An Explicit Formulation for Two Dimensional Vector
Partition Functions

ZHIQIANG XU

ABSTRACT. In this paper, an explicit formulation for two dimensional multi-
variate truncated power functions is presented, and a simplified explicit for-
mulation for two dimensional vector partition functions is given. Moreover,
Popoviciu’s formulation for restricted integer partition functions is generalized
and the generalized Frobenius problem is also discussed.

1. Introduction

The vector partition function that we are interested in is in the form of
t(b|M) = #{x € Z" |[Mx = b},

where, Z, denotes the nonnegative integers, M is a fixed s X n integer matrix
with columns mq,--- ,m, € Z° and b is a variable vector in Z°®. To guarantee that
t(b|M) is finite, we require [{my,---,my}] does not contain the origin, where [4]
denotes the convex hull of a given set A. The vector partition function ¢(b|M),
which is also called a discrete truncated power, has many applications in various
mathematical areas including Algebraic Geometry [26], Representation Theory|[29],
Number Theory [23] , Statistics[16] and Randomized Algorithm [32] among others.

When s = 1, an explicit formulation for ¢(b|M), which counts the integer solu-
tions for the linear Diophantine equation, is presented in [1]. Especially, Popoviciu
gave a beautiful and surprising formulation for t(n|M) ([27]), when M = (a,b)
where a and b are relatively prime.

For the general matrix M, the nature of ¢(b| M) is investigated and the piecewise
structure of ¢(b|M) is given in [15] and [31]. Moreover, one is also interested in the
explicit formulation of ¢(b|M). For the general matrix M, a powerful method for ob-
taining ¢(b|M) is described in [8, 30]. Another interesting algorithm for computing
t(b|M) as a function of b is also introduced in [3]. When M is unimodular, where
every nonsingular square submatrix has determinant +1, two algebraic algorithms
for generating the explicit formulation for ¢(b|M) is presented in [17]. However, all
of these methods depend on complex computation. In [34], based on multivariate
truncated power functions 7'(x| M), an explicit formulation for ¢(b|M) is presented.
However, the formulation involves multivariate truncated power functions T'(x|M ),

1991 Mathematics Subject Classification. Primary 41A15, 05A17; Secondary 11D04,52B20.
Key words and phrases. Multivariate truncated powers, Vector partition function.
Project Supported by The National Natural Science Foundation of China(10401021).

1



2 ZHIQIANG XU

which are not in explicit form, and high-dimensional Fourier-Dedekind sums, so we
have to give an explicit form for T'(x|M) and simplify high-dimensional Fourier-
Dedekind sums, in order to predigest the explicit formulation for ¢(b|M). The goal
of this paper is to generalize Popoviciu’s formulation, and give a simplified explicit
formulation for two dimensional vector partition functions. We believe that the
results in this paper are not only helpful for understanding high dimensional vec-
tor partition functions but also useful for solving two linear Diophantine equations
18, 35].

The rest of the paper is organized as follows. To help make this paper self-
contained we shall first introduce notations and definitions in Section 2. In Section
3, we recall previous results regarding vector partition functions t(b|M). Section
4 generalizes the Popoviciu’s formulation to two dimension. In Section 5, the gen-
eralized Frobenius problem is investigated. Finally, Section 6 gives an explicit for-
mulation for multivariate truncated powers in the case where s = 2 and show that
a high-dimensional Fourier-Dedekind sum can be converted to a one-dimensional
Fourier-Dedekind sum, which is convenient for computing. A simplified explicit
formulation for two-dimension vector partition functions is then given.

2. Preliminaries

To describe the nature of t(b|M), we introduce several notations and definitions
in which the common terminology of multiset theory is adopted. Intuitively, a
multiset is a set with possible repeated elements; for instance {2,2,2,3,4,4}. Let
Y be an s x n matrix and Y can be considered as a multiset of elements of R®. The
cone spanned by Y, denoted by cone(Y), is the set

{Z ayy : ay >0 for all y}.
yey

Denote by cone®(Y) the relative interior of cone(Y'). Let V(M) denote the set
consisting of those submultisets Y of M for which M\Y does not span R®. Let the
set ¢(M) be the union of all sets span(M \Y) as Y runs over Y(M). A connected
component of cone®(M)\c(M), is called a fundamental M -cone. For a fundamental
M-cone Q, we set v(QM) := Q — [[M)). Here, [[M)) := {Z?Zl aymj: 0 < a; <
1,5}, — [[M)) is the set of all elements of the form a — b, where a € Q and
be IM)).

We shall use the standard multiindex notation. Specifically, an element o« € N™
is called an m—indez, and |«| is called the length of «. Define 2% := 27" - - - 2%m for
z= (21, ,2m) € C™ and a = (a1, -+, ) € N™. For y = (y1,---,ys) € R®
and a function f defined on R® , we denote by D, f the directional derivative of
f in the direction y,i.e. D, = Z;:I y;D;, where, D; denote the partial derivative
with respect to the jth coordinate. For v := (v1,---,v,) € N™, we let DV =
D' ---Dym and v! =[], v;! Moreover, we let e := (1,1,---,1) € Z*.

Let Sp(M) ={Y C M : #Y = s+ k,span(Y) =R*} and BY) ={X C Y :
#X = s,span(X) = R*}. If for any Y € Sp(M), ged{|det(X)|,X € BY)} =1,
then M is called a k— prime matriz. In particular, when M is an 1—prime matrix,
M is also called a pairwise relative prime matriz. When s = 1, k—prime matrix
means that no k of the integers mi,ms, -+, m, have a common factor, where

m;,t=1,--- ,n are the elements in M. Moreover, we denote e = by W.
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The multivariate truncated power T'(-|M) associated with M, which was intro-
duced by W.Dahmen [10] firstly, is the distribution given by the rule

(2.1) T(|M):¢— | ¢(Mu)du,¢ € D(R?),
R}

where D(R?) is the space of test functions on R?i.e. the space of all compactly
supported and infinitely differentiable functions on R®. In fact, T'(-|M) agrees with
some homogeneous polynomial of degree n— s on each fundamental M-cone. When
M is an s X s invertible matrix, T'(-| M) agrees with the function on R® which takes
value m on cone(M) and 0 elsewhere.

In [22], an efficient method for computing the multivariate truncated power is
presented.

THEOREM 2.1. ([22]) Let M be an s x n matriz with columns my,--- ,m, €
Z5\ {0} such that the origin does not contain in conv(M). For any A1, -+, A\n € R,
and x = Y0, Ajmy,

1

n—s

S ONT(@|M \ my).

Jj=1

(2.2) T(x|M) =

For more detailed information about the function, the reader is referred to
[6],[10].

A multivariate Box spline B(-|M) associated with M was introduced in [5] and
[6], which is the distribution given by the rule

(2.3) B(-|M) : ¢ — - d(Mu)du, ¢ € DR?).

By taking ¢ = exp(—iy-) in (2.3), we obtain the Fourier transform of B(:|M) as

B =]

Jj=1

1 —exp(—i¢T'm;)
iCij

(e Cn.

For more detail information about Box splines,the reader is referred to [7] .

REMARK 2.2. Our definition of a fundamental M-cone is slightly different from
that presented in [15]. In [15], a fundamental M-cone is defined as a connected
component of cone® (M) \ ¢(M), where ¢(M) is the union of all sets span(M \Y) as
Y runs over Y(M). In fact, the fundamental M-cone defined in this paper may be
larger than the one defined in [15]. All the conclusions in [15], however, also hold
for the larger fundamental M-cone. Prof. M. Vergne introduced this new definition
of a fundamental M-cone in a private communication.

3. Vector partition functions

To describe the nature of ¢(b|M), we let My := {y € M : 6 = 1} and let
A(M) :={0 € (C\ {0})® : span(Mpy) = R°}. Recall e = (1,1,--- ,1) € Z°, as for
any y € M,e¥ =1, e € A(M).

The following qualitative result about ¢(-|M) is presented in [15].

THEOREM 3.1. ([15]) Let M = {my, -+ ,m,} be a multiset of integer vectors
in R® such that M spans R® and the convex hull of M does not contain the origin.
Then for any fundamental M-cone ), there exists a unique element fo(a|M) =
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> 0%pa.a(a) such that fo(a|M) agrees with t(a|M) on v(QM), where pga(-)
0 A(M)
is a polynomial with degree less than #My — s.

An explicit formulation for pe (), which is the polynomial part for ¢(«|M),
is presented in the following theorem.

THEOREM 3.2. ([34]) Under the condition for Theorem 3.1, pe.o(x) = > p—g Pro(T),
where p o(x) is homogeneous polynomz'al of degree n — s — k, defined inductively by

po.o(z) =T(x|M), pra(x) Z > DUpjalx)(=i)"IDUB(O|M)/v), k > 1,
J=0 |v|=k—j

where, x© € Q.
More generally, an explicit formulation for pg o is also given as follows.

THEOREM 3.3. ([34]) Given 6y € A(M) \ e, under the condition for Theorem

3.1, pog.a(x) = X200~ '{pzog( ), where k = (M\Mgo),p#’ﬂ( x) is homogeneous
polynomial of degree n — s — k — p, defined inductively by

pg?@(‘r) = qg?r(x)a
pn—1

Pa(@) = (@)=Y ( Y Dpe(x)(=i)"'D"B(O[M,)/ul), p > 1.
5=0 Jol=p—j

Here, qz?r (z) is a polynomial which is determined by the following conditions: when
T €, qeOT(:C) = > H %Tﬂ D ~'~D¥7';KT(Z‘|M90), where so(x) =
Jit o tie=pi=
Lt si(x) = ws)_y(x).j € Z+~
In particular, when M is a 1-prime matrix, a simple formulation for ¢(-|M) is
shown in the following theorem.

THEOREM 3.4. [34] Under the condition for Theorem 3.1,when M is a 1—prime
matriz,

1 1
M) =p. M 0% ——— ————Tcome ),
fﬂ<a| ) p 7Q(O[| ) Z |d€t(M9)| H 1_p—w (Me)( )
0cA(M)\e we M\ M,
where pe o(a|M) is given in Theorem 3.2.

For the convenience of description, throughout the rest of the paper, we sup-
pose M is a 1-prime matrix without further declaration. According to Theorem 3.4,
to give a simple explicit formulation for ¢(b|M), we have to present an explicit for-
mulation for T'(x|M). Moreover, to calculate the elements in A(M) is a non-trivial
problem, and hence, we have to predigest the non-polynomial part for ¢(b|M).

4. Generalized Popoviciu’s formulation

In this section, we are interested in ¢(n|M), where M = (xl 2 x3> €

Y1 Y2 Y3
2>, n = (n1,ne)" € Z%. Without loss of generality, we suppose - < 2 <

y3 Obviously, for the matrix M, there exist two fundamental M-cones, i.e.
Q) = {(z,9)"(z,9)" € cone(M), 2 < L < 22} and Qs = {(z,y)"|(2,y)" €

’xy x

cone(M), 22 < 4 < 22} (See Fig. 1).
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Qs
M

Fig. 1.The fundamental M-cones.
To describe conveniently, we let M;; = ;Z ? >, and let Y;; = det(M;;),
i Yj

where ¢ < j. To describe the explicit formulation for ¢(n|M), we need to define
the fractional part function {x} which denotes the fractional part of z, i.e. {2} =
x— |z

In this section, our goal is to generalize the following beautiful formula due to
Popoviciu:

THEOREM 4.1. [27] If a and b are relatively prime,

n b~ 1n a " n
tnl(a,B) = - — {1 = {4

where b"1b =1 mod a, and a *a =1 mod b, n € Z.

In order to generalize Theorem 4.1, we firstly consider the explicit formulation
for T'(x|M).

T T2 T3 o 723 hen x =
Y Y2 Y3

(r,y)T € O, T(x|M) = YLL =Ty “when x = (z,y)T € Qu, T(x|M) =

(z1y2—y172)(T1Y3—y123)’

LEMMA 4.2. Suppose the matriz M = (

TY3—Yr3

(2y3—y2w3) (T1y3—y123)
PrOOF. Based on Theorem 2.1 and T'(x|M;;) = W,x € cone(M;;),i < j,
ij
the Lemma can be proved easily after a brief calculation. (|

The main theorem in this section is:
r1 T2 X3

. When n =
Yy Y2 Y3

THEOREM 4.3. Suppose the 1-prime matrix M = (
(nl,ng)T € ﬁl N ZQ,

No%1 — N1Y1 (f12Y13 + g12Y23) " (na(fiaz1 + g1222) — na(f12y1 + g12y2))
—{ }
Y12Y13 Yio
(f13Y12 + g13Y23) "t (n2(fisz1 + gi3ws) — na(fisvr + 913Y3))
Yi3

t(n|M) =

{

when n = (ny,n9)T € Qo NZ2,
B (f23Y13 + g23Y12) " (01 (faszs + gaswa) — na(f23ys + gasy2))
t(n|M) = —{ }
Ya3Yis Yo3

(f13Y12 + g13Y23) " (n1(fisz1 + g13ws) — na(fisyr + 913Y3))
Y3

P

ni1ys — n2ys

{

P+ L
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where, fi2, 012, f13, 913, fo3 and g3 € Z satisfy ged(fi2Y13 + gi2Yos, Yi2) = 1
ged( f13Y12+913Y23,Y13) = 1 and ged( f23Y13+923Y12, Ya3) = 1, moreover, (f12Y13+
G12Y23) " (f12Y13 + g12Ye3) = 1 mod Yia, (fi3Yi2 + g13Y2s) "' (fi3Yi2 + gi3Yas) =
1 mod Y13, (f23Y13 + g23Y12) ' (f23Y13 + g23Y12) = 1 mod Yos.

PROOF. We only prove the case where (n1,n2)7 € Q) NZ2. Based on Theorem
3.2, Pe.,(x), which is the polynomial part for ¢(-|M) on €4, is in the form of
P0,0, (X) + p1,0, (x). Here, when x € €, Po.o, (x) = T'(x|M),
pro, (%) = =221 DPpo.a, (%) (=) D?B(0[M)). By the explicit formulation for

T(x|M), we have pgq,(x) = (w2y17yg;f;(§izryw3). After a brief calculation, we

have p1 o(x) = 3(3:- + 35;)- Hence, the polynomial part for #(n|M) is “2gLonds 4
1

L2 4+ <), According to Theorem 3.4, we only need to consider the sum
2\Y3 Y12

1 on
- _7 4 0
Z |d€t(M9)| H 1—0—w CO”G(MS)( 1)

0eA(M)\e weM\ Mg
N Z 1 gGawn) |V, Z PR S s—
Yio 6cA(M)\e 1 — 9—(=3,y3) Yi3 b 1 — @—(z2,92)
Mg=Mjs Ny

2mi

Recall 7% is denoted by Wj. As pointed out in [13], the elements in the set
{610 € A(M), My = M2} have the form (W;‘I{Z,ng), where (af, o) € 72,1 <
7 <Y s—1.

Consider firstly

Yio—1 ”,nloﬂl-&-ngaé

1 gn 1 v
4.1 _— _— = — 12 - —
( ) Y12 GEA(ZM)\e 1— gf(ws,ys) Y12 Zl 1— W*(wg,a{erga%)
Mg=M1g 7= Yi2

We set xga{ —|—y3ag =k mod Yi12. Since M is a 1-prime matrix, xga{ —l—ygag £
x3a" + ysaf* mod Y12 when j # m. Hence, k runs over [1,Y15 — 1] N Z.
For 0 € {00 € A(M), My = M5}, we have §(*1:¥1) = §(¥2v2) = 1. Hence,

(4.2) xla{ + ylaé = 0 mod Yo,
(4.3) xga{ + ygag = 0 mod Yo,
(4.4) xga{ + ygaé = k mod Yia.

By x1 on both sides of (4.4), we have

(4.5) I1I3Oéji + SClngéé = a1k mod Yis.

According to (4.2), we obtain

(4.6) mla{ = —ylag mod Y.
Substituting (4.6) into (4.5), we have

(4.7) CE%Ylg =121k mod Yis.

By using similar method,

(4.8) angg = 29k mod Yis.
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Since M is a 1-prime matrix, there exist fi2,912 € Z such that ged(fi12Y13 +
g12Y23,Y12) = 1. Combining (4.7) and (4.8), we have

o (fraYis + g12Ya3) = (fiaxy + giaw2)k mod Yia.

Hence, o = (f12Y13 + g12Y23) " (f12m1 + g1222)k mod Yia.
Slmllarly, Oél = (f12Y13 +9121@3)71(f12y1 +glgy2)k' mod Y12. HGHCG,(4.1) is
reduced to

1 Yi2— 1W(n2(f12931+012$2) n1(fr2y1491292)) (f12Yi3+g12Y23) "'k
YlZ

(4.9)

Yia Pt 1— W}Tw

According to discrete Fourier transforms,

1

1~ Wi
4.1 —{=}= = L
(4.10) - 50 T T

(4.9) can be reduced to

( (n2(fi2m1 + gr2w2) — n1(fr2y1 + g1292)) (f12Y1s + g12Yos) ™! ) 1 1

Yio 2 2V,
Hence
1 071
Y712 96;:1\4) 1 — 90— (=3,y3)
Mg=Y15
— (n2(f1221 + g1272) — n1(f12y1 + g12y2)) (f12Y13 + 912}/23)71} 1
Y12 2 2V
By using similar method, we have
1 o
Vi3 6eA(M)\e 1— (@)
Mg=Y13

- (n2(fi3x1 + g1373) — n(fiayr + 913y3)) (f13Y12 + g13Ya3) ) 1 1

Yis 2 2
Hence, when (n1,n2)7 € v(Q1|M) N Z2,
t(n|M)
_ M2T1 — My (f12Y13 + g12Y23) " H(na(fr221 + g1222) — na(f12y1 + g1292))
= —{ }
Y12Y13 Yio
{(f13Y12 + 913Y23) " (n2(fizx1 + g13w3) — na(fisyr + 9133/3))} L1
Y13 '
Note that Q; C v(Q1|M). Hence, when n € Q; N Z2, the theorem holds. O

REMARK 4.4. If f12, g12, f13, 913, f23 and go3 satisfy f12Ya3+g12Y13 = ged(Yas, Yi3),
f13Y12 + g13Yas = gcd(Yiz, Ya3), fosY13 + g23Yi2 = ged(Yis, Yiz), then ged(fi2Y13 +
g12Y23,Y12) = 1, ged(f13Y12 + g13Y23,Y13) = 1 and ged(f23Y13 + g23Yi2, Yo3) = 1.
Hence,one can determine f1s, 912, f13, 913, f23 and go3 by Euclidean algorithm. But
in some special cases, such as Yo, Yi3 and Ya3 are pairwise relative prime, there
exists a simpler method for obtaining them.
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COROLLARY 4.5. Suppose Y12,Y13 and Ya3 are pairwise relative prime. When
n=(ny,ne)’ € Q1 NZ2,

naTi— My {3/151(”2901 - nlyl)} B {Yﬁl(”le —my1)
Y12Y13 Y12 YIS

where Yllelg =1 mod Y12 and YlalYlg =1 mod Yi3. When n = (nl,ng)T S
QN Z2,

t(n|M) = P+,

niys — Ny {Y1§1(711I3 - n2y3)} _ {ngl(ﬂll’g — NaYs3)
Yo3Yi3 Y3 Yis

where Y3'Y13 =1 mod Yaz and Yy3' Yoz =1 mod Yi3.

t(n|M) = 41,

PROOF. We firstly consider the case where n € Q;NZ?2. Since ged(Yi2,Yi3) = 1,
M is a 1-prime matrix. In Theorem 4.3, we may set fi2 = 1,912 =0, f13 = 1, and
g13 = 0. Hence, When n = (ny,n9)7 € Q; N Z2,

noTi —myr {3/151(712331 - n1y1)} B {Yﬁl(nzﬂm — Y1)

t(n|M) =
(n]2M) Y1213 Yio Yi3

b4 1.

Using similar method, when n = (n1,n9)? € Qo N Z2,

nys — NoZs {Yf;l(nl% - n2y3)} _ {ngl(nliﬂs — n2ys3)

t(n|M) =
(nlM) Yo3Y13 Y3 Y3

P+ 1L
O

REMARK 4.6. An interesting observation is that the formulation presented in
Corollary 6.2 is remarkably similar with Popoviciu’s formulation.

We now turn to consider the special case where % = i’—z Without loss of

k(El l(El T3
kyr lyr ys
exists only one fundamental M-cone, which is denoted as 2. Moreover, since M is
a l-prime matrix, we have ged(k,l) = 1,21y3 — y125 = 1. Then we have

generality, we suppose M = ( ), where k,l € Z. In this case, there

THEOREM 4.7. Suppose & < £ When M = <k:331 oy $3>, t(n|M) =
T s kyr lyr s
B!

= — {%(nlyg —nax3)} — {5~ (n1ys — now3)} + 1, where n = (n1,n2)T €
QONZ%k %=1 modl,I"'l=1 mod k.

L3n2—Y3ni

PRrROOF. By using the recurrence formulation for T'(x|M), we have T'(x|M) =
Za¥-¥s% Hence, the polynomial part of t(-[M) is 224-¥2% 4 1(1 4 1) We now only
need to consider the sums

1 o 1 o"
k Z 1 — g—(zi,ly)’ | Z 1 — §—(ka1,kyr)
0:Mg=Y} 0:Mp=Y,;

By the similar method with the one presented in the proof of Theorem 4.3, we

1 0" _ _f]j—1niys—nax3 1_ 1 1 o _
have ¢ > =ty = —{l ettt e T 2 Tt —
ocA(M)\e e A(M)
Mg=Yy, Mg=Y]

—{ptmusonersy 4 L L Note that © C v(QM). According to Theorem 3.4,
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when n = (ny,n2)7 € Q,

t(n[M)
asy— e 11 1 1 o 1 on
= = 3Gt DT X TTamm tT 2 T gt
0:Mo=Y} 0:Mo=Y,
T3No — Y3n It K
- %ly?)l - {T(nly:s — naw3)} — {T(”ly3 —naw3)} + 1.
O
REMARK 4.8. When the matrix M is of the form (21 z? é?) , a similar
1 2 2

result can be obtained using the same method with the one presented in Theorem
4.7.

5. Linear Diophantine problem of Frobenius
Consider the linear Diophantine equation
(5.1) x101 + - Tpay = N,

where, a; € Zy, ged(ay, - ,a,) = 1.

It is well known that for all sufficiently large NV the equation has solutions. The
Frobenius problems asks us to find the largest integer for which no solution exists.
We call the largest integer the Frobenius number and denote it by f(a1,- - ,an).
For n = 2 the largest N for which no solution exists can be explicitly written as
aras — ay — ag, i.e. f(a1,a2) = ajas — a; — as. But,to our knowledge, no such
formula exists for n > 3.

As pointed out in [34], when ged{|Y|: Y € B(M)} = 1, for all sufficiently large
N the linear Diophantine equations Mz = Nn has solution, where n € cone(M).
Naturally, we hope to find the largest integer IV for which no solution exist, which
is denoted as f(M,n). In particular, we are interested in the linear Diophantine
equations Moz = Nn, where My = (il z2 Zj) € Z2*3 n € cone(My). In fact,

1 Y2 Y3
the generalized Frobenius number f(Mj,n) is a generalization of f(a1,as).

Recall M;; = (zz z] and Y;; = det(M;;). In the following theorem, we shall

i Yj
present an upper boundary for f(My,n).

THEOREM 5.1. Suppose Yio, Y13 and Yoz are pairwise relative prime. For n €
WNZ2, f(Mo,n) < Y2Xie=Yi2Yistl " popp € O,NZ2, f(Mp,n) < Yzslis=Yos—Vistl

n2r1—Nn1Y1 ni1Yys—n2xs3

PRrOOF. We only prove the case where n € Q;NZ2. Note t(Nn|M) = Nnzzi—mu)

Y12Y13
-1 nax1—n -1 noxr1—mn
(L OVt m))y () N5} (N gy~ (Y, Vi)
When N(nox1 — niyr) > Y12Yiz — Yio — Yis + 1, t(N(nox1 — niy1)|Yie, Yi3) =
t(Nn|M) > 0. Hence, when N > M, t(Nn|M) > 0. So, f(M,n) <
noT1—N1Y1)
Y12Yi13—Y12—Yi3+1 . O
n2T1—n1Y1

REMARK 5.2. Theorem 5.1 only gives an upper boundary for f(Mp,n). Accord-
ing to the proof of Theorem 5.1, giving the exact value of f(My,n) is equivalent
for any given by € Z determining the largest integer N for which the Diophantine
equation zia; + x2a2 = Nbg no solution exist.
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6. Two-dimension vector partition functions

We now turn to the general case. We let M = (3:1 2o I") bea2xn

Yyi Y2 0 Un
integer matrix and 2=t < % j =2, .

For the matrix M there exist n — 1 fundamental M-cones. Denote them as
Q; = {(z,9)"|(z,y)" € cone(M), % < £ < lerl} i=1,---,n — 1 respectively. In
this section, we shall discuss the exphc1t formulamon for t(b|M ). First, we present
an explicit formulation for T'(x|M).

THEOREM 6.1. Forx = (z,y)T € R?,

n—2

T(x|M) = n,glzl—[ 2

]#1, (yl'r] yj ':CZ) ’

vz =y, yix —xziy >0,
where, (y;x — x;y)4 = :
0, otherwise.

PROOF. According to the definition of (y;x —z;y)+ we only need to prove that
_ _ 1 n (yiz—ziy)" >
when x € Qp, T(x|M) = =21 Dbt %
We argue by induction on n. Initially, when n = 2,3 the theorem certainly
holds. In the inductive step, we assume that when n = ng the theorem holds and
we consider the case when n = ng + 1.

According to the definition of (y;x — z;y)+ we only need to prove that for

no+1 —1
_ 1 (yiz—z;y)"0 . .
x € O, T(x|M) = - z‘:zk-s—l I, (vizj—y;z:) where M is a 2 X (ng + 1) matrix.

TYk+1—Tr+1Y T
_TYk+1TTh41Y (o
Ye+1Tk —YkTh+1 ( kvyk) +

TYk —TkY T H .
TS e—r— (k+1,Yk+1)" . Based on the recurrence formulation of T'(:|M) , we

have

After a brief calculation, it is easy for obtaining x =

1 TYk+1 — Thtl
AL = SRS M (o, )T +
no — 1 Yr41Th — YpTht1

TYk — TrY T
T(x|M\ (Tga1, Yk .
Ye+1Tk — YuThk+1 IMA (@1, 1))

T(x|M) =
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. . . T n0+1 (y‘ac—x y)no—Z
By the inductive hypothesis, T(x|M \ (zx,yx)" ) = = 3 e
=k+1 jij#k ’ ’
1 no+1 (yim—aiy)"0 2 h .
T(X|M\ (xk+1ayk+1) ) (no—2)! _%2 H(’ULCUJ UT) Then we obtain
T(x|M) = 1 TYk+1 — Th+1Y (yiz — z39)" "2 (zpy; — yrri)
(no — D! yrrrzp — YeTrtr S 1 (yizj — yjxi)
J#i
+1 _
n TYr — TkY noz: (yix — )" (Tpy1ys — yk+1$i))
Y1k — YkTh1 5, I (yiz; — yj:)
N J#i
_ +1
1 Yk T — Xk y no—1 1 no B
— ' ( +1 +1 ) + Z (yﬂ: _ xiy)”o 2
(o =D TT (Wks1%) — YjTr+1)  Yr1Tk — Yolr1 iht2

J#k+1
((fﬂykﬂ — T 1Y) (ThYi — Yr®i) — (TYe — TY) (Thg1¥i — Yr+127) )

[ (viz; — y;@i)
i

1 no+1

_ 3 (yiz — ziy)™ !
(no =1 4~ _1;[_(%&5;‘ — Y;T;)
VB

Thus, when n = ng 4+ 1 the theorem holds also, which completes the inductive step
and the proof. O

The following statements follow from Theorem 6.1.

COROLLARY 6.2.

V1,V yl
DV T (x| M) = (n—2—v1—v2 |Z

n 2—v1—v2
xzy

ny] yjmi)

Yy, (—xi)™.

We now turn to the non-polynomial part for t(|M ). We firstly recall the defini-

tion of a Fourier-Dedekind sum(see [1]), which is defined as 04 (C;n) = }L Z I ’\(t)\ =Ty
=1#£)\ ceC

where C' is an integer multiset and n is an integer. To simplify the non—polynomlal
part for ¢t(-|M), we naturally arrived at the sums

1 N 1
(6.1) v >oooom I1 T

0Mii=1,04e WEM\M;;

which is considered as a generalized Fourier-Dedekind sum. Here, 6" = 1 means
0™ = 1 for any m € M;;. In fact, it is a non-trivial problem for computing all
complex vectors satisfying i = 1. In the following Lemma, we shows the gener-
alized Fourier-Dedekind sums (6.1) can be converted into the 1-dimensional Fourier-
Dedekind sums.

LEMMA 6.3. When M is a 1-prime matriz, for any given integer m, 1 < m <

n,m 7£ i,j,
Z 0" H ﬁ = 01, (Cij; Yij).

Mij_4q weM\M;;
975('



12 ZHIQIANG XU

Here, Cij = Ur<n<n hziht il ([Yim+9Yjm) ™ (= (fyitgy)en+(fritgr;)yn)} tiy =
(FYim+9Yim) (= (fyi+gy;)m +(fzitg7;)n2)+ 3 cc,, ¢ where f,g € Z satisfy
PROOF. As pointed out in [13], the elements in the set {0|0 € A(M), My =
1 1
M;;} have the form (W;:, Wy2), where (a},ab) € 2,1 <1 <Yy,

Hence,
Y;i—1 nlall+n2a12
1 1 1 < Wy
62) 5= > 0" Il 1=5=-= e
Yij oMij_;  weM\M;j; 1-0 Yi =1 I (1—WY,L'§ e 2))
oe h#i,h#j

Noting m # i,m # j, we set Z,,a} + ymah =k mod Yi;. Since M is a 1-prime
matrix, k runs over [1,Y;; — 1] N Z. Using the similar method with the one in the
proof of Theorem 4.3, we have

oy = —(fijYim + 9i5Yim) " (fijvi + gi595)k mod Yij,
oy = (fijYim + 9i;Yim)  (fijzi + gijz;)k mod Y.
Hence, (6.2) is reduced to

1 Yi;j—1 W}(fni‘(fw‘mv*gumj)—m(fijy7,+glzy,~))(fij%m+g,¢ijm)*1k
f-j I a- W;(fijyim+9ijyjm)’1(*Ih(fz‘jyﬁgijyj)+yh(fijwi+gz‘j$j))k)
he#i,hj N
= 04,(Cij; Vi)

k=1

O

REMARK 6.4. When |det(M;;)| = 1, the terms in oy, (Cy; : Y;;) disappear,since
{0 : 0Mis =1} = {e}.

Combining Theorem 3.2, Theorem 3.4, Theorem 6.1 and Lemma 6.3, we can
present a simplified formulation for ¢(-|M).

THEOREM 6.5. Suppose M = (:1:1 r2oo w”) is a 2 X n integer 1-prime
Y Y2 o Un
matriz and % < % When n = (n1,n2)T € Qi NZ2,
t(n[M) = peq,(n) + > ot,;(Cij3 Yij),

(,)€{(4,5):i<k<j}

—92 o n—2
where, pe,o, (X) = 32175 pia, (%), po.. (%) = 715 Yl %7P$Qk (x) =

{;Ol(z\vlzj—l D”plygk_(x)(fi)‘”'wy ti;j and Cy; are defined in Lemma

PRrROOF. Based on Theorem 3.4, when n € Q, N Z2,

1 1
M) = E i Il —1 Q
t(n| ) pe,ﬂk(“)"' ¢ |det(M9)‘ 1—_ 9w Cone(Me)( k)a
0cA(M)\e weM\ M
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where, the p. o, can be determined easily. Since M is a 1-prime matrix,

1 1
e L 0
Z \det(M9)| H 1—0—w COnE(Me)( k)

fEA(M)\e weM\My
1 n L
= 2y 2 " I y=gteoneonn ().
Y 1-6
i<j oMij—1 = wEM\M;;
0#ec

Based on Lemma 6.3, the above sum becomes as follows:

(63) Z Ot;; (Clj : }/ij)lcone(]\/[ij) (Qk)

i<j

Since when k > j or k < i, cone(M;;) Ny, = (. Hence, (6.3) is converted into

(6.4) Z o1, (Cij  Yig).

(6,5)€{(4,5):1<k<j}

The theorem holds. ]

Using Theorem 6.5, we shall present an explicit formulation for an actual ex-
ample, which is the same with the one presented in [3]. By using Theorem 6.5, it is
indeed easier for obtaining the explicit formulation for the actual vector partition
function.

1 2 10 .

EXAMPLE 6.6. Let A = 01 1 1) We denote by A;; the square matrix
containing the ith and the jth columns in A.

For the matrix A, there exist three fundamental cones, which are denoted as
01,9 and Qs respectively. We shall discuss the explicit formulation for t(n|A).

After a brief calculation, we have
2

%, x € (),
T(x|A) = %g—xz +dxy — 2y?), x € N,
%, x € (3.

Hence, poo, = % According to Theorem 6.1, p1o, = 3/2y and pag, =1
respectively. Since for any 1 < j < 3,|det(Ay;)| = 1, accord to Remark 6.4,the
terms in the Fourier-Dedekind sum shall not appear when n € ; N Z2. Based on

Theorem 6.1, we have when n € Oy N Z2 ¢(n|A) = %3 + 322 41,

Similarly, po.q, = i(—w2+4xy—2y2),p1792 = %,plgz = %. Based on Lemma

6.3, the non-polynomial part is é > Ui 1—é—w = (—1)™. Hence,

0423=1,0#e wEA\Ayj;

2 2 n
when n € Qo N Z2,¢(n|A) = ning — 20 — %2 4 mdne 74 CDT

Using the same method with the above, we obtain pg o, = “ﬁf,pLQS =,p2.0, =

0|~

2
L2y 324 ne O NZ?
2 2 n
Hence, t(n|A) = nan—zl—%-q-L;M—i—%—l—%, ne O, NZ?

2 n
oom+ 3+ S n €Nz



14 ZHIQIANG XU

REMARK 6.7. The explicit formulation presented in Theorem 6.5 contains
DVB(0|M). Note

1 —exp(—i¢Tm;)
iCij

B(lm) =] Cece.

j=1

The following assertion is obvious:

~ | !
D B(0|M) = (—i) Y ) v vs!

l... 1l ) . . '
R S CUREY S URRN MLy PR A

n kj L
LY

REMARK 6.8. In Theorem 6.5, when the case of % = g—] happens, the explicit
v J

formulation for T'(x|M) can be obtained by taking the limit. Using similar method
with the one in the proof of Theorem 4.7, an explicit formulation for ¢(n|M) can
be given also.

REMARK 6.9. To simplify any-dimensional vector partition functions, we have
to give an explicit formulation for multivariate truncated power functions T'(x|M)
and compute the chamber complex consisting of the fundamental M-cones, which
are indeed challenging problems.
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