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General Relativity theory is reviewed following the vierbein field theory approach proposed in
1928 by Einstein. It is based on the vierbein field taken as the “square root” of the metric tensor
field. Einstein’s vierbein theory is a gauge field theory for gravity; the vierbein field playing the
role of a gauge field but not exactly like the vector potential field does in Yang-Mills theory—the
correction to the derivative (the covariant derivative) is not proportional to the vierbein field as
it would be if gravity were strictly a Yang-Mills theory. Einstein discovered the spin connection
in terms of the vierbein fields to take the place of the conventional affine connection. To date,
one of the most important applications of the vierbein representation is for the derivation of the
correction to a 4-spinor quantum field transported in curved space, yielding the correct form of
the covariant derivative. Thus, the vierbein field theory is the most natural way to represent a
relativistic quantum field theory in curved space. Using the vierbein field theory, presented is a
derivation of the the Einstein equation and then the Dirac equation in curved space. Einstein’s
original 1928 manuscripts translated into English are included.
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I INTRODUCTION

I. INTRODUCTION

The purpose of this manuscript is to provide a self-
contained review of the procedure for deriving the Ein-
stein equations for gravity and the Dirac equation in
curved space using the vierbein field theory. This gauge
field theory approach to General Relativity (GR) was
discovered by Einstein in 1928 in his pursuit of a unified
field theory of gravity and electricity. He originally pub-
lished this approach in two successive letters appearing
one week apart ,|132—8_a”E) The first manuscript,
a seminal contribution to mathematical physics, adds
the concept of distant parallelism to Riemann’s theory
of curved manifolds that is based on comparison of dis-
tant vector magnitudes, which before Einstein did not
incorporate comparison of distant directions.

Historically there appears to have been a lack of in-
terest in Einstein’s research following his discovery of
general relativity, principally from the late 1920’s on-
ward. Initial enthusiasm for Einstein’s unification ap-
proach turned into a general rejection. In Born’s July
15th, 1925 letter (the most important in the collection) to
FEinstein following the appearance of his student Heisen-
berg’s revolutionary paper on the matrix representation
of quantum mechanics, Born writes (m, M)

Finstein’s field theory ...was intended to
unify electrodynamics and gravitation .... I
think that my enthusiam about the success
of Einstein’s idea was quite genuine. In those
days we all thought that his objective, which
he pursued right to the end of his life, was
attainable and also very important. Many of
us became more doubtful when other types of
fields emerged in physics, in addition to these;
the first was Yukawa’s meson field, which is
a direct generalization of the electromagnetic
field and describes nuclear forces, and then
there were the fields which belong to the other
elementary particles. After that we were in-
clined to regard Einstein’s ceaseless efforts as
a tragic error.

Weyl and Pauli’s rejection of Einstein’s thesis of distant
parallelism also helped paved the way for the view that
Einstein’s findings had gone awry. Furthermore, as the
belief in the fundamental correctness of quantum theory
solidified by burgeoning experimental verifications, the
theoretical physics community seemed more inclined to
latch onto Einstein’s purported repudiation of quantum
mechanics: he failed to grasp the most important direc-
tion of twentieth century physics.

Einstein announced his goal of achieving a unified field
theory before he published firm results. It is already hard
not to look askance at an audacious unification agenda,
but it did not help when the published version of the
manuscript had a fundamental error in its opening equa-
tion; even though this error was perhaps introduced by

the publisher’s typist, it can cause confusion.! As far
as I know at the time of this writing in 2008, the two
1928 manuscripts have never been translated into En-
glish. English versions of these manuscripts are provided
as part of this review—see the Appendix—and are included
to contribute to its completeness.

In the beginning of the year 1928, Dirac introduced
his famous square root of the Klein-Gordon equation, es-
tablishing the starting point for the story of relativistic
quantum field theory, in his paper on the quantum theory
of the electron , @ This groundbreaking pa-
per by Dirac may have inspired Einstein, who completed
his manuscripts a half year later in the summer of 1928.
With deep insight, Einstein introduced the vierbein field,
which constitutes the square root of the metric tensor
field.? Einstein and Dirac’s square root theories math-
ematically fit well together; they even become joined at
the hip when one considers the dynamical behavior of
chiral matter in curved space.

FEinstein’s second manuscript represents a simple and
intuitive attempt to unify gravity and electromagnetism.
He originally developed the vierbein field theory ap-
proach with the goal of unifying gravity and quantum
theory, a goal which he never fully attained with this
representation. Nevertheless, the vierbein field theory
approach represents progress in the right direction. Ein-
stein’s unification of gravity and electromagnetism, us-
ing only fields in four-dimensional spacetime, is concep-
tually much simpler than the well known Kaluza-Klein
approach to unification that posits an extra compactified
spatial dimension. But historically it was the Kaluza-
Klein notion of extra dimensions that gained popularity
as it was generalized to string theory. In contradistinc-
tion, Einstein’s approach requires no extra constructs,
just the intuitive notion of distant parallelism. In the
Einstein vierbein field formulation of the connection and
curvature, the basis vectors in the tangent space of a
spacetime manifold are not derived from any coordinate
system of that manifold.

Although Einstein is considered one of the founding
fathers of quantum mechanics, he is not presently consid-
ered one of the founding fathers of relativistic quantum
field theory in flat space. This is understandable since in
his theoretical attempts to discover a unified field theory
he did not predict any of the new leptons or quarks, nor
their weak or strong gauge interactions, in the Standard
Model of particle physics that emerged some two decades

I The opening equation (la) was originally typeset as
H=hg", Aug, AEL

offered as the Hamiltonian whose variation at the end of the day
yields the Einstein and Maxwell’s equations. I have corrected
this in the translated manuscript in the appendix.

2 The culmination of Einstein’s new field theory approach ap-

peared in Physical Review in 1948 , )7 entitled “A

Generalized Theory of Gravitation.”
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following his passing. However, Einstein did employ local
rotational invariance as the gauge symmetry in the first
1928 manuscript and discovered what today we call the
spin conmection, the gravitational gauge field associated
with the Lorentz group as the local symmetry group (viz.
local rotations and boosts).

This he accomplished about three decades before
Yang and Mills discovered nonabelian gauge the-

ory (Yang and Milld, [1954), the antecedent to the

Glashow-Salam-Weinberg electroweak unification theory
(Glashow, [1961; [Salam, 1966; [Weinberg, [1967) that is
the cornerstone of the Standard Model. Had Einstein’s
work toward unification been more widely circulated in-
stead of rejected, perhaps Einstein’s original discovery of
n-component gauge field theory would be broadly consid-
ered the forefather of Yang-Mills theory.? In Section [[A]
I sketch a few of the strikingly similarities between the
vierbein field representation of gravity and the Yang-
Mills nonabelian gauge theory.

With the hindsight of 80 years of theoretical physics
development from the time of the first appearance of Ein-
stein’s 1928 manuscripts, today one can see the historical
rejection is a mistake. Einstein could rightly be consid-
ered one of the founding fathers of relativistic quantum
field theory in curved space, and these 1928 manuscripts
should not be forgotten. Previous attempts have been
made to revive interest in the vierbein theory of gravita-
tion purely on the grounds of their superior use for repre-
senting GR, regardless of unification (Kaempffer, [1968).
Yet, this does not go far enough. One should also make
the case for the requisite application to quantum fields
in curved space.

Einstein is famous for (inadvertently) establishing an-
other field of contemporary physics with the discovery
of distant quantum entanglement. Nascent quantum in-
formation theory was borne from the seminal 1935 Ein-
stein, Podolsky, and Rosen (EPR) Physical Review pa-
per?, “Can Quantum-Mechanical Description of Physical
Reality Be Considered Complete?” Can Einstein equally
be credited for establishing the field of quantum gravity,
posthumously?

The concepts of vierbein field theory are simple, and
the mathematical development is straightforward, but in
the literature one can find the vierbein theory a nota-
tional nightmare, making this pathway to GR appear
more difficult than it really is, and hence less accessible.
In this manuscript, I hope to offer an accessible path-
way to GR and the Dirac equation in curved space. The
development of the vierbein field theory presented here
borrows first from treatments given by Einstein himself

that I have discussed above (Einstein, JE , as well
as excellent treatments by Weinberg o, 11972)

3 Einstein treated the general case of an n-Bein field.
4 This is the most cited physics paper ever and thus a singular ex-
ception to the general lack of interest in Einstein’s late research.

and Carroll (|Qa1—ml]|, m)5 6 However, Weinberg and
Carroll review vierbein theory as a sideline to their main
approach to GR, which is the standard coordinate-based
approach of differential geometry. An excellent treat-
ment of quantum field theory in curved space is given by
Birrell and Davies (Birrell and Davies, [1982), but again
with a very brief description of the vierbein representa-
tion of GR. Therefore, it is hoped that a self-contained
review of Einstein’s vierbein theory and the associated
formulation of the relativistic wave equation should be
helpful gathered together in one place.

A. Similarity to Yang-Mills gauge theory

This section is meant to be an outline comparing
the structure of GR and Yang-Mills (YM) theories
(Yang and Milld, [1954). There are many previous treat-
ments of this comparison—a recent treatment by Jackiw
is recommended (m, M) The actual formal re-
view of the vierbein theory does not begin until Sec-
tion [l

The dynamics of the metric tensor field in GR can
be cast in the form of a YM gauge theory used to de-
scribe the dynamics of the quantum field in the Standard
Model. In GR, dynamics is invariant under an external
local transformation, say A, of the Lorentz group SO(3,1)
that includes rotations and boosts. Furthermore, any
quantum dynamics occurring within the spacetime man-
ifold is invariant under internal local Lorentz transforma-
tions, say Uy, of the spinor representation of the SU(4)
group. Explicitly, the internal Lorentz transformation of
a quantum spinor field in unitary form is

Up = e~ 3@nn (@S (1)

where S*” is the tensor generator of the transformation.”
Similarly, in the Standard Model, the dynamics of the
Dirac particles (leptons and quarks) is invariant under
local transformations of the internal gauge group, SU(3)
for color dynamics and SU(2) for electroweak dynamics.®
The internal unitary transformation of the multiple com-

5 Both Weinberg and Carroll treat GR in a traditional manner.
Their respective explanations of Einstein’s vierbein field theory
are basically incidental. Carroll relegates his treatment to a sin-
gle appendix.

6 Another introduction to GR but which does not deal with
the vierbein theory extensively is the treatment by D’Inverno
(D’Invernd, [1993).

7 A 4 x 4 fundamental representation of SU(4) are the 42 — 1 =
15 Dirac matrices, which includes four vectors v*, six tensors
otV = %[’y“,'y”}, one pseudo scalar i7041v2y3 = 45 and four
axial vectors 7°v#. The generator associated with the internal
Lorentz transformation is S#¥ = %o’“’.

8 A 3 x 3 fundamental representation of SU(3) are the 32 — 1 =8
Gell-Mann matrices. And, a 2 X 2 fundamental representation of
SU(2) are the 22 — 1 = 3 Pauli matrices.
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ponent YM field in unitary form is
U — ei@“(m)Ta, (2)

where the hermitian generators 7% = 7" are in the ad-
joint representation of the gauge group. The common
unitarity of (Il) and () naturally leads to many parallels
between the GR and YM theories.

From (Il), it seems that w,, (x) should take the place
of the gauge potential field, and in this case it is clearly
a second rank field quantity. But in Einstein’s action in
his vierbein field representation of GR, the lowest order
fluctuation of a second-rank vierbein field itself

eta(z) = 0 + K'o(x) + - -

plays the roles of the potential field where the gravita-
tional field strength F*", is related to a quantity of the
form

FM = 0K o (z) — 8 KPy(2). (3)

@) vanishes for apparent or pseudo-gravitational fields
that occur in rotating or accelerating local inertial frames
but does not vanish for gravitational fields associated
with curved space. Einstein’s expression for the La-
grangian density (that he presented as a footnote in his
second manuscript) gives rise to a field strength of the
form of ([B). An expanded version of his proof of the
equivalence of his vierbein-based action principle with
gravity in the weak field limit is presented in Section [VIIl
In any case, a correction to the usual derivative

Op—=Dy=0,+T,

is necessary in the presence of a gravitational field. The
local transformation has the form

v = Un¢ (4a)
T, — UL, UL — (8,Ur) U} (4b)
(@) is derived in Section [VIILBl This is similar to Yang-

Mills gauge theory where a correction to the usual deriva-
tive

0, = Dy = 0, —iA,

is also necessary in the presence of a non-vanishing gauge
field. In YM, the gauge transformation has the form

Y — U (5a)
A, — UAUT - U3,UT, (5b)

which is just like [ ]). Hence, this “gauge field theory” ap-
proach to GR is useful in deriving the form of the Dirac
equation in curved space. In this context, the require-
ment of invariance of the relativistic quantum wave equa-
tion to local Lorentz transformations leads to a correction
of the form

Ly

1
€7 (Ouepn) S™* (6a)

1
6# (51%%5"%3) + - (6Db)

This is derived in Section [VIIII A problem that is com-
monly cited regarding the gauge theory representation of
General Relativity is that the correction is not directly
proportional to the gauge potential as would be the case
if it were strictly a YM theory (e.g. we should be able
to write T')(z) = u%kua(z) where u® is some constant
four-vector).

Il. MATHEMATICAL FRAMEWORK
A. Local basis

The conventional coordinate-based approach to GR
uses a “natural” differential basis for the tangent space

T, at a point p given by the partial derivatives of the
coordinates at p

&) = Iu)- (7)
Some 4-vector A € T}, has components
A= Ale(,y = (Ao, A1, Az, A3). (8)

To help reinforce the construction of the frame, we use
a triply redundant notation of using a bold face symbol
to denote a basis vector e, applying a caret symbol &
as a hat to denote a unit basis vector, and enclosing the
component subscript with parentheses €(,) to denote a
component of a basis vector.” It should be nearly im-
possible to confuse a component of an orthonormal basis
vector in 7T, with a component of any other type of ob-
ject. Also, the use of a Greek index, such as y, denotes a
component in a coordinate system representation. Fur-
thermore, the choice of writing the component index as
a superscript as in A" is the usual convention for indi-
cating this is a component of a contravariant vector. A
contravariant vector is often just called a vector, for sim-
plicity of terminology.

In the natural differential basis, the cotangent space,
here denoted by T, is spanned by the differential ele-
ments

e = ax, (9)

which lie in the direction of the gradient of the coordinate
functions.'® T is also called the dual space of T},. Some

9 With &(e) € {eo,€1,€2,e3} and 94y € {00, 01, 02,03}, some au-
thors write (7)) concisely as

ey = Ou.

I will not use this notation because I would like to reserve e,
to represent the lattice vectors ey, = vqeu,® where 7, are Dirac
matrices and e, ® is the vierbein field defined below.

10 Again, with &(®) e {e9 el e2,e3} and dx(®) €
{dz®, dz', dz?, dz3}, for brevity some authors write (@) as

et = dzt.

But I reserve e* to represent anti-commuting 4-vectors, et =
v%et 4, unless otherwise noted.
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dual 4-vector A € T} has components
A=A, =g, AW, (10)

Writing the component index p as a subscript in A, again
follows the usual convention for indicating one is dealing
with a component of a covariant vector. Again, in an at-
tempt to simplify terminology, a covariant vector is often
called a 1-form, or simply a dual vector. Yet, remem-
bering that a vector and dual vector (1-form) refer to an
element of the tangent space T}, and the cotangent space
Ty, respectively, may not seem all that much easier than
remembering the prefixes contravariant and covariant in
the first place.

The dimension of () is inverse length, [&(,)] = 1, and
this is easy to remember because a first derivative of a
function is always tangent to that function. For a basis
element, p is a subscript when L is in the denomina-
tor. Then (@), which lives in the cotangent space and as
the dimensional inverse of (), must have dimensions of
length [é®)] = L. So, for a dual basis element, y is a
superscript when L is in the numerator. That they are
dimensional inverses is expressed in the following tensor
product space

&) @e, =14, (11)

where 1 is the identity, which is of course dimensionless.

We are free to choose any orthonormal basis we like to
span T}, so long as it has the appropriate signature of
the manifold on which we are working. To that end, we
introduce a set of basis vectors €(,), which we choose as
non-coordinate unit vectors, and we denote this choice by
using small Latin letters for indices of the non-coordinate
frame. With this understanding, the inner product may
be expressed as

(€a)>€v)) = 7abs (12)

where 7,, = diag(1, —1,
of flat spacetime.

—1,—1) is the Minkowski metric

B. Vierbein field

This orthonormal basis that is independent of the co-
ordinates is termed a tetrad basis.'' Although we can-
not find a coordinate chart that covers the entire curved
manifold, we can choose a fixed orthonormal basis that
is independent of position. Then, from a local perspec-
tive, any vector can be expressed as a linear combination
of the fixed tetrad basis vectors at that point. Denoting
an element of the tetrad basis by €., we can express

11 To help avoid confusion, please note that the term tetrad in the
literature is often used as a synonym for the term vierbein. Here
we use the terms to mean two distinct objects: &(,) and et (x),
respectively.

the coordinate basis (whose value depends on the local
curvature at a point z in the manifold) in terms of the
tetrads as the following linear combination

e () = €, (2) &(a), (13)

where the functional components e,*(z) form a 4 x 4
invertible matrix. We will try not to blur the distinction
between a vector and its components. The term “vierbein
field” is used to refer to the whole transformation matrix
in (I3) with 16 components, denoted by e,*(z). The
vierbeins e,%(z), for a = 1,2,3,4, comprise four legs—
vierbein in German means four-legs.

The inverse of the vierbein has components, e*,
(switched indices), that satisfy the orthonormality con-
ditions

ea(@)e,(z) =6}, e, (x)ey(x) = . (14)
The inverse vierbein serves as a transformation matrix
that allows one to represent the tetrad basis &(,)(z) in
terms of the coordinate basis &,

é(a) = e“a(a:) é(ﬂ) (15)

Employing the metric tensor g,, to induce the product
of the vierbein field and inverse vierbein field, the inner
product-signature constraint is

Guv (e o () €b () = Nab, (16)
or using (I4) equivalently we have
(%) = e (2)en” () 1ab- (17)

So, the vierbein field is the “square root” of the metric.

Hopefully, you can already see why one should include
the vierbein field theory as a member of our tribe of
“square root” theories. These include the Pythagorean
theorem for the distance interval ds = y/n,, dztds” =

Vdt2 — dx? — dy? — dz2, the mathematicians’ beloved
complex analysis (based on y/—1 as the imaginary num-
ber), quantum mechanics (e.g. pathways are assigned
amplitudes which are the square root of probabilities),
quantum field theory (e.g. Dirac equation as the square
root of the Klein Gordon equation), and quantum compu-
tation based on the universal v/SWAP conservative quan-
tum logic gate. To this august list we add the vierbein
as the square root of the metric tensor.

Now, we may form a dual orthonormal basis, which
we denote by é(® with a Latin superscript, of 1-forms in
the cotangent space T}; that satisfies the tensor product
condition

O é(b) =1%,. (18)

This non-coordinate basis 1-form can be expressed as a
linear combination of coordinate basis 1-forms

e =¢,%x) e (x), (19)
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where é(") = dz#, and vice versa using the inverse vier-
bein field

e (z) = ety (z) &), (20)

Any vector at a spacetime point has components in the
coordinate and non-coordinate orthonormal basis

V =VHieg) =Viex. (21)

So, its components are related by the vierbein field trans-
formation
Ve =e, VI and VH =el, VO (22)
The vierbeins allow us to switch back and forth between
Latin and Greek bases.
Multi-index tensors can be cast in terms of mixed-
index components, as for example

Vab = e#“V“b = e”bV“l, = eﬂaebe‘uU. (23)

The behavior of inverse vierbeins is consistent with the
conventional notion of raising and lowering indices. Here
is an example with the metric tensor field and the
Minkowski metric tensor

o = g"nap e’ (24)
The identity map has the form
e=e¢,dx") ® €(a)- (25)

We can interpret e, as a set of four Lorentz 4-vectors.
That is, there exists one 4-vector for each non-coordinate
index a.

We can make local Lorentz transformations (LLT) at
any point. The signature of the Minkowski metric is pre-
served by a Lorentz transformation

LLT: &g — &) = A% (2)é(a), (26)

where A%, () is an inhomogeneous (i.e. position depen-
dent) transformation that satisfies

Aaa’Abb/nab = TNa'v’ - (27)

A Lorentz transformation can also operate on basis 1-
forms, in contradistinction to the ordinary Lorenz trans-
formation A®, that operates on basis vectors. AY,
transforms upper (contravariant) indices, while A%,
transforms lower (covariant) indices.

And, we can make general coordinate transformations

(GCT)

’
’r ; Oxt ox”
GCT: Ta‘ub,/ —TH by = A® a Abb/ ,Ta‘ub,/.
~—~ OxF o~ OxV
prime prime
1st 2nd

(contra- (co-

variant) variant)

(28)

11l. CONNECTIONS
A. Affine connection
Curvature of a Riemann manifold will cause a distor-

tion in a vector field, say a coordinate field X%(z), and
this is depicted in Figure[ll The change in the coordinate

I el

X 46X
X* 46X

7
ox” J
FIG. 1 Two spacetime points @ and % + 6z, labeled as i and
j, respectively. The 4-vector at point ¢ is X*(x), and the 4-vector
at nearby point j is X% (z + 0x) = X“(z) + 6X“(x). The parallel
transported 4-vector at j is X*(z) + 6X%(x) (blue). The affine
connection is Fg,y. (For simplicity the parallel transport is rendered

as if the space is flat).

field from one point z to an adjacent point x + dx is
Xz +6x) = X%(x) + 62° 95X~ . (29)
———
60X (x)

So, the change of the coordinate field due to the manifold
is defined as

SX%(x) = 62%(2)0p XY = X(x + dx) — X%(z). (30)
The difference of the two coordinate vectors at point j is
[X* 46X — [X*+ 06X =5XY(z) —6X*(x). (31)

0X® must vanish if either dx® vanishes or X¢ vanishes.
Therefore, we choose

0X* = —T% (2) X" (x)da7, (32)

where I is a multiplicative factor, called the affine con-
nection. Its properties are yet to be determined. At this
stage, we understand it as a way to account for the cur-
vature of the manifold.

The covariant derivative may be constructed as follows:

1 _

V, X%x) = 5x—'v{Xa(I+6$)_ [X¥(2)+0X“(x)]}. (33)
I do not use a limit in the definition to define the deriva-
tive. Instead, I would like to just consider the situation
where §z7 is a small finite quantity. We will see below
that this quantity drops out, justifying the form of (33]).

Inserting (29) and B2) into (B3]), yields

V., XO(2) = %{X“(m) 400, X0 (34a)
—X%z)+ I‘g,y(x)XB (x)dz"}
= 0,X%x) + 1%, (2)X (x).  (34b)
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So we see that dx” cancels out and no limiting process
to an infinitesimal size was really needed. Dropping the
explicit dependence on z, as this is to be understood, we
have the simple expression for the covariant derivative

VX% =0,X*+T% X", (35)

In coordinate-based differential geometry, the covariant
derivative of a tensor is given by its partial derivative
plus correction terms, one for each index, involving an
affine connection contracted with the tensor.

B. Spin connection

In non-coordinate-based differential geometry, the or-
dinary affine connection coefficients I‘;\W are replaced by
spin connection coefficients, denoted w,,, but otherwise
the principle is the same. Each Latin index gets a cor-
rection factor that is the spin connection contracted with

the tensor, for example
VX% =0, X% +w,” X% —w, X %. (36)

The correction is positive for a upper index and negative
for a lower index. The spin connection is used to take
covariant derivatives of spinors, whence its name.

The covariant derivative of a vector X in the coordi-
nate basis is

VX = (V,X")da" 20, (37a)
= (0.XY +T4 XY da* ®0,.  (37b)

The same object in a mixed basis, converted to the co-
ordinate basis, is

VX = (VHXG) dz" ® é(a) (38a)
= (0, X" +w,", X") da" ® &y (38b)
= (Ou(e,"X") +wu" ex" X)) dat @ (e740,)  (38¢)

= ¢e%, (e,,“(’“)HX” +X"0,e," + wuabe,\bX’\) dz" ® 0y
(38d)
= (8#X‘7 +e%,0,e, X" + e"aeAbw#abXA) dat ® 0,.
(38e)
Now, relabeling indices ¢ — v — \ gives

VX= (BMX” + e”a(’“)He,\“X’\ + e”ae,\wa“bX’\) dz" ® 0,
= [@LX” + (e”a@#e)\a + e”aeAbw#ab) X)‘} dzt ® 0,.
(39)

Therefore, comparing (37h) with (39), the affine connec-

tion in terms of the spin connection is
FZX = e’ 0uer" + e”ae)\bw#ab. (40)
This can be solved for the spin connection

a __ a A\ v A a
wuy = e ey —etpduen”. (41)

C. Tetrad postulate

The tetrad postulate is that the covariant derivative of
the vierbein field vanishes, Ve,* = 0, and this is merely
a restatement of the relation we just found between the
affine and spin connections ({I)). Left multiplying by e, ®
gives

Wy be,,b = ey %Npe,’ o e)‘beubaue,\a (42a)
= e, "I, — Oue,. (42Db)

Rearranging terms, we have the tetrad postulate
Ve = 0ue,” — T, +w, e’ = 0. (43)

Let us restate (as a reminder) the correction rules for
applying connections. The covariant derivatives of a co-
ordinate vector and 1-form are

VX" = 9, X" +T%,X* (44a)
VX, = 0.X, — 1), X, (44b)

and similarly the covariant derivatives of a non-
coordinate vector and 1-form are

VX" = 9,X" +w,", X"
VXe = 0,Xo —w,b X,

(45a)
(45Db)

We require a covariant derivative such as (@5a)) to be
Lorentz invariant

AV, VXY S Y, (A“/axa) (46a)
= (VuA") X+ A1V, X, (46b)

Therefore, the covariant derivative is Lorentz invariant,
VX% = AY,V, X, (47)

so long as the covariant derivative of the Lorentz trans-
formation vanishes,

VA, =0. (48)

This imposes a constraint that allows us to see how the
spin connection behaves under a Lorentz transformation

VA y = 9,0y +w,” A% —w, A =0,  (49)
which we write as follows
AbblauA“/b + w#a,CAbb/Acb — w#chbeAa’c =0. (50)

Now AP, A¢, = 05, so we arrive at the transformation of
the spin connection induced by a Lorentz transformation

’

w#a [ w#chbb/Aa’c - Abb/aﬂAa,b. (51)

This means that the spin connection transforms inhomo-
geneously so that V, X% can transform like a Lorentz
4-vector.
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The exterior derivative is defined as follows

(dX)," = VX"~ V,X,° (52a)
= 0,X," +w, X, =T, X\
— 0, X" —w, X, + T, X\ (52b)

= 0,X," =0, X, +w, ", X" — w, % X0
(52¢)

Now, to make a remark about Cartan’s notation as writ-
ten in (I{), one often writes the non-coordinate basis

1-form (I9) as
et = el = ¢, %zt (53)
The spin connection 1-form is
W = wy,ydat. (54)
It is conventional to define a differential form
dA = 0,4, — 0, A, (55)
and a wedge product
ANB=A,B,—A,B,, (56)

which are both anti-symmetric in the Greek indices.
With this convention, originally due to Elie Cartan, the
torsion can be written concisely in terms of the frame
and spin connection 1-forms as

T = de® + w A €. (57)

The notation is so compact that it is easy to misunder-
stand what it represents. For example, writing the tor-
sion explicitly in the coordinate basis we have

T,uuA - e)\aT,uua (58&)
= e, (8#6,,‘1 —dve,” + w#abeyb — wyabe#b) ,
(58Db)

which fully expanded gives us
TH,,)‘ = e’\aaue,,“ + e)‘ae,jbwuab — e’\a(?,,e,ﬂ — e’\aeubw,,“b.
(59)

Since the affine connection is

A A A b
[, = e a0ue,” +e e, w, "y, (60)

the torsion then reduces to the simple expression
A
T =T, -T),. (61)

So, the torsion vanishes when the affine connection is
symmetric in its lower two indices.

IV. CURVATURE

We now derive the Riemann curvature tensor, and we
do so in two ways. The first way gives us an expres-
sion for the curvature in terms of the affine connection
and the second way gives us an equivalent expression in
terms of the spin connection. The structure of both ex-
pressions are the same, so effectively the affine and spin
connections can be interchanged, as long as one properly
accounts for Latin and Greek indices.

A. Riemann curvature from the affine connection

In this section, we will derive the Riemann curvature
tensor in terms of the affine connection. The develop-
ment in this section follows the conventional approach
of considering parallel transport around a plaquette, as
shown in Figure2l (The term plaguette is borrowed from
condensed matter theory and refers to a cell of a lattice.)
So, this is our first pass at understanding the origin of
the Riemann curvature tensor. In the following section,
we will then re-derive the curvature tensor directly from
the spin connection.

For the counterclockwise path (z® — z%+4dz® — %+
oz + dz®), we have:

(62a)
X(z) — T, (2) X" (x)d27 . (62b)

At the end point = + dx + dx, we have

X*x+dr+dr) = X%x+6x)+0X*(x+dox)
(63a)
= X%x) - Fg,y(x)Xﬁ (x)dz”

+6X(x + ).
(63b)

Now, we need to evaluate the last term (parallel transport
term) on the R.H.S.
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% + dx® %+ 6z + dz®

ox®

z %+ oz

FIG. 2 General plaquette of cell sizes 6z and dx® with its initial spacetime point at 4-vector zo (bottom left corner). The plaquette is
a piece of a curved manifold.

SX%(z + dx) T3, (z + 6x) X P (x + dx)dx” (64a)

— 15, (x) + 05T, (x)02°] [XP(x) — TL, (2) X*(x)02"] dz” (64b)

621
= —ngXﬁdx'y — 85F§VXﬁ5:175d337 + ngFﬁVX“&r”dx'y + &;FE‘VFﬁVX“&E‘s&r”dx”,

neglect 3'd order term

(64c)

where for brevity in the last expression we drop the explicit functional dependence on x, as this is understood.
Inserting ([64d) into (G3L), the 4-vector at the end point is

X%(x + 0z +do) = X T4, X 027 — T XPda” — 0,15, XP62°da” + TG, T, X6 da”. (65)
Interchanging the indices of dz and dz in the last two terms, we have
X2+ 6z + do) = X* = 1§, X 627 — T4, XPda” — 0,35 X 627 da’® + T, T X+6a" da”. (66)
Then, replacing v with ¢ in this last term, we have
X%x+ 6z +dr) = X* = T4, X627 — T4, X da” — 0,74, X 627 da’ + TGsT)) X+ 627 da’. (67)

For the clockwise path (z% — z® 4 da® — z® + dz® + Jz%), we get the same result as before with dz® and Jz*
interchanged:

X%(x+ 0w+ do) = X* =T, X da? — T4, X627 — 0,785 X da" 62° + TGsT0, X" da” 6. (68)
Interchanging the indices § and  everywhere, we have
Xx+0r+dr) = X —T§;X5da’ — T5,X%62° — 0,1, XPda’6a7 + T I X Fda® 527, (69)

which now looks like (G7)) in the indices of the differentials. Hence, as we compute (67)) minus (69]), the zeroth and
first order terms cancel, and the remaining second order terms in (67) and (69) add with the common factor §27dx®
(differential area)

AX® = X%z + x4+ dx) — X%z + de + dx) (70a)
= (0T, X7 — 0,08, X7 4 Tg;T) X0 — T§, I, X*) 627 da® (70D)
— (09T, — 0,135 + DTy, = To, T ) X027 da. (70¢)

So, the difference of transporting the vector X< along the two separate routes around the plaquette is related
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to the curvature of the manifold as follows

AX® = R%gs, XPs27da®, (71)
and from here we arrive at our desired result and identify

the Riemann curvature tensor as

spin connection as follows:
R = dw® + w® A w. (73)

Here the Greek indices are suppressed for brevity. So, the
first step is to explicitly write out the curvature tensor in

all its indices and then to use the vierbein field to convert

Ry = 36% - 3vF%s + FZZ;FZV - FSVFE(;- (72) the Latin indices to Greek indices, which gives us
Notice, from the identity ([2), the curvature tensor is R)‘UW =ete,’ ([Lwyab — Oy + wu” W — wyacwﬂcb) .
anti-symmetric in its last two indices, R%gsy, = —Rgys. (74)

The quantity in parentheses is a spin curvature. Next,

we will use (@I, which I restate here for convenience
B. Riemann curvature from the spin connection

wuy = epteT I —eTpduer”. (75)
In this section, we will show that the Riemann curva-
ture tensor ((2) can be simply expressed in terms of the  Inserting (73] into (74 gives
|
RAUW = e*ye,? [@L (epaeTbl"ij) -0, (epaeT Iy )—BMeTbBUeTa + 0,e" 0 e (76)
+ (ep“eTcl—‘ﬁT — e‘rcaHeTa) (ep/ce bFV‘r’ — eT/bal,eT/c)
— (ep“echﬁT — eTc(?l,eT“) (ep/ceT brm" — eT/baﬂeT/c)} .

Reducing this expression is complicated to do. Since the first term in (73] depends on the affine connection I' and
the second term depends on 9,,, we will reduce (6) in two passes, first considering terms that involve derivatives of
the vierbein field and then terms that do not.

So as a first pass toward reducing ({0, we will consider all terms with derivatives of vierbeins, and show that these
vanish. To begin with, the first order derivative terms that appear with 9, acting on vierbein fields are the following:
(77a)

!
eraeo [0, (e, € p)TE. — €7c(Duer?) e, ey Tl + e, % TP e 40, err”]

—l—eAaegbepaa#eTb] I’ —e Apesle” cepe’ b(a e, I?_,

A b T a
[e aCo € p0ue) .

+ e’\aegbep“eTceT/b(’“)HeTzcl"lp,T (77Db)
= 20070, T, + 00ea0,eT T8, — 6707 eXa8uer"TY , + 6207 €™ cOuer TG, (T7c)
= e)‘a() e, Th, + egbaﬂeTbFiT - e)‘a(?#epaffja + eTb(?#engW (77d)
= 0, (eg e b) F)‘ (77e)
— 0, ()T (771)
= 0. (77g)

Similarly, all the first order derivative terms that appear with 9, vanish as well. So, all the first order derivative terms
vanish in ([Z6). Next, we consider all second order derivatives, both 0, and 9, acting on vierbein fields. All the terms
with both 9, and 9, are the following

e)‘aegbeTceTll7 (Oper*) Oper© — e gesle’ e” b(a er*) (Oper )—e wCo (8 e"p)oper” + e geo (81,87-17)8#67-(1
e, (Oper?) Opes” — e, (Over?) Opes — (&,e a) (8#80 )eTbeTa

+ (66 a)(ae )e per?

= e ae [(0per™) Bes’ — (Dper™) Oues’] — dueu0ues™ + e adues”

= —etqer “(0u€ ) Oves” + et (0v€7¢) Opes’ — ayekaaue,,a + Bue’\aa,,eg“ (78¢
= 02 (0u€7c) Duen + 62 (Dne™e) Opes’ — Bpeydues® + 0peud,en” (78d
= — (BMeAC) O,es° + (ByeAc) Opes” — ayekaaue,,“ + Bue)‘aa,,ega (78e
= 0. (78f

(78a
(78b

10
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Hence, all the second order derivative terms in (Z6) vanish, as do the first order terms. Note that we made use of the
fact 0, (e ar ) =0, so as to swap the order of differentiation,

O (ea) ex" = —e*q (Dues). (79)

Finally, as a second pass toward reducing ([Z0]) to its final form, we now consider all the remaining terms (no derivatives
of the vierbein fields), and these lead to the curvature tensor expressed solely as a function of the affine connection:

R = e [e,,aefb (0,70, — 8,10.) +e,% (T, T, — T4 T, )} (80a)
AST AST T T
= 6,07 (9,10, —9,17%,) +5p50 (Tr, I, —T0.T7..). (80b)
[
Applying the Kronecker deltas, we arrive at the final re- An identity we will need allows us to evaluate the trace
sult of M~'9,, M where M is a 2-rank tensor

R)\a,uv = 8,url)/\ 8 FA =+ Ff\rrl—ﬂ;o Fl)/\TFZ-LG” (81)

TriM~'9,M] = 9, In|M]|. (82)
which is identical to (72). If we had not already derived

the curvature tensor, we could have written (8I) down  Asan example of this identity, consider the following 2 x 2
by inspection because of its similarity to (74, essentially matrix and its inverse

replacing the spin connection with the affine connection.
_[a b 1 d —b
u=(0) (L) @

Here we assemble a number of preliminary identities A demonstration of the trace identity (82) for the sim-

V. MATHEMATICAL CONSTRUCTS

that we will use later to derive the Einstein equation. plest case of one spatial dimension is
J
_ — Oza Ozb
1 o x e
Tr [M ™0, M] = [ad 0 (_C " ) (816 azdﬂ (84a)
Ozad —b0yc  O:bd— b0,d
B ad—bc< Ogac~+ alzc —0.bc+ ad, d>} (84b)
1
[0 (ad) — Ou(be) (s1c)
0. (ad — be)
= = 7 84d
ad — be (84d)
= 0, In|M]|. (84e)
This identity holds for matrices of arbitrary size. In our A. Consequence of tetrad postulate
case, we shall need this identity for the case of 4 x 4
matrices. The tetrad postulate of Section [IL.(is that the vier-
The contravariant and covariant metric tensors are or- bein field is invariant under parallel transport
thogonal Yoo =0 (88)
per” = 0.
g)\#guv = 53\7 (85)
That the metric tensor is invariant under parallel trans-
50 port then immediately follows
guu — (g V)_l' (86) a c
o . . Viugur = Vu(es"exnap) (89a)
We also define the negative determinant of the metric oy b a b
tensor = (Vee,")ex"nay + ey (Vue,\ )nab (89Db)
g = —Detg,,. (87) @ 0 (89¢c)

11
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This is called metric compatibility.

B. Affine connection in terms of the metric tensor

Now we can make use of ([8Y) to compute the affine
connection. Permuting indices, we can write

VoG = OpGuv — Fi)\ug)\v - F;\ug;M =0 (90a)
Vugvp = Ougup — Fi\wg)\p - F;);pguk =0 (90b)
vugpu = al/gppb - Fl)/\pg)\u - Flé,ugp)\ =0. (QOC)

Now, we take (@0a) — (Q0D) — ([@0d):
3,)9;“, — OuGvp — OuGpu + 2Fi\u/g)\ﬁ =0. (91)

Multiplying through by ¢?” allows us to solve for the
affine connection

g 1 (o8
F,uu = 59 P (augup + al/gpu - apgm/) . (92)
Then, contracting the o and p indices, we have
1
Fﬁu - ig#p (augl/p =+ 8vgp,u - 3;)9#1/) (93&)
1
= 59" (0v9pu + Ougov — Opguv) (93b)

1 1
Eg””&,gp# + igup {0u9pv — Opguw} - (93c)

Since the metric tensor is symmetric and the last term in
brackets is anti-symmetric in the p p indices, the product
must vanish. Thus

1
59”’)61/9/)#' (94)
Furthermore, rewriting (@4) as the trace of the
similarity transformation of the covariant derivative
Tr[M~10,M] = 8,InDet M that we demonstrated in

B4), we have

o
I

1
Fﬁv = §TI‘ (g)\paugpu) (95&)
1
= 581, InDet g, (95b)
1
= 581, In(—g), g=—Detg,,  (95¢)
= J,Iny/—g (95d)
1
= —9,V—g¢. 95e
Nerkad (95e)
Equating ([@4) to ([@5el), we have
1
ON/—q = 5\/—gg“p81,gp‘u. (96)

For generality, we write this corollary to (@5é) as follows:

1
o/—q = 5\/—ggﬂy5g#,,. (97)

12

C. Invariant volume element

Now, we consider the transport of a general 4-vector

V,VE =9, VF+TH VA (98)
Therefore, the 4-divergence of V# is
V.VE = 9, VE 4T VA (99a)
5

0"+ = (WD) VY (990)

1
—0, (V—gV*").
\/_—g #( )
If V# vanishes at infinity, then integrating over all space
yields

/d4x\/—_gV#V“ = /d‘lxaﬂ (vV=gV*) =0, (100)

which is a covariant form of Gauss’s theorem where the
invariant volume element is

dV = /=g d*z.

(99c¢)

(101)

D. Ricci tensor

The Ricci tensor is the second rank tensor formed from
the Riemann curvature tensor as follows:

Row = Ry, = ™ Ruoo, (102)
where the Riemann tensor is
Ry = 0,10, — 0,10, + T, T, —T0,T),.  (103)
Therefore, the Ricci tensor can be written as
Ry, = 9,00, — 8,15, + 10T}, T, (104a)
= 9,0, —T) 5, —a,I%,+T;),T%,. (104b)
Now, using the correction for a covariant vector
VoA, = 0,A, =T, Ax, (105)
we can write ([04D)) as
Ry, =V, IV, =V, I, (106)

(I06) is known as the Palatini identity. The scalar cur-
vature is the following contraction of the Ricci tensor

R=g"R,,. (107)

VI. GRAVITATIONAL ACTION
A. Free field gravitational action
The action for the source free gravitational field is

Ig = ﬁ /d4x\/—_gR(x). (108)
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The equation of motion for the metric tensor can be de- where we commute the variational change with the co-
termined by varying (I08]) with respect to the metric ten-  variant derivative. Now, we can expand the third term
sor field. The variation is carried out in several stages.  on the R.H.S. of (I09) as follows:

The variation of the Lagrangian density is

6 (V=9gR) = V=gRuw 69" + Ro/—g++v/—g g“”51(%#,,.)

109
From the Palatini identity (I06]), the change in the Ricci
tensor can be written as

0R,, = =V, 0T, + VaAdT),, (110)

V—99" R, = —/—g [g‘“’V,,éFﬁA — g‘“’VAéFﬁ,J

(111a)
& —V=9 |V (¢"0T),) =Va (9" 0T, | -
N—— N—
like V¥ like V'#
(111b)
since V,,g,, = 0. Now from ([@3d) we know V, V" = ﬁay(./—gvu), so for the variation of the third term we have
V—99""oR,, = -0, (\/—g g‘“’éFﬁ/\) + Oy (\/—g QWKSF,)L/) . (111c)

These surface terms drop out when integrated over all space, so the third term on the R.H.S. of (I09) vanishes.
Finally, inserting the result (@)

1
o0/—g= V=9 9" 69,

into the second term on the R.H.S. of (I09) we can write the variation of the gravitational action (I08]) entirely in
terms of the variation of the metric tensor field

6lg = ﬁ /d4x\/—_g [Ruuég““ + %g‘“’RégW . (112)
The variation of identity vanishes,
8[0%] = 69" gral = (89"7) gra + g7 dgrn =0, (113)
from which we find the following useful identity
59" 9" grr + 9" 9" 89,2 = 0 (114)
or
39" = —g"g""b6grx. (115)
With this identity, we can write the variation of the free gravitational action as
ol = ——— [dizy=g {ng‘”g”@m - lg’“’Rcng]
167G 2
(116a)
1

1
= — 4. 1%
o /d T/ —g {R 59 R} OG- (116Db)

Since the variation of the metric does not vanish in general, for the gravitational action to vanish the quantity in
square brackets must vanish. This quantity is call the Einstein tensor

1
G" =R~ 2" R. (117)

So, the equation of motion for the free gravitation field is simply
GH = 0. (118)

13
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B. Variation with respect to the vierbein field
In terms of the vierbein field, the metric tensor is

G () = e#a(a:)e,,b(a:)nab, (119)

S0 its variation can be directly written in terms of the variation of the vierbein

59#1/ = 6epaeybnab + e,ua(seubnab (12()&)
= Jdeu"eva +epade,” (120Db)
(IIZQI) —e,0eyq — depqe,”. (120c¢)

Now, we can look upon de,, as a field quantity whose indices we can raise or lower with the appropriate use of the
metric tensor. Thus, we can write the variation of the metric as

59#1/ - _gu)\e,ua(se)\a - Q#A5€Aa8ua (120d)
= - (g,uAeua + gv)\e,ua) 5€>\a- (1206)

Therefore, inserting this into ((LI6L)), the variation of the source-free gravitational action with respect to the vierbein
field is

_ 1 4 Y32 1 v a a A
0lg = 6nC /d x/—g (R 29 R) (gw\eu + gureu )56 o (121a)
1 1 1
= 16nC /d4:v\/—g (R,\”e,,“ - 55§Reua + RMFye,® — §6§\LRe,ﬂ> sel, (121b)
T
1 1 .
=3 d*z/—g KR“,\ - 55;‘}%) eu } 6e,. (121c)

Since the variation of the vierbein field does not vanish in is as a functional derivative with respect to the metric
general, for the gravitational action to vanish the quan-

tity in square brackets must vanish. Multiplying this by 5T 1 .
g, the equation of motion is 3g =35 /d4$v —gT". (124)
nv
G"e,* =0, (122)

So, in consideration of (I23) and ([I24]), we should write

which leads to (II8) since e,* # 0. Yet ([I22)) is a more .
general equation of .rnotlon since 1t. allows cancelation ur®oer, = =T 5, (125a)
across components instead of the simplest case where 2

each component of G*" vanishes separately. @ —% T (gurer® + guren®) 56/\%(125]0)

C. Action for a gravitational source Wthh we can solve fOI' THY, DlVlleg out 66)\a and then
multiplying through by gw we get
The fundamental principle in general relativity is that
the presence of matter warps the spacetime manifold in Ba Lo (8. a 8 a
the vicinity of the source. The vierbein field allows us to u D) T (6“6” +oyen ) (126a)

quantify this principle in a rather direct way. The varia- 1 fv. a W8 a
tion of the action for the matter source to lowest order is - 9 (T7e," +THe,) (126b)
linearly proportional to the variation of the vierbein field — _TPBrga (126¢)
- 7}
ol = /d4$\/ —gux“de’a, (123) since the energy-momentum tensor is symmetric. Thus,
we have
where the components u)® are constants of proportion-
ality. However, the usual definition of the matter action TH = —ute”,. (127)

14
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Alternatively, again in consideration of (I23) and (24,
we could also write

1

ur*der, = 5fT“”5g#V (128a)
@20 1 0« a

= 3 T (de,"evq + epaden”) (128Db)

1
= 3 Ty (detqe”® + etde” ) (128¢)

1
= 3 (TAl,ée)‘aeya + T#Ae“aée)‘a) (128d)

1
= 3 (Th, €’ + Tyrel®) de?, (128e)
= Tye%el,. (128f)

This implies that the energy-stress tensor is proportional

to the vierbein field
(129)

a
Tuw = epat”.

Consequently, the variation of the energy-stress tensor is
then

0T = depqu, = gu,\ée’\auua. (130)
This can also be written as
T, = e ou,® — 6T, = e u,°. (131)

Inserting this back into the action for a graviational
source (I23]) we have

IM = /d4ZE\/—gT)\)\
= /d4:1:\/—gg’“’TW.

(132a)

(132D)

D. Full gravitational action

The variation of the full gravitational action is the sum
of variations of the source-free action and gravitational
action for matter

0l =0lg + 61n.
Inserting (I2Id) and (I32D)) into (I33) then gives

0l :/ d*z\/—g [% (R“,\ — %6§\LR) e, + u,\“] sel,.

(134)
Therefore, with the requirement that dI/g = 0, we obtain
the equation of motion of the vierbein field

(133)

(R“A — %5§R> e, = —8rGu)“. (135)
Multiplying through by e,
(R“A — %5&‘}%) eneve = —8rGeyqun® (136)
gives the well known Einstein equation
R,y — lgw\R = 871G T, (137)

2

VII. EINSTEIN’S ACTION

In this section, we review the derivation of the equa-
tion of motion of the metric field in the weak field ap-
proximation. We start with a form of the Lagrangian
density presented in (m, M) for the vierbein
field theory. Einstein’s intention was the unification of
electromagnetism with gravity.

With h denoting the determinant of |e,q| (i.e. h =
v/—g), the useful identity

1
5v—g:§v—g¢”5mw

can be rewritten strictly in terms of the vierbein field as
follows

1
oh = §hg“”59w, (138a)

1
= §hgul/5(euaeub) Nab (138b)

1 1
= §hg“”<56u“eubnab+ Ehg”l’euaée,jbnab (138¢)

1 1
= §h de, ety + §h e’pde,’ (138d)
= hde, e",. (138e)
A. Lagrangian density form 1
With the following definition
v 1 va
s = 53¢ (0seaa — OntBa)s (139)

the first Lagrangian density that we consider is the fol-
lowing:

L = thV Aug Auga (140&)
h
= 79" (D3¢0 — Oucpa) Duin — Ducan).

(140D)

For a weak field, we have the following first-order expan-
sion

€pa = Opa — Ko+ - (141)
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The lowest-order change (2nd order in 0h) is

h
5;6 = Znﬂyaaaaﬁb(aﬁk#a - 8;Lkﬁa)(8akyb — 8vkab)
(142a)
h
= " Ok, = 0uks™)(Daks” — Ouka”)  (142b)
h
= Zn#’/(aﬁkﬁaakf — Ok, 0, ko (142c)
— 0k Oak” + 0,570 ko)
- % (2 Bk 0k = 0k, "0,k (1420)
— D,k Bk + nﬂ”a#kﬁaaykaﬂ)
= % (=n"*0s0u k" + 0" 030, k. (142e)
+ 18,8, k" — 0" 9,0, ks) ko (142f)

So ¢ [d*z £ = 0 implies the equation of motion
— 050, k™ + 00, k" + 0%0,ks" — O?ks™ =0 (143a)
or
kg™ — 0,05k + 050,k — 0,0%ks" = 0.

The above equation of motion ([I43D) is identical to
Eq. (5) in Einstein’s second paper.

(143D)

B. Lagrangian density form 2

Now the second Lagrangian density we consider is the
following:

L= hgug* g’ AL AL, (144a)

h
= Zgw,go‘”gwe““e”b (0seaa — On€pa) (Oreop — Onerp) .
(144b)

We will see this leads to the same equation of motion that
we got from the first form of the Lagrangian density. The
lowest-order change is

0L= %ﬁuunwnﬁwwyb (aﬁkaa - 6akﬂa) (areob - aaerb)
(145&)
(Oskaw — Buks) (Drko” — Bpks”) (145D)

ao, BT

h
477 n
% (Opkar — Dakpy) (7K™ — 9°kPY) (145¢)
% (05kar0° k™ — O5kan0°KP" — 0akp, 0" k™"
+ Oakp, 0°K") (145d)

h’ (6774 (6% v (6% v
Z(&gkmﬁﬁk — Dk 0%k — Ok, 0K

+ 0kan 0P k™) (145¢)
h ov [e3 v
= 5 (-0°k* + 050 k) kg (145f)
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This implies the following:

D’k — 00k =0 (146a)

or

kg™ — 0,05k = 0. (146b)

These are the first two terms in Einstein’s Eq. (5).
Notice that we started with a Lagrangian density with

the usual quadratic form in the field strength of the form

([I45d), which is

h
L= g FOPY (147)

where the field strength is
FoPv = 9okPv — 9Pk, (148)

If we had varied the action with respect to k%”, then we
would have obtained the same equation of motion (I461).

C. First-order fluctuation in the metric tensor

The metric tensor expressed in terms of the vierbein
field is

(53 + kaa) (6,6’11 + kﬁa) . (149)

Jap = eaaeﬁa

So the first order fluctuation of the metric tensor field is
the symmetric tensor

JoB = Gap — 0ap = kap + kpa -+~ (150)

We define the electromagnetic four-vector by contracting
the field strength tensor

ou =M, = %eo‘“ (On€pa — Op€aa) - (151)
This implies
1
ou = 50 (Oakua = ukaa) (152)
so we arrive at
20, = Oaky™ — 0,k (153)

D. Field equation in the weak field limit

The equation of motion for the fluctuation of the met-
ric tensor from the first form of the Lagrangian density
is obtained by adding (I43D)) to itself but with a and S
exchanged:

82kﬁa — 8*‘85@& + 3;—33”]6&# — 3‘“(9akﬁ#
+0%kap — 0" ks + Oa®Pksy — 0"Opkay = 0,
(154)
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which has a cancellation of four terms leaving

0%Gap — 0"Onkpp — 0" 95kyua = 0. (155)
Similarly, we arrive at the same result starting with the
equation of motion for the fluctuation of the metric ten-
sor obtained from the second form of the Lagrangian den-
sity, again by adding (I46a)) to itself but with o and 8
exchanged:

?kgo — 0" Opkya

) (156)
+0 kaﬁ — 6#(9(1/6”5 =0.

In this case, the sum is exactly the same as what we just
obtained in (I53]) but with no cancellation of terms

0%Gap — 0" Oukyp — 0" ke = 0. (157)
Using ([I53) above, just with relabeled indices,
200 = Oyukia — Dokt (158)

Taking derivatives of (I58) we have ancillary equations
of motion:

— 0,05k’ + 00k, = —20500 (159a)

and

— (9M6a/€5‘u + 8a85ku“ = —280[505. (159b)

Adding the ancilla (I59) to our equation of motion (I57)
gives
= 0°Gap + 0"0a(kus + kpp) + 0" (Kua + kap)
— 28a85kﬁ e 2(85<pa + (%gaﬁ).
(160)

Then making use of (IE0) this can be written in terms of
the symmetric first-order fluctuation of the metric tensor

[iv"0,, — m] () = [i”y“ (A_l)yu(?l, — m} U(A)y (A_lzzr)

B. Invariance in curved space

Switching to a compact notation for the interior
Lorentz transformation, A% =U(A), (I6D) is

A3y Ay = A on°, (166)

field

<—82@ + 0"0aG,5 + 0"08Gna — 8a8ggy_“)

N =

= 9ppa + Oapps- (161)
This result is the same as Eq. (7) in Einstein’s second
paper. In the case of the vanishing of ¢, (IGI]) agrees to
first order with the equation of General Relativity

Rq5 =0. (162)
Thus, Einstein’s action expressed explicitly in terms of

the vierbein field reproduces the law of the pure gravita-
tional field in weak field limit.

VIIl. RELATIVISTIC CHIRAL MATTER IN CURVED
SPACE

A. Invariance in flat space

The external Lorentz transformations, A that act on
4-vectors, commute with the internal Lorentz transfor-
mations, U(A) that act on spinor wave functions, i.e.

(A%, U(A)] = 0. (163)
Note that we keep the indices on U(A) suppressed, just
as we keep the indices of the Dirac matrices and the com-
ponent indices of ¢ suppressed as is conventional when
writing matrix multiplication. Only the exterior space-
time indices are explicitly written out. With this con-
vention, the Lorentz transformation of a Dirac gamma
matrix is expressed as follows:

UN)TIHMU(A) = Aoy (164)

The invariance of the Dirac equation in flat space

under a Lorentz transformation is well known

(Peskin and Schroeder, [1995):
(165a)
U(AU(A)! [w# (A1) 9, — m} U(A)y (A ) (165b)
U(A) [z U U A (A8, - m} b (A1) (165¢)
V(A8 —m] v (A1) (165d)
(A_l)ylﬂ”&, - m} ¢ (A '2) (165¢€)
[i 62470, —m]v (A ') (165f)
(165g)

where I put a minus on the subscript to indicate the in-
verse transformation, i.e. A_1 = U(A)~t. Of course,
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exterior Lorentz transformations can be used as a simi- C. Covariant derivative of a spinor field
larity transformation on the Dirac matrices
" The Lorentz transformation for a spinor field is
AF oy (A ) by ~. (167)
1 ab
Below we will need the following identity: A% =1+ 5)\‘“’ 5% (173)
{I63) » where the generator of the transformation is anti-

A afA—1\ A a -1
Are?ay" (A7) A AsA_s (A"xe?ay") Ay (AT psymmetric S% = —5% . The generator satisfies the fol-

(168a) lowing commutator

1 1
2 2

BED ), (A73er ) (A1), [S™,89] = pdsh 4 fighd — sk —pfaghi - (174)
(168b) Thus, the local Lorentz transformations (LLT) of a
@ ALAZ 3y (168¢) Lorentz 4—\'/ecto'r, 2% say, and a Dirac 4-spinor, 1) say,
3 are respectively:
We require the Dirac equation in curved space be invari- LLT: 2% = /% = A% g (175)
ant under Lorentz transformation when the curvature of
space causes a correction I',,. That is, we require and
ea 7 (Op+Tu) () LLT: ¢ =4 = A1), (176)

LLT wooA a —1\V / —1
— Aty (A ) (0, +T )Alw(A z)  (16%) The covariant derivative of a 4-vector is

_ wo N afpA—1 N ) ’'As -1
A AE QY (A ) [X§ (a +A FUA,) ’(/J(A :E) V'yXa :87XQ+F%,YXB, (177)

o
A La 1\¥
+A%e (A ) ( ) (A lw) (169b) and the 4-vector at the nearby location is changed by the

curvature of the manifold. So we write it in terms of the
(IEE) v\ .a ! -1
= A%A A€ Y Kau + AféFvA%) V(AT 2) original 4-vector with a correction
FAy (94 wa~) (169) X0+ b2%) = X7 () ~ T3 @) XP (@)oa”,  (178)
= A%AVAeAa”Y (0, +T) as depicted in Fig.
~ Ty + A sTLAs +A 40, (A%) Jp(A~ ).
- 50 (2) XP (z)52”
169d
( ) X (x) Xl (x + ox)
In the last line we added and subtracted I',,. To achieve
invariance, the last three terms in the square brackets - o 5go
must vanish. Thus we find the form of the local “gauge” r &7+ 0%
transformation requires the correction field to transform
as follows: FIG. 3 Depiction of the case of an otherwise constant field dis-
torted by curved space. The field value X%(z) is parallel trans-
I, + A_;F;,Al +A_10, (Al) =0 (170&) ported along the curved manifold (blue curve) by the distance dz¢
2 2 2 2 going from point z% to ® + dz*.
or
Likewise, the correction to the vierbein field due the
o . )
B A%F”A—% %y (A%) A 3 (170b) curvature of space is
Therefore, the Dirac equation in curved space el (z + 0z%) = el (z) — FZL (z)eP 1 (x)dz™.  (179)
e a(@)Duy —my =0 (171) The Lorentz transformation of a 2-rank tensor field is
is invar%ant und.er a Lorentz transfqrmation provided the A% A% Ny, = Nty (180)
generalized derivative that we use is
Moreover, the Lorentz transformation is invertible
Dy =0,+T1,, (172)

Al =65 = AA,, (181)
where T'), transforms according to (I70D). This is anal-
ogous to a gauge correction; however, in this case I';, is where the inverse is obtained by exchanging index labels,

not a vector potential field. changing covariant indices to contravariant indices and

18
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contravariant to covariant. In the case of infinitesimal

transformations we have

Aj(z) =68 + X'j(), (182)

where

0=\jj +Aji = A9 + M7, (183)
Lorentz and inverse Lorentz transformations of the

vierbein fields are
e (x)

= Ap(x)e! () (184)

and

(185)

e'n(x) = A (z)e", (@),

where temporarily I am putting a bar over the trans-
formed vierbein field as a visual aid. Since the vierbein
field is invertible, we can express the Lorentz tranforma-
tion directly in terms of the vierbeins themselves

&,” (x)e!n(x)

Now, we transport the Lorentz transformation tensor it-
self. The L.H.S. of (I8d) has two upper indices, the Latin
index a’ and the Greek index u, and we choose to use the
upper indices to connect the Lorentz transformation ten-
sor between neighboring points. These indices are treated
differently: a Taylor expansion can be used to connect a
quantity in its Latin non-coordinate index at one point
to a neighboring point, but the affine connection must be
used for the Greek coordinate index. Thus, we have

AY (). (186)

A o(z + 02%) e Mz + 02!l (x4 62*) (187a)

_ s h éHh «@ i o

= €, (96)4-@596 et (x + dz%)
(187Db)

am@ (., gel
= |e)(x)+ 8; Sx (187c)
X (e“ - Fga(x)eﬂk(x)éxa)
oe

= 5,}; 8xﬂ E— Fgaeﬂk&ﬂaé#h
(187d)

= < ﬁa’# ) el Lox
(187e)

— ( #10aC), —Fga_#h ef )5x
(187f)

_ h h a

= 0 —wq g0z, (187g)

where the spin connection
wo'y = —e"k0ae, + Tl e, el (188)
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is seen to have the physical interpretation of generalizing
the infinitesimal transformation (I8Z) to the case of in-
finitesimal transport in curved space. Relabeling indices,
we have

wuy = —e"p0ue," +17,e,%€" (189a)
= —e" (Ope” —T7,e5%) (189b)
= —e",) Ve, (189c¢)

where here the covariant derivative of the vierbien 4-
vector is not zero.'? Writing the Lorentz transformation
in the usual infinitesimal form

APy =6l 4 2Py, (190)
implies
Mo = —wly 6z (191a)
= ¢k (Vae,") 62 (191b)
or
Mg = €7 (Vaepn) 622, (191c)

Using ([[73)), the Lorentz transformation of the spinor
field is

A = (1 + %)\hk shk> Y =1+ 5. (192)
This implies the change of the spinor is
1
S = 56% (Vaesn) 628" ) (193a)
= Tatp bz, (193b)

where the correction to the spinor field is found to be

1

Fa = 566k (Vae/ah) Shk (194&)
1

= 566k (6a66h — Fzﬁegh) Shk (194b)

1
566k (Oaepn) S™F — —Fuﬁ(eghe )S™* (194c¢)

%eﬁk (8aegh) Shk, (194(1)

where the last term in ([94d) vanishes because e,;e?}, is
symmetric whereas S* is anti-symmetric in the indices
h and k. Thus, we have derived the form of the covariant
derivative of the spinor wave function

Dy = Oup + Ty
<a# - %eﬁkvﬂegh Shk) ¥ (195b)

(195a)

1
(au + 5e5k Ouesn Shk> ¢, (195¢)

12 Remember the Tetrad postulate that we previously derived
Ve = 0uer® —ecI'y, +wu“beub =0

is exactly (IR9H).
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This is the generalized derivative that is needed to cor-
rectly differentiate a Dirac 4-spinor field in curved space.

IX. CONCLUSION

A detailed derivation of the Einstein equation from the
least action principle and a derivation of the relativistic
Dirac equation in curved space from considerations of
invariance with respect to Lorentz transformations have
been presented. The field theory approach that was pre-
sented herein relied on a factored decomposition of the
metric tensor field in terms of a product of vierbein fields
that Einstein introduced in 1928. In this sense, the vier-
bein field is considered the square root of the metric ten-
sor. The motivation for this decomposition follows natu-
rally from the anti-commutator

{e"a(@)y", ey (27"} = 29" (2),

where v* are the Dirac matrices. Dirac originally dis-
covered an aspect of this important identity when he
successfully attempted to write down a linear quantum
wave equation that when squared gives the well known
Klein-Gordon equation. Thus, dealing with relativistic
quantum mechanics in flat space, Dirac wrote this iden-
tity as

(196)

{77} = 2n, (197a)

where n = diag(1, —1, —1, —1). Einstein had the brilliant
insight to write the part of the identity that depends on
the spacetime curvature as

elo(x)e y(z)n® = gh (). (197b)
Combining ([97a) and (I97D) into ([I98) is essential to

correctly develop a relativistic quantum field theory in
curved space. However, (I97D) in its own right is a suf-
ficient point of departure if one seeks to simply derive
the Einstein equation capturing the dynamical behavior
of spacetime.
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Riemann geometry with preservation of the concept of distant parallelism

A. Einstein
June 7, 1928

Riemann geometry led in general relativity to a phys-
ical description of the gravitational field, but does not
yield any concepts that can be applied to the electromag-
netic field. For this reason the aim of theoreticians is to
find natural generalizations or extensions of Riemann ge-
ometry that are richer in content, in hopes of reaching a
logical structure that combines all physical field concepts
from a single point of view. Such efforts have led me to
a theory which I wish to describe without any attempt
at physical interpretation because the naturalness of its
concepts lends it a certain interest in its own right.

Riemannian geometry is characterized by the facts that
the infinitesimal neighborhood of every point P has a
Euclidian metric, and that the magnitudes of two line el-
ements that belong to the infinitesimal neighborhoods of
two finitely distant points P and @ are comparable. How-
ever, the concept of parallelism of these two line elements
is missing; for finite regions the concept of direction does
not exist. The theory put forward in the following is char-
acterized by the introduction, in addition to the Riemann
metric, of a “direction,” or of equality of direction, or of
“parallelism” for finite distances. Correspondingly, new
invariants and tensors will appear in addition to those of
Riemann geometry.

l. n-BEIN AND METRIC

At the arbitrary point P of the n-dimensional con-
tinuum erect an orthogonal n-Bein from n unit vectors
representing an orthogonal coordinate system. Let A, be
the components of a line element, or of any other vector,
w.r.t. this local system (n-Bein). For the description of
a finite region introduce furthermore the Gaussian coor-
dinate system x¥. Let AY be the v-components of the
vector (A) w.r.t. the latter, furthermore let h,” be the
v components of the unit vectors that form the n-Bein.
Then!3

AV =RV Aq - (1)

By inverting (1) and calling h,, the normalized sub-
determinants (cofactor) of h,” we obtain

AT = hEAR (1a)

The magnitude A of the vector (A), on account of the
Euclidian property of the infinitesimal neighborhoods, is

13 'We use Greek letters for the coordinate indices, Latin letters for
Bein indices.

given by
A2 = A2 = hyahy AMAY - (2)

The metric tensor components g,,, are given by the for-
mula

Guv = h,uahuav U (3)

where, of course, the index a is summed over. With fixed
a, the h,” are the components of a contravariant vector.
The following relations also hold:

hpalg =0, - (4)

huahg = 6ab7 to (5)

where § = 1 or 6 = 0 depending on whether the two in-
dices are equal or different. The correctness of (4) and
(5) follows from the above definition of h,, as normal-
ized subdeterminants of h. The vector character of h,,
follows most easily from the fact that the left hand side,
and hence also the right hand side, of (1a) is invariant un-
der arbitrary coordinate transformations for any choice
of the vector (A).

The n-Bein field is determined by n? functions h%,
while the Riemann metric is determined by merely w
quantities g,,. According to (3) the metric is given by
the n-Bein field, but not vice versa.

Il. DISTANT PARALLELISM AND ROTATIONAL
INVARIANCE

By positing the n-Bein field, the existence of the Rie-
mann metric and of distant parallelism are expressed si-
multaneously. If (A) and (B) are two vectors at the
points P and @ respectively, which w.r.t. the local n-
Beins have equal local coordinates (i.e. A, = B,) they
are to be regarded as equal (on account of (2)) and as
“parallel.”

If we consider only the essential, i.e. the objectively
meaningful, properties to be the metric and distant par-
allelism, we recognize that the n-Bein field is not yet com-
pletely determined by these demands. Both the metric
and distant parallelism remain intact if one replaces the
n-Beins of all points of the continuum by others which
result from the original ones by a common rotation. We
call this replaceability of the n-Bein field rotational in-
variance and assume: Only rotationally invariant math-
ematical relationships can have real meaning.



Keeping a fixed coordinate system, and given a metric
as well as a distant parallelism relationship, the h," are
not yet fully determined; a substitution of the h,” is still
possible which corresponds to rotational invariance, i.e.
the equation

A =domAm - (6)

where the dg,, is chosen to be orthogonal and indepen-
dent of the coordinates. (4,) is an arbitrary vector w.r.t.
the local coordinate system; (A?) is the same one in terms
of the rotated local system. According to (la), equation
(6) yields

R0 AP = By A

or
h;a = damhuma to (68“)
where
damdbm = dmadmb = 5(1177 o (Gb)
Odam
S (6c)

The assumption of rotational invariance then requires
that equations containing h are to be regarded as mean-
ingful only if they retain their form when they are ex-
pressed in terms of h* according to (6). Or: n-Bein fields
related by local uniform rotations are equivalent. The
law of infinitesimal parallel transport of a vector in going
from a point (2¥) to a neighboring point (z¥ + dz¥) is
evidently characterized by the equation

dA, =0 --- (7)
which is to say the equation

0= d(hp,A") = %AMCM + hyad A" = 0.

Multiplying by hZ and using (5), this equation becomes

dA” = —AJ Artdz”™
where (7a)
AU — pvro Ohpa
po Ik
This parallel transport law is rotationally invariant and is
unsymmetrical with respect to the lower indices of A .
If the vector (A) is moved along a closed path accord-
ing to this law, it returns to itself; this means that the
Riemann tensor R, defined in terms of the transport co-
efficients A},
- OAY,  OA] - ;
b =~ Sk AL AR AL AR

will vanish identically because of (7a)—as can be verified
easily.

Besides this parallel transport law there is another
(nonintegrable) symmetrical law of transport that be-
longs to the Riemann metric according to (2) and (3).
It is given by the well-known equations

dAY = T, Arde”
(8)

v _ 1 va [ 99ua dg _ 99uc
Lo =39 (817' T Dar = Dae ) -

The I'; symbols are given in terms of the n-Bein field A
according to (3). It should be noted that

g"" = hihg. - 9)
Equations (4) and (5) imply
9" gux = 8

which defines g"” in terms of g,,. This law of transport
based on the metric is of course also rotationally invariant
in the sense defined above.

I11. INVARIANTS AND COVARIANTS

In the manifold we have been studying, there exist, in
addition to the tensors and invariants of Riemann geom-
etry, which contain the quantities h only in the combi-
nations given by (3), further tensors and invariants, of
which we want to consider only the simplest.

Starting from a vector (A") at the point (z”), the two
transports d and d to the neighboring point (2 + da*)
result in the two vectors

A” +dAY
and
AV + dA”.
The difference
dA” —dA” = (TY; — AL ) A%da”
is also a vector. Hence
as — Aagp
is a tensor, and so is its antisymmetric part

1 v v
5( af _ABoz) =

The fundamental meaning of this tensor in the theory
here developed emerges from the following: If this tensor
vanishes, the continuum is Euclidian. For if

Ohea  Ohga
+ =2 ) (10)

IR

0=2AY;=h"
op ( ozf Oz
then multiplication by h,; yields

_ Ohab . Ohgy
L Oz’

0



We can therefore put

hab - @
The field is therefore derivable from n scalars ¥;,. We
choose the coordinates according to the equation

Uy, = 2b. (11)

Then, according to (7a) all Af; vanish, and the hy, as
well as the g,,,, are constant.

Since the tensor Ay 5 is evidently also formally the sim-
plest one allowed by our theory, the simplest character-
ization of the continuum will be tied to A7z, not to the
more complicated Riemann curvature tensor. The sim-
plest forms that can come into play here are the vector

Aﬁa
as well as the invariants
g“”AfjﬁAfo and gu,,go“’gBTAgﬁA”

oT"

From one of the latter (or from linear combinations) an
invariant integral J can be constructed by multiplication

with the invariant volume element
h dr,

where h is the determinant of |h, |, and dr is the product
dxy ...dzr,. The assumption

0J =0

yields 16 differential equations for the 16 values of h,q.
Whether one can get physically meaningful laws in this
way will be investigated later.
It is helpful to compare Weyl’s modification of Rie-
mann’s theory with the theory developed here:

WEYL: Comparison neither of distant vector
magnitudes nor of directions;

RIEMANN: Comparison of distant vector
magnitudes, but not of distant directions;

THIS THEORY: Comparison of distant vec-
tor magnitude and directions.



Einstein’s 1928 manuscript on unification of gravity and electromagnetism



New possibility for a unified field theory of gravity and electricity

A. Einstein
June 14, 1928

A few days ago I explained in a short paper in these
Reports how it is possible to use an n-Bein-Field to for-
mulate a geometric theory based on the fundamental
concepts of the Riemann metric and distant parallelism.
At the time I left open the question whether this the-
ory could serve to represent physical relationships. Since
then I have discovered that this theory—at least in first
approximation—yields the field equations of gravity and
electromagnetism very simply and naturally. It is there-
fore conceivable that this theory will replace the original
version of the theory of relativity.

The introduction of distant parallelism implies that ac-
cording to this theory there is something like a straight
line, i.e. a line whose elements are all parallel to each
other; of course such a line is in no way identical to a
geodesic. Furthermore, in contrast to the usual general
theory of relativity, there is the concept of relative rest of
two mass points (parallelism of two line elements which
belong to two different worldlines.)

In order for the general theory to be useful immediately
as field theory one must assume the following:

1. The number of dimensions is 4 (n = 4).

2. The fourth local component A, (a = 4) of a vector
is pure imaginary, and hence so are the components
of the four legs of the Vier-Bein, the quantities h*y4
and hu4'l4

The coefficients g, (= huahva) of course all become real.
Accordingly, we choose the square of the magnitude of a
timelike vector to be negative.

I. THE UNDERLYING FIELD EQUATION

Let the variation of a Hamiltonian integral vanish for
variations of the field potentials h,q (or k% ) that vanish
on the boundary of a domain:

I R

9= hg™ MG AL, (1a)

4 Instead one could also define the square of the magnitude of the
local vector A to be A% + A% + A% — AZ and introduce Lorentz
transformations instead of rotations of the local n-Bein. In that
case all the h’s would be real, but the immediate connection with
the general theory would be lost.

where the quantities h (= det huq), g"”, and Af}, are
defined in (9) and (10) of the previous paper.

Let the h field describe the electrical and the gravita-
tional field simultaneously. A “purely gravitational field”
results when equation (1) is fulfilled and, in addition,

b= Al @)

vanish, which represents a covariant and rotationally in-
variant subsidiary condition.!?

Il. THE FIELD EQUATION IN THE FIRST
APPROXIMATION

If the manifold is the Minkowski world of special rela-
tivity, one can choose the coordinates in such a way that
hll = h22 = h33 = 1, h44 = j (: \/—_1), and that all
other h’s vanish. This set of values is somewhat inconve-
nient for calculation. For that reason we prefer to choose
the x4 coordinate in this § to be pure imaginary; in that
case the Minkowski world (absence of any field when the
coordinates are chosen appropriately) can be described
by

hua = 0pa -+ (3)

The case of infinitely weak fields can be represented suit-
ably by

h,ua = 5,ua + k,uoc o (4)

where the k,,, are small quantities of first order. Neglect-
ing quantities of third or higher order we must replace
(1a) by (1b), considering (10) and (7a) of the previous
paper:

5 = _1 Okpa _ O0ksa Ok, _ Okap
4 \ Oxg Oz, O0za Oz, .

(1b)
After variation one obtains the field equations in the first

approximation

Pkga 0%k
ox?  Ov,0vg

Phap ks
O0xglzx,  0x,0xq

=0. - (5)

15 Here there remains a certain ambiguity of interpretation, because

one could also characterize the pure gravitational field by the
9P 9y
oz, E

vanishing of



These are 16 equations!® for the 16 components k,g. Our
task now is to see whether this system of equations con-
tains the known laws of the gravitational and electromag-
netic fields. For this purpose we must introduce g,g and
¢o in (5) in place of kop. We must put

Gap = haah,é’a = (5o¢a + kaa)(éﬁa + kBa)'
Or, exact to first order,
9ap = 0ap =GJap = kap + kpa- - (6)
From (2) one also gets the quantities to first order exactly

_ Okay  Okyy
a Oz, 0xq

20, (2a)

By exchanging « and § in (5) and adding to (5) one gets

0%Tas  0%kua 0%k s

ox?  Oz,0r5  0x,01, =0

If one adds to this equation the two following equations
which follow from (2a)

_ Pkap Pkpp _2%
O0r,0rg  O0rglzre O0xg
ks %k _ _2%
0z, 0x,  Oxa0x3 0xs’
then one obtains, in view of (6),
1(_ 9Gas | PGua | PGus PG
2 Ox?  Or,drg  0v,0T4 01,078
_ 0¢a | O¢p
- Ozp * 0o (7)

The case of vanishing electromagnetic fields is character-
ized by the vanishing of ¢,. In that case, (7) agrees to
first order with the equation of General Relativity

Ras =0

(where Rqp is the once reduced Riemann tensor.) Thus
it is proved that our new theory correctly reproduces the
law of the pure gravitational field in the first approxima-
tion.

By differentiating (2a) with respect to z, and taking
into account the equation obtained from (5) by reducing
with respect to a and 3 one obtains

%:0_... (8)

0xq
Noting that the left side Log of (7) obeys the identity

0 1
8—175 (Laﬂ - 56016-[/(7(7) - 07

we find from (7) that

82¢a 82¢5 _ i 8(250 o
656% 0ra0x5 0T \ 025 )
or
Poa
e 0. ... 9)

Equations (8) and (9) together are known to be equiv-
alent to Maxwell’s equations for empty space. The new
theory therefore yields Maxwell’s equations in first ap-
proximation.

The separation of the gravitational field from the elec-
tromagnetic field appears artificial according to this the-
ory. And it is clear that equations (5) imply more than
(7), (8), and (9) together. Furthermore, it is remarkable
that in this theory the electric field does not enter the
field equations quadratically.

Note added in proof: One obtains very similar results
by starting with the Hamiltonian

9 = hgug* g TN gAY

There is therefore at this time a certain uncertainty with
respect to the choice of .



