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Abstract—The accuracy of different transfer matrix ap- states are found by energy scans, or Schrodinger-Poisson
proaches, widely used to solve the stationary effective mss solvers working in an iterative mannér [3]. Besides prawii
Schrodinger equation for arbitrary one-dimensional potentials, accurate results at moderate computational cost, an tigori

is investigated analytically and numerically. Both the cas of a . ted to b icall bust d traiahtf d
constant and a position dependent effective mass are coneigd. 'S €XPected 10 be numerically robust, and a straightiorwar

Comparisons with a finite difference method are also perforred. implementation is also advantageous.
Based on analytical model potentials as well as self-contst Besides transfer matrices, also other methods are frelguent
Schrodinger-Poisson simulations of a heterostructure devicelt  ysed, in particular finite difference or finite element schem
is shown that a symmetrized transfer matrix approach yieldsa 171 g For scattering state calculations, they are cdmpl
similar accuracy as the Airy function method at a significanty ted b itable t th d diti i |
reduced numerical cost, moreover avoiding the numerical pob- men ed Dy suitable ran;paren oundary conditions, ragu
lems associated with A”‘y functions. n the Quantum Tl‘ansmlttlng Boundary Method (QTBNI) [7],
. . [Q]. The transfer matrix method tends to be less numerically
Index Terms—Quantum effect semiconductor devices, Quan- ble th h . ; ltiol ded basri
tum well devices, Quantum theory, Semiconductor heterojup- Stable than the QTBM, since for multiple or extended basrier
tions, Eigenvalues and eigenfunctions, Numerical analysi Tun- numerical instabilities can arise due to an exponentiakbfo
neling, MOS devices caused by roundoff errors|[7]. This issue can however be
overcome, for example by using a somewhat modified matrix

|. INTRODUCTION approach, the scattering matrix method![10]. In this cdse, t

RANSFER matrix methods provide an important todfansfer matrices of the individual_ segments are not_used to
T for investigating bound and scattering states in quantufmpute the overall transfer matrix, but rather the_soager
structures. They are mainly used to solve the one-dimeakioR1atrix of the structure. In addition, transfer matrices éhav
Schrodinger or effective mass equation, e.g., to obtae tA)any practical properties, such as their intuitivenessigar
guantized eigenenergies in quantum well heterostrucames ularly for scattering states, the intrinsic current comaton,
metal-oxide-semiconductor structures or the transmissim and the exact treatment of potential steps, which ariseeat th
efficient of potential barriers[[1],[12],[13],[T4]. Analyta int_erfaces of differing materials. This makes them esplgci_a
expressions for the transfer matrices are only available $Hitable and popular for 1-D heterostructures or metat@sxi
certain cases, as for constant or linear potential secamas Semiconductor structures, providing a simple, accurai an
potential steps]4]. An arbitrary potential can then betwea €fficient simulation method [2]. _
by approximating it for example in terms of piecewise consta AS mentioned above, transfer matrices are usually based
or linear segments, for which analytical transfer matricé¥! & piecewise constant or piecewise linear approximation
exist. For constant potential segments, the matrices avedbaCf @n arbitrary potential, giving rise to exponential andyAi
on complex exponential$ [1]][2], while the linear potehtigfunction solutions, respectively. The main strength of Aliy
approximation requires the evaluation of Airy function} [2 function approach is that it provides an exact solution for

Many applications call for highly accurate methods, e.gStructures consisting of piecewise linear potentials, lagice
quantum cascade laser structures where layer thickn€8dy requires few segments for approximating almost linear
changes by a fewA already lead to significantly modified potentials with sufficient accuracy. On the other hand, Airy
wavefunctions, resulting in altered device propertiés [6]. functions are much more computationally demanding than
Also numerical efficiency is crucial, especially in caseeveh exponentials, and also prone to numerical overflow for negjio
the Schrodinger equation has to be solved repeatedly. ExaMith nearly flat potential [T1]. Thus, great care has to betak

ples are the shooting method where the eigenenergies otibolfhavoid these problems, and to evaluate the Airy functions i
an efficient way [[1P2].
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— m; — mj, at the end of the segment/[2]. The solution of

// ~~ (@) is for z; < z < z;,, then given by
¥ (z) = Ajexplik; (z — z;)] + Bjexp [—ik; (z — )], (2)

®) 1 P \\ where k; = /2m* (E —Vj)/h is the wavenumber (for
/ E < Vj, we obtaink; = ir; = i\/2m} (V; — E)/h) [2].

The matching conditions for the wavefunction at the potdnti
step read

5 » Y (z0+) =9 (20—),
v 0.9 (204+)] /m* (20+) = [0 (z0-)] /m* (20—),  (3)

7l I i+ J+ J#+2 j+3 j+4

wherezyp+ andzy— denote the positions directly to the right
Fig. 1. Various transfer matrix schemes applied to segrdepttential. and left of the step, here located a3 = Zj+1 [4]. The

Shown is the exact (solid line) and approximated (dashes) lmotential. (a) ; ) ) ) )
Piecewise constant potential approximation. (b) Piecewisear approxima- amp“tUdeSAJ"'l and Bji1 are related tod; and B; by
Ajn A
! =T . 1 J 4
Bj-ﬁ-l J.J+ Bj ) ( )

tion. (c) Piecewise contant approximation for symmetrigeahsfer matrix. (
transfer_matnx scheme. I.n this paper, we evalu_ate the acyur, wh the transfer matrix

and efficiency of the different transfer matrix approaches,

taking into account both bqund and scattering states. B thi Tjii1 = Tjii1 Ty (A)
cpntex_t, a_nalytlcal expressions for the correspondinglloc Bisaths jikyA;  Bita—fi -ik;A,
discretization error are derived. We furthermore evaluihee = g.zﬂjilg. ' 52ﬂj11/5- ' . (5)
different approaches numerically on the basis of an arcaljyi %elkﬁj PLtatls o=iki A
solvable model potential, and also draw comparisons to the

QTBM. In particular, we demonstrate that a symmetrize‘équaﬂ_on [[b) is the product of the transfer matrix for a flat
exponential matrix approach is able to provide an accuraggtential

28541

comparable to that of the Airy function method, without ok A 0
having its problems and drawbacks. In our investigation, we T; (Aj) = ( 0 e—ikA, > ; (6)
will consider both the case of a constant effective mass and
the more general case of a position dependent effective. masstained from[(R), and the potential step matrix
L (B +Bi Bini— B
[I. TRANSFER MATRIX APPROACH T oy = J+1 J Pl J 7
Jj—j+1 2ﬂj+1 ( ﬂj+1 _ ﬂ] Bj+l +ﬂ] ( )

In a single-band approximation, the wavefunctign of
an electron with energ)E in a one—dimensional quantumwith 8; = k; /m?, derived from[(B)[4]. The relation between
structure can be described by the effective mass equation the amplitudes at the left and right boundaries of the stnegt

72 1 Ay, By and Ay, By, can be obtained from
——0,——0,+V(z) — E|9¥(z) =0. Q)
2 “m*(z) A A
Vo) =T nTn-an T 0
Here, the effective mass:* and the potential’ generally By -b B W
depend on the positioa in the_ structure. For applying the (T T Ao ®)
transfer matrix scheme, we divide the structure into segspen T\ Ty T By )’

see Fig[dL, which can vary in length. Potential and effective

mass discontinuities can be treated exactly in transferixnatwhere NV is the total number of segments. For bound states,
approaches by applying corresponding matching conditiois equation must be complemented by suitable boundary
To take advantage of this fact and obtain optimum accurag@nditions. One possibility is to enforce decaying solsiat

the segments should be chosen so that band edge disdbg-boundariesd, = By = 0, corresponding tdl%; = 0
tinuities, as introduced by heterostructure interfacesndt in (8), which is satisfied only for specific energiés the

lie within a segment, but rather at the border between tvgenenergies of the bound states [2].
segments. For the piecewise linear potential approach (Fig. 1(b)}, th

potential in each segmertitis linearly interpolatedV (z) =

V} + ij,j (Z — Zj) for zj <z<zj+ Aj = Zjt1, with ij,j =
(Vj+1 — V;) /A;. Equation[(1L) can then be solved analytically
in terms of the Airy functionsAi and Bi [2],

A. Conventional transfer matrices

For the piecewise constant potential approach (Fig. 1ifz9),
potential and effective mass in each segmgmtre approxi-
mated by constant values, e.§; = V (z;), m; = m* (2;)
for z; < z < z; + A; = zj11, and a jumpV; — Vi,

1ﬁ (Z) = AJAI (Sj + z ;jz'j) + BjBi <Sj + : ;ij) (9)
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for Zj <z< Zj41, with S5 = (‘/j — E) /Ej andﬁj = aj/‘/z.,ji 0.2 () 0 (b)
wheree; = ¢/h2V2,/ (2m}). We obtain . 005
. Aj . Aj g . -0.1
Vi1 = AjAi(s; + é_j) + B;Bi(s; + £_j)’ I 015
_ . A _ . A g -0.2
Wi =0 AGAT (55 + 7;) +0;'B;Bi (s; + 5_;)’ (10) =& -oa o025
and -0.2 -0.3
Aj = Dj_lBi’(sj)wj — Dj_liji(sj)w}, 5 0 5 10 15 5 0 5 10 15
B, — —D_lAiI(S b+ D_lf‘Ai(s ! (11) Position (nm) Position (nm)
i = j AL j b AT

with D; = Ai(s,)Bi(s,) — AY'(s,)Bi(s;). Here a prime (0. S o e ous methods. (a) BarsrQuantu wel.
denotes a derivative with respect to the argument of the Airy
function (for Ai’, Bi’) or the positionz (in all other cases).

A position dependent effective mass is treated by assigning I1l. COMPARISON

a constant value 1o each segmehtfor examplem” (z;) The improved transfer matriX_(IL.2) can be evaluated at a

or preferably[m” (z;) +m" (2;11)] /2 (see appendix), and comparable computational cost as the maffix (5), but ethibi
using the matching condition§](3) at the boundary between . . !

) - . - : _a superior accuracy. As shown in the appendix, the local
two adjacent segmentsl[2]. A piecewise linear Interloon-jmodiscretization error with respect to the amplitudésand B,
of m* as for the potential is not feasible, since then the P P J

. 5 3 : .
solutions of [(1) cannot be expressed in terms of Airy functio IS improved fromO (A-j) 00 (A-j) for arbitrary potentials

) . . and effective masses, i.e., the same order as for the Airy
anymore. Eq_uauonsﬂ]LO)E(lll) can again be rewritten S fhction approach, which however involves a significantly
matrix equation of the form[{4), allowing us to treat th%i

. . _y . her computational effort.
guantum structure usin@l(8) in a similar manner as descnbe& he followi h f the diff
above [[2]. Interfaces introducing abrupt potential chanige n the following, we compare the accuracy of t e a erent
methods for an analytically solvable model potential. Here

the quantum structure must be taken into account explicit] | ial ial itable f &l di
in the Airy function approach by employing the matching6 yhomia test ppte_nuas are not s_ung € lor a gene '
ussion since their higher order derivatives identicadypigh,

conditions 3). which can lead to an increased accuracy in such special.cases
B. Symmetrized matrix Esp_eually_tnangular or_other piecewise I|r_1ear potestiate
obviously inadequate since the Airy function approach then

In the transfer matrix approach, the amplitudes and By pecomes exact. Instead, we choose the exponential ansatz
at the right boundary of the structure are related to theeslu

Ay and By at the left boundary by repeatedly applying the V(z) = Vo + Viexp(Kz), (13)
transfer matrix. Due to the segmentation of the potential, § - , ~ 4 (see Fig[®), approaching a linear function for

error is introduced in[{8) for every propagation step from g .  5ych a potential can for example serve as a model for

position z; to z;1, which is typically characterized in termsy, e effective potential profile in the presence of spacegewr
of the local discretization error (LDE). The LDE is defined a(13] [14].

the difference between the exact and computed solution at a
position z;,; obtained from a given function value ajf. In e :
the appendix, the LDE with respect to the amplitudgsand A. Position independent effective mass .

B; for the transfer matrix{5) is found to @ (A?). Itcan be ~ For now, we assume a constant effective mass Then,
improved toO (A?) by symmetrizing the matrix, i.e., placing@nalytical solutions of the form

the potential step in the middle of the segment, see Fig. 1(c) — e
; o ) = (@) +c2Y 14
The resulting transfer matrix is then withf = (k; =+ k;11) /2 v =alula) +eYu(a) (14)
given by ' exist for the potentia[(13), with constants andc,. Here,J,
andY, are Bessel functions of the first and second kind, and
A A the parameters are given by
T-, 1=Ti1 (_7) Tiii1T; (_7)
J,J+ J+ 2 J—=3+14g 2 m* (‘/0 — E)
Bjr1+8; eik].*Aj Bj+1—B; e_ik;Aj p=2 K )
= S i T , (12 N T 1
ot ciky A 2t omiky & a(z) = 25— exp <§Kz) . (15)

where agairk; = |/2m (E —V;)/h, B; = kj/mj. Asinthe  For our simulations, the different transfer matrix apptues
Airy function approach, interfaces introducing abruptgudgial discussed in Sectidnlll are used to compute an overall matrix
changes in the quantum structure must be dealt with separateased on [(8), from which the required quantities can be
by applying the matching conditions; here, the correspugdiextracted. First, we investigate the barrier structurenshim
transfer matrix[(I7) can be used. Fig.[2(a), which can be characterized in terms of a transamiss
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= 0 = -2
& 10 g 10 . . .
S 2
£ = 2
I 8§ [fo========—— - - - — -
c 10 ~. = - o 1 3 — — = Unsymmetrized matrix
2 S Symmetrized matrix
2 10 = -] @ 10 Airy functions 1
& £ - — . — QTBM
8 @ R
£ 3
5 10 ~ A s
= N N k) -6
S — =— = Unsymmetrized matrix ~ 10 | 1
= -8 . . o
T 10 Symmetrized matrix s
g Airy functions ®
& - — - — QTBM . ]
x 10 T -8
1 2 3 4 ¥ 10 L L L
10 10 10 10 -1 -0.5 0 0.5 1
Number of segments N Parameter K*d

Fig. 3.  Relative errorer = |1 — Thum /7T of the numerically obtained g 4 Relative errors = |1 — Thum /T of the numerically obtained

transmission coefficientum as a function of the number of segmems  yansmission coefficienfhum as a function of Kd. Here, N = 1000
The corresponding barrier is shown in Higj. 2(a), the effecthass is assumed segments are used. The corresponding barrier is shown N, the
to be constant. effective mass is assumed to be constant.

coefficientT’, giving the tunneling probability of an electron 10° : .
[4]. The unsymmetrized, symmetrized and Airy function gan
fer matrix approaches are evaluated, based on the expmess .-
(®), (I2) and [(ID), respectively; for comparison, also tr
QTBM result is computed. Assuming an electron energy
E = 0 and a constant effective mass of* = 0.067 m.
corresponding to GaAs, where,. is the electron mass, the
exact value obtained by evaluating(14)7is= 1.749 x 10~4. _10
Fig. 3 shows the relative errarr (N) = |1 — Toum (N) /T 10 B B .
as a function ofN o« A~'. Here, T, (N) is the numerical 1 10 ' '
result for the transmission coefficient, as obtained by tt - - = ®)
different methods for a subdivision of the structure imto
segments of equal length = d/N « N~!. As can be
seen from Fig[13, the error scales wifli—! o« A for the
unsymmetrized transfer matrix approach and with? oc A?
for the other methods. This can easily be understood by me:
of the local discretization error, which 8 (A?) for the Airy
function approach and the symmetrized transfer matrix, a 10~
O (A?) for the unsymmetrized matrix, as discussed abo' 10t 102 10° 10°
and in the appendix. When the overall transfer matrix of tt Number of segments N

structure is computed frorhl(8), the individual LDEs arisfag

each of theN segments accumulate, thus resulting in a tot§)9: 5. Relative ermoep = |1 — Euum/E| of the numerically obtained
igenenergyEnum for the (a) first and (b) second bound state as a function

o\ :
errorNO (A ) = O (A) for the unsymmetrized approach an@f the number of segments. The corresponding well is shown in FIg. 2(b),
NO (A3) =0 (AQ) for the other schemes. the effective mass is assumed to be constant.

The symmetrized transfer matrix approach and the Airy
function method are the most accurate, both exhibiting a
comparable erroer (V). However, the symmetrized matrix The symmetrized matrix approach and the Airy function
approach is much more computationally efficient, being overethod exhibit a superior accuracy especially for sniall
20 times faster than the Airy function method in our MATLABcorresponding to a weak curvature of the potential. White th
implementation. For a givelv, the QTBM is even three times error of the unsymmetrized matrix approach and the QTBM
faster than the symmetrized matrix approach, but also 4€stinshow only a weak dependence an the Airy function method
less accurate, meaning that it requiké$0 ~ 6 times as many becomes exact fol — 0, where the potential becomes
grid points as the symmetrized matrix approach to achiese tpiecewise linear. Interestingly, also the symmetrizeddfer
same accuracy. matrix approach has a vanishing erear for a specific value
Fig. (@) shows again the relative erreg-, but now for of K, at Kd ~ 0.167.
a fixed number of segment¥ = 1000. Instead, the shape Now we apply the different numerical methods to the bound
of the potential is modified by varyingd in (I3), and also states of the potential well shown in Fig. 2(b). Again assumi
adaptingVy andV; so thatV (z) remains constant at = 0 a constant effective massof* = 0.067 m., evaluation of[(TH)
and z = d and only the curvature of the potential changegields two bound states with eigenvalus = —0.1343eV

-5
10 3

Relative error o

[

2
I

10

— — = Unsymmetrized matrix
Symmetrized matrix B
Airy functions

Relative error of E,

10




ACCURACY OF TRANSFER MATRIX APPROACHES FOR SOLVING THE EFEHIVE MASS SCHRODINGER EQUATION 5

and E; = —0.0129eV, respectively. In the following, we £
compare the accuracy of the numerically found eigenengrg 2 ~
ELum, as obtained by the unsymmetrized and the symmetriz § -2 | =~
transfer matrix approach and the Airy function method, co §
responding to the expressioms (3).1(12) dnd (10), resppdgtiv
Here, we again divide the structure indd segments of equal
length A = d/N « N~!. Fig.[8 shows the relative error

~ .
-

1/

Relative error for transmiss

eg(N) = |1 — Eyum (N) /E| for the first and the second — — — Unsymmetrized matrix

bound state as a function a¥. As for the transmission 0l Symmetrized matrix

coefficient in Fig.[B, the error scales with—! « A for Airy functions

the unsymmetrized matrix approach and withr 2 oc A2 for oo le—— QTBM

the other methods. Again, the symmetrized matrix approa 10t 102 103 10°

and the Airy function method exhibit a comparable valu
of eg (IV), being far superior to the unsymmetrized matrix

approach. Fig. 6. Relative erroer = |1 — Thum/7T| of the numerically obtained
transmission coefficienf,um as a function of the number of segments
The corresponding barrier is shown in Higj. 2(a), the effecthass is assumed

B. Position dependent effective mass to be position dependent.
Now we compare the accuracy of the different methods frr

Number of segments N

-2

a position dependent effective mass (z). Here, we choose £ 10 -
the same exponential ansatz for the potential as above, 2 o == 7
(I3) and Fig[R. For an effective mass of the fornt = g ~ o -7
mg exp (—Kz), again an analytical solution exists: S5 \ 7
R SRR SR
Y =c1Ju(a)exp(—Kz/2) + c2Y, (a)exp (-Kz/2), (16) E e
c — — = Unsymmetrized matrix
with % Symmetrized matrix
o -6 Airy functions
_ moVi S — - — QTBM ’
—2 VWw—F 1 b5
a(z) =2 m;}{o ) exp (—ng) . a7) § 1078 . . .
-1 -05 0 0.5 1
The transfer matrix definitiond](5)[(C(112) are also valid fo Parameter K*d

position dependent effective masses. In the Airy function _ _ _
approach [[10), a position dependent effective mass can Kbissnerwacyeros” ~ L~ T/ T1 of the rumericaly obtanee
accounted for by assuming a constant value within eagkyments are used. The corresponding barrier is shown inZf&), the
segment, as discussed at the end of Sed¢fion II-A. Here, @fective mass is assumed to be position dependent.
assign the averaged maﬁm}f +m;f+1) /2 rather thanm
to each segment, since then the third order LDE, found for
the amplitudesA and B in the case of position independent
masses, is also preserved for the position dependent @se, sin the following, we apply the transfer matrices discussed
the appendix. above to a real-world example, namely finding the wavefunc-

Fig. corresponds to Fid.] 3, but now for a positiotions and eigenenergies of the quantum cascade laser (QCL)
dependent effective potential withh* = 0.2m.exp (—Kz) structure described i [15]. The goal is to evaluate and com-
for 0 < z < d andm* = 0.067m. otherwise. The exact pare the performance of the different approaches for aipedct
transmission coefficient for an electron with enefy= 0, problem, and to discuss the inclusion of additional imparta
as obtained by evaluatin@ {16), is ndiv= 5.376 x 10~10, effects. Specifically, we here also account for energy-band
From Fig.[6 we can see that also here the error scales withnparabolicity, and complement the Schrddinger eqodtio
N~ « A for the unsymmetrized matrix approach and witthe Poisson equation to take into account space chargaseffec
N—2 « A? for the other methods, compare Fig. 3. Again, thin practice, extensive parameter scans have to be performed
symmetrized matrix approach and the Airy function methddr QCL design optimization. Thus, the simulation of QCLs
are the most accurate, with the symmetrized matrix approacdls for especially efficient methods, the more so as the sel
being numerically much more efficient. consistent solution of the Schrodinger-Poisson systesultse

For the sake of completeness, Figl (7) is shown as thea further increase of the numerical effort.
counterpart of Figl14, but now taking into account a position In simulations, the QCL structure is defined by an infinitely
dependent effective mass as above. Again, the symmetrizegeated elementary sequence of multiple wells and barrier
matrix approach and the Airy function method have a superi@ralled a period). For such a structure under bias, it is
accuracy especially for small values &f, corresponding to a sufficient to compute the eigenenergies and corresponding
weak curvature of the potential. wave functions for a single energy interval given by the bias

IV. EXAMPLE: SCHRODINGER-POISSON SOLVER
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across one period; the solutions of the other periods are tt _o,[ | [ = = = Unsymmetrized matrix 2 nm)
obtained by appropriate shifts in position and energy. W
solve the Schrodinger equation using the approaches defil
by (B), (12) and[{(10), respectively. For all three methods, v -0.16}
treat band edge discontinuities at the barrier-well iatess
explicitly using the matching condition$](3), to obtain aig
optimum accuracy. We use a simulation window of fous -02EL=57~
periods to keep the influence of the boundaries negligib &
and determine the bound states similarly as in Se€fion dl.
combine reasonable numerical efficiency with a good acgura 024
we choose a segment length Af= 2nm (the last segment  _; ¢
of each well or barrier i\ < 2nm).

Symmetrized matrix (2 nm)
Airy functions (2 nm)
Symmetrized matrix (0.1 nm)

-0.14

-0.18 |

-0.22 |

Various models are available for including nonparabolic ~*2[ T I 01
ity [L6]; here, we use an energy dependent effective me 50 60 70 80 90 100 110
m} (E) = m}[1+(E-V;)/E,;] (with band gap energy Position (nm)

E, ; at positionz;), which can straightforwardly be imple- Fig. 8.

95!

. . ; h Self-consistent band profile (grey line), energyelsvand wave
mented into the transfer matrices. The Poisson equationfusctions squared for the QCL if [15] at a bias ¢8kV/cm and a
given by [3], [17] temperature 0800 K. Shown are the results as obtained with the three transfer
- N matrix methods forA = 2nm, and also the symmetrized matrix result for
A = 0.1nm, which practically coincides with the symmetrized matrixda

— 0, [e (z) D, (z)] —elN (z) _ Zn2D,n an (z)|2 7 Airy function results forA = 2nm.

(18)

leading to an additional potentialisen (T). Here,e (z) is the symmetrized matrix and Airy function results exhibit a dami
permittivity, ¢ is the elementary chargey (z) is the doping accuracy, with deviations in eigenenergies of aroQridneV
concentration, andsp, ,, is the electron sheet density of levefrom the high-accuracy result obtained wifh = 0.1nm. In
n with wave functiont,, (z). While for an operating QCL, Fig. (8), those three curves are practically indistingaksb.
nap., can only be exactly determined by detailed carri€pn the other hand, the unsymmetrized matrix method pro-
transport simulations [6], this is prohibitive for desigptie duces deviations of arounsimeV. The unsymmetrized and
mizations of experimental QCL structures over an extend&4ymmetrized matrix approach require approximately theesam
parameter range. Thus, for solving the Schr()dinger-BnisscompUtation time for obtaining the self-consistent resalt
system, simpler and much faster approaches are commonig- (8), while the Schrodinger-Poisson solver based @n th
adopted, such as applying Fermi-Dirac statistic¢s [3]] [17] Airy functions is aboufl0 times slower. This confirms that the

symmetrized transfer matrix method combines high numkrica

P Wm—f;kBTln (1 +exp [(H _ En) /(kBT)D . (19) cefficiency with excellent accuracy for practical applicat.
where 1, is the chemical potentialkg is the Boltzmann V. CONCLUSION
constant,T is the lattice temperature, and* is the effective  In conclusion, we have compared the accuracy of different
mass, here taken to be the value of the well material. transfer matrix approaches, as used for solving the effecti
(19), we use the energy of a state relative to the conductiotass Schrodinger equation with an arbitrary one-dimerasio
band edgeF,, = E, — fV|1/)n|2 dz rather thankE, itself potential and a constant or position dependent effectivesma
to correctly reflect the invariance properties of the biaséd particular, the local discretization error has beenwetifor
structure. Especially, this ensures that the simulatiGulte the Airy function approach resulting from a piecewise linea
do not depend on the choice of the elementary period in thpproximation of the potential, and for unsymmetrized and
structure. The chemical potentiglis found from the charge symmetrized transfer matrices based on a piecewise canstan
neutrality condition within one period. The Schrodingeda potential approximation. Furthermore, numerical simiatz
Poisson equations are iteratively solved until self-cetiesicy have been performed to evaluate the numerical accuracy of
is achieved. For the Poi§son equatibnl (18), we employ a finitee different approaches for scattering and bound statas, e
difference scheme on BA-grid, where we use{2) and](9) toploying exponential test potentials. Comparisons to thigefin
appropriately interpolate the eigenfunctions obtainedifthe difference method, specifically the QTBM, have also been
Schrodinger solver. carried out. Additionally, self-consistent Schrodindgrmisson
Simulations of the QCL in[[15] have been performed atevice simulations are presented.
various temperatures, considering the seven lowest Iéve|s The symmetrized transfer matrix approach and the Airy
with lowest energiesE,) within each period. In Fig.[{8), function method exhibit a comparable accuracy, being soper
the obtained energy levels and wave functions squared ofcathe other methods investigated. However, the symmetrize
single period are shown for the unsymmetrized, symmetrizetatrix approach achieves this at a significantly reduced nu-
and Airy function matrix approach @ = 300K, using a merical cost, moreover avoiding the numerical problems-ass
segment length ofA = 2nm. Also the symmetrized transferciated with Airy functions. All in all, the symmetrized trsier
matrix result forA = 0.1nm is plotted for reference. The matrix approach is shown to combine the numerical efficiency
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and straightforwardness of its unsymmetrized counterpiéint For the unsymmetrized transfer matrix, we obtain frdth (2)

the superior accuracy of the Airy function method. with the expression${4) and] (5)
1/)j+1 = Aj+1 + Bj+1 = exp (lkJAJ) Aj + exp (—lkJAJ) Bj,
APPENDIXA Vit = ikje1 (Ajp1 — Bjr)

LOCAL DISCRETIZATION ERROR

. Bi . :
In the following, we derive the local discretization error 1k3+1[3j+1 [4j exp (ik; &) = Bj exp (—ik; 4;)]

(LDE) for the different types of transfer matrices. In this (26)

context, we investigate the piecewise constant potenpal g, calculating the LDE, we insert the expressidng (26) and

proximation based on matrik](5) and its symmetrized versi ) into [20), where we expres$; and B, by (28) and use
. . . . A 1 1 J
(@I2), as well as the piecewise linear potential schemé (1%to rewrite the derivativeﬂuj(.") in @) as

As mentioned in Sectionlll, the segments are chosen so t

band edge discontinuities in the structure coincide with th W= k2 + m_}f’w,

borders between two segments, enabling an exact treatment 3N g T

in terms of the matching conditionkl (3). Thus, for our error 1.2/ ! o

analysis we imply that the potential and effective mass vary w(?) - —Mlﬂ' — k2 + My o, (27)
smoothly within each segment, i.e., have a sufficient degree ! mj T m; 7

of differentiability. Otherwise, no further assumptionisoat

the potential shape and effective mass are made. The Iové’g kj = 4/2m; (E = V;)/h. A Taylor expansion then yields
discretization error for) at z = z;; is Tﬁrl — cos (k;A;) ; + sin (k;A,) kfli/{;
P
Tit1 = Yi+1 — ¥ (2j41) (20) —hy — A — %WA§ _ %%@)A? +0(ah)
where ;41 is the approximate wavefunction value at, 4 1m* 1 ( * 2)' *11
obtained by the transfer matrix approach from a given value =3 mi PiAT + G 7';1*] Vv; — m7* V| AY
¥ (z;) = 9, at z;, while ¥ (z;41) is the exact solution. For J i i
evaluating the LDE, it is helpful to express(z;,) in terms +0(4)). (28)
of a Taylor series, Analogously, by inserting the expressiofs](26) dnd (23) int
1 1 we obtain
¥ (z41) = 5 + 950, + VT AT + 6¢§3)A? @ o
P T4 ’ .
1 T = —— (¥;cos (k;A;) — kjsin (kjA;) ¢;
_i_ﬂwj(zl)A;;_’_O(A?) (21) j+1 mj ( J ( J J) J (J J) J)
L 3) A2 3
/ 1
Analogously, we can define an LDE for the derivati/e — ¥ — U8 — 5'/’3‘ Aj+0O (Aj)
’ mk m mi —m*
i = Wi — ¢ (241), (22) = ( L - —-{kA,,) U+ LT 2N
mj mj mj
and expresg’ (z;+1) as w7.2\/ X « X
J+ 1 1 +1 <(m3k§) ;= mj”z//- I mi—mi kzz//) A2
* . * 7] * J7 J
W (1) = 05 950+ 5oV AT+ 2ol Ad 10 (a)). 2\ m m; m;
(23) +0 (A;”)
“£2) */
o | o (k) mi YiA2 + 0 (A3, (29)
A. Piecewise constant potential approximation 2m3 m; J J
U_s.ing [2), we can relatel; and B; to the wavefunction at \where we usent,, = m} +mi'A; + %m}f”A? +0 (Af)
position z;, to obtain the last line 0f(29). Thus;/jrl is O (A3) (O (AY)
PR i — iiw’- for a constant effective mass), aﬂ}il = 0 (A3%). With (25),
T2\ k) we see that both? | and 7/, areO (A?).

In a similar manner, we obtain for the symmetrized matrix
B, = 1 Ly 24 ¥ 3 Y’ 3 i
i =5 ¥ +1k—j¢j ; (24) @) i1 = O (A3) andr}’, = O (A3). More precisely, the
calculation yields for a constamt*
and express the LDEs for the amplituddsand B in terms

1 /
, v 2 3 4
of T;p+1 andT;'erp Ti+1 = 24 (k7) VA + 0 (Aj) ’
’ 1 1" 1 /

1 1 , Yo~ (k2 A3 — — (E2) A3 A%) (30
TﬁH—AjJrl—A(ZjH)—E(Tf+1—irTf+1)’ Tj+1 12( 3, 24( ) VA0 (4)) (30)

) 3;1 (and a somewhat more complicated expression for a position

. 4 i i B
ijil =Bji1 — B(zj41) = 5 (T;bﬂ + 1k—77¢“) . (25) dependen; effective mass). This means vl;‘ag andr;, are
now O (A%).
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B. Piecewise linear potential approximation m; = m* (zj), and applying the matching conditiorid (3) at
For computing the LDEST{20) anf{22) of the Airy functiorfhe section boundaries][2]. The result fof, in 32) has
approach, we proceed in a manner similar as above. Equatifiés t© be multlplled bym; +1/m before inserting it into
(I0) and [(I1) give the relation between valugs ¢ at z; (22). Whlle 1y s still O (AY), 7 J+1 drops toO (A?%), now
and the numerical resutf; 1, 7}, obtained atz;;, from yielding 74, = O (A2), 7 JB+1 = O (A?). The error analysis
the Airy function approach: also shows that,, and thusr#{,,75, can be improved
to O (A?) by assigning an averaged mals’ + m’, ) /2

1 ) Ay, y ) A rather thanm; to each segment, and applying the matching
Vi1 = D, {Al(sj T g_j)Bl (85) — AP (s5)Bi(s; + g_j) Y conditions correspondingly.
45 Aj . AL
D—J [Al(SJ)Bl(Sa + Z) — Ai(s; + Tj)Bl(SJ)] ¥; REFERENCES
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with Dj = Ai(Sj)Bi/(SJ)

4
12 (31)

)w +0(A?Y),

~—
=
—~
V)
<.
~—
| I
<
oL
—
ol

(6]

[7]

182
aﬁﬁﬁ¢j
J
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with V. ; = (Vi1 = Vj
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L =YY (2j41) =
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-2
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!
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/
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As described in SectlomA a position dependent ef-
fective mass can in the Airy function approach be treated
by assuming a constant value within each segnmjent.g.,
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