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Incubation-time Based Approach for Dynamic Yielding of Metals  
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Abstract: Transition of the materials from elastic to plastic state is modeled by incubation-time based 
criterion. This approach is similar to the structural-temporal theory for brittle solids fracture developed in 
St.-Petersburg State University. This approach allow us to model anomalous behavior of yield stress in case 
of elevated temperature, brittle-to-ductile failure mode transition and some other effects. 
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The structural-temporal theory of quasi-brittle 
fracture of solids had been proposed in 1980s. Later it 
was developed to the incubation-time approach that 
proved to be an effective tool of analysis for various 
phenomena: ductile or brittle failure of defect-free 
specimen, fracture of specimen with macro-defect 
(crack), plastic yielding, cavitation in liquids, electrical 
breakdown in solids, phase transition etc. Some 
principal results obtained during two last decades are 
presented in recent monograph [1]. New results concer- 
ning dynamic yielding of metals are to be discussed 
below. 

1 Dynamic yield criterion for metals 
and alloys 

Dependence of yield stress on loading time had 
been observed in numerous experiments during last 
decades. This dependence is usually treated as a “strain- 

rate effect”. Although experimental investigations show 
that this approach cannot be applied for explanation of 
some phenomena such as “yield delay”. This phenome- 
non is described in paper [2] and in many other works. 
The applied stress is supported on the constant level. 
Despite the fact that the values of applied stress is 
significantly exceed static yield limit the yielding occurs 
not immediately but after a definite time (“yield delay”). 
This delay tends to grow with decreasing of temperature 
(Fig. 1) and for low temperature it may reach the values 
of several seconds. Dependence of yield delay ( *t ) on 
applied stress ( *σ ) is in a good agreement with 
following scaling law: 

* *log logt Constα σ− = . (1) 
Eq. (1) corresponds to straight lines in logarithmic 

scales; the slopes of these lines are defined by different 
values of the shape parameter α  that significantly 
decreases with growth of temperature (Fig. 1). The Eq. 
(1) proved to be valid for numerous experimental data 
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obtained using different loading history. 
The necessity to take into consideration a real 

loading history was emphasized by many famous 
researchers [3]. Various applications to engineering 
problems, analysis and comparison of experimental data 
obtained by different techniques require yield criterion 
applicable for arbitrary loading history. Such criterion 
was proposed in our previous works [4-5]: 
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where Yτ  incubation time of yielding, Yσ  static yield 
limit and α  shape parameter. They are considered as 
the material parameters. The transition to the plastic 
state corresponds to earliest violation of the condition 
(2). It is easy to show that for loading pulse of short 
duration the criterion (2) is in a good correspondence 
with Eq. (1) while in case of slow loading the condition 
(2) is in close agreement with quasistatic yield criterion 

( ) Ytσ σ< . (3) 
Therefore criterion (2) is valid in a very wide range 

of loading rates [4-7].  

2 Time-temperature correspondence 

The duration of loading (loading rate) is not the 
only parameter that influence the processes discussed. 
One of the most important parameters is the temperature 
during testing. The material characteristics ( Yτ , Yσ ,α ) 
proved to be strongly dependent on temperature. 

Analyzing experimental data for various materials we 
propose approximations for these dependencies. 
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where PT , 0σ , 0τ , U , 0α , W  are material 
constants. Further investigation have shown [6-7] that 
dependencies Eqs (4-6) are enough good for many 
materials (different kinds of steel, molybdenum, 
niobium, titanium alloys, aluminum etc.) in wide range 
of temperatures and strain rate. 

It necessary to note that at present time thermal 
effect on yielding is often considered in very simplified 
manner. Many existing models consider only thermal 
softening, i.e. decreasing of yield with increasing of 
temperature (Eq. (4)). The other approach is based on 
the concept of “rheologically simple material” [3]. For 
such materials the change of temperature is equivalent 
to change of time scale (Eq. (5)). The example of such 
approach is well-known hypothesis of equivalency 
between increasing of strain-rate and decreasing of 
temperature. 

Our results demonstrate that such simplified 
approaches are unsatisfactory for the most of 
investigated materials. The Eq. (6) demonstrates that the 
most of metals and alloys couldn’t be considered as 
“rheologically simple material”. The change of tempe- 
rature not only shift diagram *σ ε−  vertically (thermal 
softening) and horizontally (time-temperature corres- 
pondence), but also radically changes the shape of these 
diagrams.  

The change of shape of the diagram *σ ε−  can 
lead to reverse temperature dependence of yield stress in 
the range of very high strain-rate: the dynamic yield 
stress for elevated temperatures may be higher than for 
low temperatures. This phenomenon contradicts to the 
concept of thermal softening but it is predicted by our 
model. The experimental confirmation of such “ano- 

 
Fig. 1  Dependence of yield delay on applied stress for 

mild steel (C 0.22, Mn 0.36). Experimental data from [2]
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malous” behavior of yield stress was obtained for pure 
titanium and single-crystal aluminum [7].  

One of the possible applications of yield criterion 
is the prediction of the conditions of brittle-to-ductile 
transition in fracture of solids. Brittle-to-ductile transi- 
tion is usually considered as the result of competition 
between two mechanisms of deformation and fracture. 
The assumption that these processes can be analyzed 
separately is known as Ludwik-Davidenko-Orowan 
hypothesis. Using simultaneously criterion of plastic 
yielding (2) and similar criterion of brittle fracture [1], 
we can estimate the time necessary for each of the 
processes (“fracture delay” and “yield delay”). Hence 
we are able to predict which of them (cleavage or plastic 
yielding) should take place earlier.  

Temperature and strain-rate are usually considered 
as the most important parameters influencing the failure 
mode. It was as early as 1930s when Davidenko N N 
and his collaborators (Vitmann V F, Stepanov V I, et al.) 
had shown that increasing of strain-rate shifts the 
transition temperature to the domain of higher tempera- 
tures. But recently obtained results on the behavior of 
materials in case of extremely high strain-rate (anoma- 
lous behavior of yield limit etc.) require renewing some 
traditional views. 

Eqs. (2,4-6) allow us to calculate dependence of 
yield stress on both-strain-rate and temperature, i.e. 

* ( , )Tσ ε . Similar dependence can be obtained for 
resistance to brittle fracture. Intersection of these 

surfaces gives us a curve in plane T ε−  that separate 
domains of brittle and ductile fracture. This curve can be 
treated as a strain-rate dependence of transitional 
temperature. Preliminary calculations for some metals 
show that this dependence might have been non-mono- 
tonous. Fig. 2 presents the calculated dependence for 
chromium-nickel-molybdenum steel. Material parame- 
ters have been determined on the basis of experimental 
data [8]. Domain below to the calculated curve corres- 
ponds to brittle fracture. 

3 Generalization of yield criterion 

Dynamic yield criterion (2) can be considered in 
frame of more general approach based on the notion of 
“fading memory” [3]. According to this approach the 
current value of applied stress in quasi-static criterion (3) 
should be replaced by “relaxed” stress, i.e. by functional 
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where ( )K t  is the function of fading memory. ( )K t  
is nonnegative non-increasing function satisfying the 
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So incubation time is the time of full fading which 
supposed to be finite. If we deal with simultaneous 
processes with different characteristic time it may be 
useful to replace single incubation time by relaxation 
spectrum. We define 
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where p  is frequency, ( )pϕ  is spectral function sa- 
tisfying condition 
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Incubation-time model corresponds to  

 
Fig. 2  Dependence of transition temperature on 

strain-rate for chromium-nickel-molybdenum steel [8] 
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where ( )tδ  is Dirac delta function. Consider for 
example two-level model. Each level is defined by 
characteristic time kτ  and threshold level of stress kσ . 
Then we obtain following criterion 
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The calculated curve for following values of para- 
meters 6

1 4.5 10τ −= × s, 8
2 2.4 10τ −= × s, 1 103σ = MPa, 

2 135σ = MPa compared on the Fig. 3 with experimen- 
tal data for mild steel [9]. 

 
(a) semi-logarithmic scale 

 
(b) linear scale 

Fig. 3  Dependence of yield limit of mild-steel on tempe- 
rature and strain rate model (Eq. 7) and experiment [9] 

It should be noted that in case of multilevel model 
the shape parameter is not introduced ( 1α = ). Some 
other variants of choice of spectral function ( )pϕ  have 

also been analyzed. 

4 Conclusion 

Incubation-time approach is applied to the 
modeling of yielding of metals and alloys. For given 
temperature only two additional parameters of material 
should be experimentally determined. Criterion is valid 
for wide range of loading rate; it allows using this 
criterion for the analysis of thermal effect and failure 
mode transition. Analysis shows that simplified models 
fail to explain behavior of real materials. Proposed 
temperature dependencies allow to include both 
“normal” thermal softening and “anomalous” increasing 
of yield stress. Similar approach has been used for the 
analysis of martensitic inelasticity in shape memory 
NiTi alloy [10]. 
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基于孕育时间的金属材料动态屈服理论 
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摘要: 利用孕育时间准则建立金属从弹性到塑性状态的转变模型, 这种方法类似于在 St.-Petersburg State 
University 发展起来的脆性固体断裂的结构暂存理论. 该方法可使我们建立模型, 很好地分析和解释材料
随温度变化发生的屈服应力演化、韧-脆性失效转变及其他效应等特殊的力学现象. 
关键词: 动态屈服; 孕育时间方法; 失效准则 
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