry algebra related to
the symmetry group theorem 1 can be obtained by
setting

r=1+eh(t),g=¢ck(t), f =&l), (16)
and ¢ is an infinitesimal parameter, then we get the
Lie point symmetry algebra with the general symmetry
elements:

c=o0,h)+o,k)+o,(1)=

hu+xhu,/3+yhu /3+2hu/3
hv,+xhyv,/3+yhv, /3+2hv/ 3+xh, /9 |+
hw,+xhw,/ 3+yhw, /3 +2hw/ 3+yh, /9

ku, lu,
kv, +k, /3 |+] lv, , 17)
kw, lw, +1, /3
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while the related Kac-Moody-Virasoro type symmetry

algebra is as follows:

[o1(h), 0, (h,)] = oy (hhy, —hyhy),
[Gl(h) o, (k)]:az(hk ),
o, (k)03 (1)1= ()
o (I )’03( )=

[, (h),o,(1)]= 0'3(h|) (18)

(kz)] =

2 Some special localized solutions of
the NNV equation

To find some types of localized excitations in high
dimensions is one of the most important and difficult
work. In this section, we just write down some types of
localized solutions with help of the group trans-
formation theorem and the known solutions for the
NNV equation.

It is easy to verify that the NNV system possesses
the following single line soliton solution

_ 2q,p (8@, - A)
(1+ap+a,q+Apg)’
2(a, +Ag)’p;
(1+a,p+a,q+Apqg)’

(19)

2(a, + AQ) Py
(I+ap+a,q+Apq)
23 +Ag)q,
~(1+ap+a,q+Apg)’
(1+a,p+a,q+ Apq)
p = p(X,t) > q = q(yat) > anaz
arbitrary constants.
Casel p(x,t)=exp(2x+2t), q(y,t)=exp(2y).

In this case, we have a simple straight line soliton

+V,, (20)

+W,, (21)

where and A are

solution of NNV equation:
B 8exp(P)(a,a, — A)
(1+a,exp(Q)+a, exp(2y) + Aexp(P))2 ’

(22)

and P=2(x+y+t), Q=2(x+t). Applying Theorem

1 on the solution Eq. (22), the group invariant solution is
B 8exp(P)(a,a, — A)z”
(1+a, exp(Q) +a, exp(2n) + Aexp(P))*’

(23)

where P=2(é+n+7), Q=2(¢+17), £=1"x+0,
7 are arbitrary function of
g=0
and f =0, then the solution Eq. (23) is reduced to Eq.
(22).

Case 2 p(x,t)=exp(x(cos(X)+4/3)), q(y,t)=

exp(y). In this case, a dromion solution oscillating in

=7y+f,and f, g,

t. It is easy to see that, when we take 7 =t,

the Xx direction will be found:
3 2Pexp(Q+Yy)(A-aa,)
~ 3(1+a,exp(Q) +a, exp(y) + Aexp(Q + y))*’
(24)
and P=3xsinX-3cosXx—4, Q=Xcosx+4/3. According

to the symmetry transformation group, the oscillating
dromion solution of Eq. (24) is changed to
B 2Pexp(Q+n)(A-aa,)r”?
31+ a exp(Q) +a, exp(17) + Aexp(Q +77))*
(25)
P=3&siné—3cosé—4, E=1"x+g , 7=
7’y+f and f, g,

where
7 are arbitrary function of t.
It is easy to see that, when we take 7=t, g=0 and
f =0, then the solution Eq. (25) is reduced to Eq. (24).

Fig. 1 displays a plot of the oscillating dromion
a, =2,
g=exp(t’) at times t=0,

structure given by Eq. (25) and a =A=1,
r=2sin(t) , f =sin(t),
t=n/3.

Case3 p(x,t)=exp(Xcost+20x/19), q(y,t)=
exp(y +sint) . In this case, substituting p and q into
Eq. (22), a dromion type of breather solution is given as

follow:
u :_2(19COSt+20)PQ(A_aIaZZ) , (26)
19(1+2a,P+a,Q+ APQ)

where P =exp(xcost+20x/19), Q=exp(y+sint) ,
applying Theorem 1 on the solution Eq. (29), the

group invariant solution is

U= 2(19cos7 +20)PQ(A-aa,)r” @7)
19(+aP+a,Q+APQ)°

where P=exp(&cost+20£/19), Q =exp(7)exp(sint),
E=7"x+g, n=7"y+f and f,g,rare arbitrary
function of t. It is easy to see that, when we take 7=
t, g=0 and f =0, then the solution Eq. (27) is
reduced to Eq. (26).
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(@ t=0

(b) t=n/3

Fig. 1 Two oscillating dromion solutionsfor thefield u of Eq. (25) with a, = A=1, a,=2,
T =2snt,
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(b) t=m/6

Fig.2 A plot of adromion type of breather solution of Eg. (30) with a, = A=10, a, =20,

7 =2dnt,

Fig. 2 is a plot of a dromion type of breather
solution of Eq. (30) with a =A=10, a,=20, r=
2sint, f =sint, g=sint at t=0,t=mn/6.

Using the obtained symmetry groups and known
solutions, one can obtain various interesting localized
excitations, and some known solutions in Ref. [11] are
only special cases when 7=t, g=0 and f=0. By
selecting the arbitrary functions 7, g, f, we can get
complicated and abundant structures of the NNV

equation.
3 Summary and discussion

In summary, starting from the Lax pair expressions

f =sint,

g=sint attimes

of the NNV equation, the finite symmetry trans-
formation groups theorem 1 is obtained in a very simple
way. According to the theorem 1, the related Lie point
symmetries which have a Kac-Moody-Virasoro structure
can be derived simply by restricting the arbitrary
functions in infinitesimal forms. It is necessary to point
out that we can obtain all group invariable solutions
from known solutions by theorem 1. This method is
valid for other types of known (2+1)-dimensional
integrable models such as the Kadomtsev-Petviashvili
equation, the Davey-Stewartson system and Broer-Kaup
equation, Especially, it is important in the (3+1)-

dimensional Jimbo-Miwa equation.
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