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ABSTRACT. This is the main paper in a sequence in which we give a complete proof of
the bounded L2 curvature conjecture. More precisely we show that the time of existence
of a classical solution to the Einstein-vacuum equations depends only on the L?-norm
of the curvature and a lower bound on the volume radius of the corresponding initial
data set. We note that though the result is not optimal with respect to the standard
scaling of the Einstein equations, it is nevertheless critical with respect to another, more
subtle, scaling tied to its causal geometry. Indeed, L? bounds on the curvature is the
minimum requirement necessary to obtain lower bounds on the radius of injectivity of
causal boundaries. We note also that, while the first nontrivial improvements for well
posedness for quasilinear hyperbolic systems in spacetime dimensions greater than 1+ 1
(based on Strichartz estimates) were obtained in [2], [3], [48], [49], [19] and optimized
in [20], [36], the result we present here is the first in which the full structure of the
quasilinear hyperbolic system, not just its principal part, plays a crucial role.

To achieve our goals we recast the Einstein vacuum equations as a quasilinear so(3, 1)-
valued Yang-Mills theory and introduce a Coulomb type gauge condition in which the
equations exhibit a specific new type of null structure compatible with the quasilinear,
covariant nature of the equations. To prove the conjecture we formulate and establish
bilinear and trilinear estimates on rough backgrounds which allow us to make use of
that crucial structure. These require a careful construction and control of parametrices
including L? error bounds which is carried out in [41]-[44], as well as a proof of sharp
Strichartz estimates for the wave equation on a rough background which is carried out
in [45]. It is at this level that the null scaling mentioned above makes our problem
critical. Indeed, any known notion of a parametrix relies in an essential way on the
eikonal equation, and our space-time possesses, barely, the minimal regularity needed to
make sense of its solutions.

1. INTRODUCTION

This is the main in a sequence of papers in which we give a complete proof of the
bounded L? curvature conjecture. According to the conjecture the time of existence of
a classical solution to the Einstein-vacuum equations depends only on the L2norm of
the curvature and a lower bound on the volume radius of the corresponding initial data
set. At a deep level the L? curvature conjecture concerns the relationship between the
curvature tensor and the causal geometry of an Einstein vacuum space-time. Thus, though
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the result is not optimal with respect to the standard scaling of the Einstein equations,
it is nevertheless critical with respect to a different scaling, which we call null scaling,
tied to its causal properties. More precisely, L? curvature bounds are strictly necessary to
obtain lower bounds on the radius of injectivity of causal boundaries. These lower bounds
turn out to be crucial for the construction of parametrices and derivation of bilinear
and trilinear spacetime estimates for solutions to scalar wave equations. We note also
that, while the first nontrivial improvements for well posedness for quasilinear hyperbolic
systems in spacetime dimensions greater than 1+ 1 (based on Strichartz estimates) were
obtained in [2], [3], [48], [49], [19] and optimized in [20], [36], the result we present here
is the first in which the full structure of the quasilinear hyperbolic system, not just its
principal part, plays a crucial role.

1.1. Initial value problem. We consider the Einstein vacuum equations (EVE),
Ric,s = 0 (1.1)

where Ric,g denotes the Ricci curvature tensor of a four dimensional Lorentzian space
time (M, g). An initial data set for (1.1) consists of a three dimensional 3-surface 3
together with a Riemannian metric g and a symmetric 2-tensor k verifying the constraint
equations,

{ ijij - Vitrk: = 0,

Rueat — |2 + (trk)2 = 0, (1.2)

where the covariant derivative V is defined with respect to the metric g, Ry.. is the
scalar curvature of g, and trk is the trace of k with respect to the metric g. In this work
we restrict ourselves to asymptotically flat initial data sets with one end. For a given
initial data set the Cauchy problem consists in finding a metric g satisfying (1.1) and an
embedding of ¥; in M such that the metric induced by g on 3, coincides with g and the
2-tensor k is the second fundamental form of the hypersurface ¥y C M. The first local
existence and uniqueness result for (EVE) was established by Y.C. Bruhat, see [5], with
the help of wave coordinates which allowed her to cast the Einstein vacuum equations in
the form of a system of nonlinear wave equations to which one can apply! the standard
theory of nonlinear hyperbolic systems. The optimal, classical? result states the following,

Theorem 1.1 (Classical local existence [12] [14]). Let (X¢,g,k) be an initial data set
for the Finstein vacuum equations (1.1). Assume that Xy can be covered by a locally fi-
nite system of coordinate charts, related to each other by C* diffeomorphisms, such that

IThe original proof in [5] relied on representation formulas, following an approach pioneered by Sobolev,
see [37].
2Based only on energy estimates and classical Sobolev inequalities.
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(9, k) € H;;\.(30) x Hipo'(30) with s > 3. Then there exists a unique® (up to an isom-
etry) globally hyperbolic development (M, g), verifying (1.1), for which 3¢ is a Cauchy
hypersurface*.

1.2. Bounded L? curvature conjecture. The classical exponents s > 5/2 are clearly
not optimal. By straightforward scaling considerations one might expect to make sense
of the initial value problem for s > s. = 3/2, with s. the natural scaling exponent for
L? based Sobolev norms. Note that for s = s, = 3/2 a local in time existence result, for
sufficiently small data, would be equivalent to a global result. More precisely any smooth
initial data, small in the corresponding critical norm, would be globally smooth. Such
a well-posedness (WP) result would be thus comparable with the so called e- regularity
results for nonlinear elliptic and parabolic problems, which play such a fundamental role in
the global regularity properties of general solutions. For quasilinear hyperbolic problems
critical WP results have only been established in the case of 1 4+ 1 dimensional systems,
or spherically symmetric solutions of higher dimensional problems, in which case the L?-
Sobolev norms can be replaced by bounded variation (BV) type norms®. A particularly
important example of this type is the critical BV well-posedness result established by
Christodoulou for spherically symmetric solutions of the Einstein equations coupled with
a scalar field, see [7]. The result played a crucial role in his celebrated work on the
Weak Cosmic Censorship for the same model, see [8]. As well known, unfortunately, the
BV-norms are completely inadequate in higher dimensions; the only norms which can
propagate the regularity properties of the data are necessarily L? based.

The quest for optimal well-posedness in higher dimensions has been one of the major
themes in non-linear hyperbolic PDE’s in the last twenty years. Major advances have
been made in the particular case of semi-linear wave equations. In the case of geometric
wave equations such as Wave Maps and Yang-Mills, which possess a well understood null
structure, well-posedness holds true for all exponents larger than the corresponding crit-
ical exponent. For example, in the case of Wave Maps defined from the Minkowski space
R™™! to a complete Riemannian manifold, the critical scaling exponents is s, = n/2 and
well-posedness is known to hold all the way down to s. for all dimensions n > 2. This
critical well-posedness result, for s = n/2, plays a fundamental role in the recent, large
data, global results of [46], [39], [40] and [28] for 2 4+ 1 dimensional wave maps.

The role played by critical exponents for quasi-linear equations is much less understood.
The first well posedness results, on any (higher dimensional) quasilinear hyperbolic sys-
tem, which go beyond the classical Sobolev exponents, obtained in [2], [3], and [48], [49]

3The original proof in [12], [14] actually requires one more derivative for the uniqueness. The fact that
uniqueness holds at the same level of regularity than the existence has been obtained in [33]

4That is any past directed, in-extendable causal curve in M intersects X.

SRecall that the entire theory of shock waves for 141 systems of conservation laws is based on BV
norms, which are critical with respect to the scaling of the equations. Note also that these BV norms
are not, typically, conserved and that Glimm’s famous existence result [13] can be interpreted as a global
well posedness result for initial data with small BV norms.
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and [19], do not take into account the specific (null) structure of the equations. Yet the
presence of such structure was crucial in the derivation of the optimal results mentioned
above, for geometric semilinear equations. In the case of the Einstein equations it is not
at all clear what such structure should be, if there is one at all. Indeed, the only specific
structural condition, known for (EVE), discovered in [30] under the name of the weak null
condition, is not at all adequate for improved well posedness results, see remark 1.3. It is
known however, see [29], that without such a structure one cannot have well posedeness
for exponents® s < 2. Yet (EVE) are of fundamental importance and as such it is not
unreasonable to expect that such a structure must exist.

Even assuming such a structure, a result of well-posedness for the Einstein equations
at, or near, the critical regularity s. = 3/2 is not only completely out of reach but may in
fact be wrong. This is due to the presence of a different scaling connected to the geometry
of boundaries of causal domains. It is because of this more subtle scaling that we need
at least L2-bounds for the curvature to derive a lower bound on the radius of injectivity
of null hypersurfaces and thus control their local regularity properties. This imposes a
crucial obstacle to well posedness below s = 2. Indeed, as we will show in the next
subsection, any such result would require, crucially, bilinear and even trillinear estimates
for solutions to wave equations of the form Ug¢ = F'. Such estimates, however, depend
on Fourier integral representations, with a phase function u which solves the eikonal
equation g*?9,udsu = 0. Thus the much needed bilinear estimates depend, ultimately,
on the regularity properties of the level hypersurfaces of the phase u which are, of course,
null. The catastrophic breakdown of the regularity of these null hypersurfaces, in the
absence of a lower bound for the injectivity radius, would make these Fourier integral
representations entirely useless.

These considerations lead one to conclude that, the following conjecture, proposed in
[18], is most probably sharp in so far as the minimal number of derivatives in L? is
concerned:

Conjecture[Bounded L? Curvature Conjecture (BCC)| The Einstein- vacuum equa-
tions admit local Cauchy developments for initial data sets (3o, g, k) with locally finite L*
curvature and locally finite L?> norm of the first covariant derivatives of k.

Remark 1.2. [t is important to emphasize here that the conjecture should be primarily
interpreted as a continuation argument for the Einstein equations; that is the space-time
constructed by evolution from smooth data can be smoothly continued, together with a time
foliation, as long as the curvature of the foliation and the first covariant derivatives of
its second fundamental form remain L*- bounded on the leaves of the foliation. In fact
the conjecture implies the break-down criterion previously obtained in [26] and improved
in [31], [51]. According to that criterion a vacuum space-time, endowed with a constant

6Note that the dimension here is n = 3.
"As we shall see, from the precise theorem stated below, other weaker conditions, such as a lower
bound on the volume radius, are needed.
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mean curvature (CMC) foliation ¥, can be extended, together with the foliation, as long
as the L} L>(3;) norm of the deformation tensor of the future unit normal to the foliation
remains bounded. It is straightforward to see, by standard energy estimates, that this
condition implies bounds for the L L?(3%;) norm of the space-time curvature from which
one can deriwve bounds for the induced curvature tensor R and the first derivatives of the
second fundamental form k. Thus, if we can ensure that the time of existence of a space-
time foliated by ¥, depends only on the L? norms of R and first covariant derivatives of
k, we can extend the space-time indefinitely.

In this paper we provide the framework and the main ideas of the proof of the conjecture.
We rely on the results of [41], [42], [43], [44], [45], which we use here as a black box. A
summary of the entire proof is given in [27].

1.3. Brief history. The conjecture has its roots in the remarkable developments of the
last twenty years centered around the issue of optimal well-posedness for semilinear wave
equations. The case of the Einstein equations turns out to be a lot more complicated due
to the quasilinear character of the equations. To make the discussion more tangible it is
worthwhile to recall the form of the Einstein vacuum equations in the wave gauge. As-
suming given coordinates z®, verifying Ogz® = 0, the metric coefficients gog = g(0a, 0p),
with respect to these coordinates, verify the system of quasilinear wave equations,

" 0,0, 905 = Foap(g,09) (1.3)

where F,5 are quadratic functions of Og, i.e. the derivatives of g with respect to the
coordinates z. In a first approximation we may compare (1.3) with the semilinear wave
equation,

Do = F(¢,09) (1.4)

with F' quadratic in d¢. Using standard energy estimates, one can prove an estimate,
roughly, of the form:

le@ls S l@(0)]s exp (C/O II3¢(T)IILwdT> :

The classical exponent s > 3/2 + 1 arises simply from the Sobolev embedding of H",
r > 3/2 into L*. To go beyond the classical exponent, see [34], one has to replace
Sobolev inequalities with Strichartz estimates of, roughly, the following type,

</Ot ||8¢(T)||iood7) 2 <cC <||8¢(0)||H1+5 n /Ot IID¢(7)||H1+6)

where € > 0 can be chosen arbitrarily small. This leads to a gain of 1/2 derivatives, i.e.
we can prove well-posedness for equations of type (1.4) for any exponent s > 2.

The same type of improvement in the case of quasilinear equations requires a highly
non-trivial extension of such estimates for wave operators with non-smooth coefficients.
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The first improved regularity results for quasilinear wave equations of the type,

9" ($)0,0,9 = F(¢,00) (1.5)

with ¢"”(¢) a non-linear perturbation of the Minkowski metric m*, are due to [2], [3],
and [48], [49] and [19]. The best known results for equations of type (1.3) were obtained in
[20] and [36]. According to them one can lower the Sobolev exponent s > 5/2 in Theorem
1.1 to s > 2. It turns out, see [29], that these results are sharp in the general class of
quasilinear wave equations of type (1.3). To do better one needs to take into account
the special structure of the Einstein equations and rely on a class of estimates which go
beyond Strichartz, namely the so called bilinear estimates®.

In the case of semilinear wave equations, such as Wave Maps, Maxwell-Klein-Gordon
and Yang-Mills, the first results which make use of bilinear estimates go back to [15], [16],
[17]. In the particular case of the Maxwell-Klein-Gordon and Yang-Mills equation the
main observation was that, after the choice of a special gauge (Coulomb gauge), the most
dangerous nonlinear terms exhibit a special, null structure for which one can apply the
bilinear estimates derived in [15]. With the help of these estimates one was able to derive a
well posedness result, in the flat Minkowski space R'*3, for the exponent s = s.+1/2 = 1,
where s. = 1/2 is the critical Sobolev exponent in that case’.

To carry out a similar program in the case of the Einstein equations one would need,
at the very least, the following crucial ingredients:

A. Provide a coordinate condition, relative to which the Einstein vacuum equations
verifies an appropriate version of the null condition.

B. Provide an appropriate geometric framework for deriving bilinear estimates for the
null quadratic terms appearing in the previous step.

C. Construct an effective progressive wave representation ®r (parametriz) for solu-
tions to the scalar linear wave equation Ug¢ = F', derive appropriate bounds for
both the parametriz and the corresponding error term E = F — Ug®p and use
them to derive the desired bilinear estimates.

As it turns out, the proof of several bilinear estimates of Step B reduces to the proof
of sharp L*(M) Strichartz estimates for a localized version of the parametrix of step C.
Thus we will also need the following fourth ingredient.

D. Prove sharp L*(M) Strichartz estimates for a localized version of the parametriz
of step C.

Note that the last three steps are to be implemented using only hypothetical L? bounds
for the space-time curvature tensor, consistent with the conjectured result. To start with,

8Note that no such result, i.e. well-posedness for s = 2, is presently known for either scalar equations
of the form (1.5) or systems of the form (1.3).
9This corresponds precisely to the s = 2 exponent in the case of the Einstein-vacuum equations
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it is not at all clear what should be the correct coordinate condition, or even if there is
one for that matter.

Remark 1.3. As mentioned above, the only known structural condition related to the
classical null condition, called the weak null condition [30], tied to wave coordinates, fails
the reqularity test. Indeed, the following simple system in Minkowski space verifies the
weak null condition and yet, according to [29], it is ill posed for s = 2.

Co =0, (i = ¢ - Ao
Other coordinate conditions, such as spatial harmonict®, also do not seem to work.

We rely instead on a Coulomb type condition, for orthonormal frames, adapted to a
maximal foliation. Such a gauge condition appears naturally if we adopt a Yang-Mills
description of the Einstein field equations using Cartan’s formalism of moving frames'!,
see [6]. It is important to note that it is not at all a priori clear that such a choice would do
the job. Indeed, the null form nature of the Yang-Mills equations in the Coulomb gauge
is only revealed once we commute the resulting equations with the projection operator
P on the divergence free vectorfields. Such an operation is natural in that case, since P
commutes with the flat d’Alembertian. In the case of the Einstein equations, however, the
corresponding commutator term [Cg, P] generates'? a whole host of new terms and it is
quite a miracle that they can all be treated by an extended version of bilinear estimates.
At an even more fundamental level, the flat Yang-Mills equations possess natural energy
estimates based on the time symmetry of the Minkowski space. There are no such timelike
Killing vectorfield in curved space. We have to rely instead on the future unit normal to
the maximal foliation ¥; whose deformation tensor is non-trivial. This leads to another
class of nonlinear terms which have to be treated by a novel trilinear estimate.

We will make more comments concerning the implementations of all four ingredients
later on, in the section 2.4.

Remark 1.4. In addition to the ingredients mentioned above, we also need a mechanism
of reducing the proof of the conjecture to small data, in an appropriate sense. Indeed,
even in the flat case, the Coulomb gauge condition cannot be globally imposed for large
data. In fact [17] relied on a cumbersome technical device based on local Coulomb gauges,
defined on domain of dependence of small balls. Here we rely instead on a variant of the
gluing construction of [10], [11], see section 2.3.

10\ aximal foliation together with spatial harmonic coordinates on the leaves of the foliation would be
the coordinate condition closest in spirit to the Coulomb gauge.

HWe would like to thank L. Anderson for pointing out to us the possibility of using such a formalism
as a potential bridge to [16] .

2Note also that additional error terms are generated by projecting the equations on the components
of the frame.



8 SERGIU KLAINERMAN, IGOR RODNIANSKI, AND JEREMIE SZEFTEL

2. STATEMENT OF THE MAIN RESULTS

2.1. Maximal foliations. In this section, we recall some well-known facts about maxi-
mal foliations (see for example the introduction in [9]). We assume the space-time (M, g)
to be foliated by the level surfaces ¥; of a time function ¢. Let T denote the unit normal
to ¥, and let k the the second fundamental form of ¥, i.e. ko = —g(D,T,ep), where
€a; @ = 1,2,3 denotes an arbitrary frame on ¥; and D,7" = D., 7. We assume that the
> foliation is maximal, i.e. we have:

trgh = 0 (2.1)

where ¢ is the induced metric on ;. The constraint equations on 3, for a maximal
foliation are given by:

V% =0, (2.2)
where V denotes the induced covariant derivative on 3J;, and
Rocar = |KI*. (2.3)
Also, we denote by n the lapse of the t-foliation, i.e. n=? = —g(D¢t, Dt). n satisfies the
following elliptic equation on ¥;:
An = n|k|?. (2.4)
Finally, we recall the structure equations of the maximal foliation:
Vokas = Raoso — ' VaVyn — kacks (2.5)
Vakbe = Vipkae = Reoab (2.6)
and:
Ray — kack®y = Raopo- (2.7)

2.2. Main Theorem. We recall below the definition of the volume radius on a general
Riemannian manifold M.

Definition 2.1. Let B,.(p) denote the geodesic ball of center p and radius r. The volume
radius 1,0 (p,7) at a point p € M and scales < r is defined by

.. |Br(p)]
7avol(pv 71) = rl’réfr T?

with |B,| the volume of B, relative to the metric on M. The volume radius ry,(M,r) of
M on scales < 1 is the infimum of ry(p,T) over all points p € M.

Our main result is the following:
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Theorem 2.2 (Main theorem). Let (M, g) an asymptotically flat solution to the Finstein
vacuum equations (1.1) together with a maximal foliation by space-like hypersurfaces ¥,
defined as level hypersurfaces of a time function t. Assume that the initial slice (3o, g, k)
is such that the Ricci curvature Ric € L*(3g), Vk € L*(3), and Xy has a strictly positive
volume radius on scales < 1, i.e. Tyo(X0,1) > 0. Then,

(1) L? regularity. There exists a time
T = T(|| Ric| t2(zo), | VE[ L2(20)s Twot (X0, 1)) > 0
and a constant
C = C(||Ricllr2(so), VI L2(50), Twot (30, 1)) > 0
such that the following control holds on 0 <t < T

) 1
||R||L[°3T]L2(2t) <C, ||Vk7||L[°(iT]L2(Et) <C and O;liT?”vol(Zt, 1) > 5
(2) Higher regularity. Within the same time interval as in part (1) we also have
the higher derivative estimates'?,

}:HDw&uhmmﬂ&,ngEZ{wﬂﬂm¢p@@+”v@vmu%%), (2.8)

loe|<m |i]<m
where C,, depends only on the previous C' and m.

Remark 2.3. Since the core of the main theorem is local in nature we do not need to
be very precise here with our asymptotic flatness assumption. We may thus assume the
existence of a coordinate system at infinity, relative to which the metric has two derivatives
bounded in L?, with appropriate asymptotic decay. Note that such bounds could be deduced
from weighted L? bounds assumptions for Ric and Vk.

Remark 2.4. Note that the dependence on ||Ric||r2(sy), | VE| r2(s0) i the main theorem
can be replaced by dependence on ||R| 2s,) where R denotes the space-time curvature
tensor'®. Indeed this follows from the following well known L? estimate (see section 8 in

26] ).

1
\VW+~%P§/\RP (2.9)
20 4 EO
and the Gauss equation relating Ric to R.

13Assuming that the initial has more regularity so that the right-hand side of (2.8) makes sense.
MHere and in what follows the notations R, R will stand for the Riemann curvature tensors of ¥; and
M, while Ric, Ric and Rg.qi, Rscqr Will denote the corresponding Ricci and scalar curvatures.
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2.3. Reduction to small initial data. We first need an appropriate covering of ¥,
by harmonic coordinates. This is obtained using the following general result based on
Cheeger-Gromov convergence of Riemannian manifolds.

Theorem 2.5 ([1] or Theorem 5.4 in [32]). Given ¢y > 0,¢2 > 0,¢3 > 0, there exists rg > 0
such that any 8-dimensional, complete, Riemannian manifold (M, g) with || Ric|| 2y < &1
and volume radius at scales < 1 bounded from below by ca, i.e. Tyo(M,1) > co, verifies
the following property:

Every geodesic ball B,(p) with p € M and r < rq admits a system of harmonic coordi-
nates © = (x1, o, x3) relative to which we have

(]_ + 03)_1(51‘]‘ S gij S (1 —+ Cg)(gij, (210)

and

r/ 10%g:;1*V/|gldx < cs. (2.11)
Br(p)

We consider € > 0 which will be chosen as a small universal constant. We apply theorem
2.5 to the Riemannian manifold ¥y. Then, there exists a constant:

o = ro(||Ricl|z2(s0); [[VE| L2(20), Twot (X0, 1), €) > 0

such that every geodesic ball B,(p) with p € ¥y and r < ry admits a system of harmonic
coordinates © = (1, e, x3) relative to which we have:

(1+€)"0i < gi; < (1+¢€)dy,

, / @ gy 2/ Tglde < e.
B (p)

Now, by the asymptotic flatness of 3, the complement of its end can be covered by the
union of a finite number of geodesic balls of radius ry, where the number Ny of geodesic
balls required only depends on ry. In particular, it is therefore enough to obtain the control
of R, k and r,,(%¢, 1) of Theorem 2.2 when one restricts to the domain of dependence of

one such ball. Let us denote this ball by B,,. Next, we rescale the metric of this geodesic
ball by:

and

€2 €2
ga(t,x) = g(At, A\x), A\ = min , , To€ | > 0.
Bl TV R

Let' Ry, k) and Bﬁ‘o be the rescaled versions of R, k and B,,. Then, in view of our choice
for A\, we have:

|Rallizasy) = VAR, < e
IVEll 2y = VAIVE 2G5, <€,

15Gince in what follows there is no danger to confuse the Ricci curvature Ric with the scalar curvature
R we use the short hand R to denote the full curvature tensor Ric.
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e
10%0:ll 283, ) = VA0 gl 128,y < \/T—O <e

Note that B} is the rescaled version of B,,. Thus, it is a geodesic ball for g, of radius
2> % > 1. Now, considering g, on 0 <t < 1 is equivalent to considering g on 0 <t < \.
Thus, since ro, Ny and A depend only on || R||12(s), || VK| 22(0), Twor(X0, 1) and €, Theorem
2.2 is equivalent to the following theorem:

and

Theorem 2.6 (Main theorem, version 2). Let (M,g) an asymptotically flat solution
to the Finstein vacuum equations (1.1) together with a mazimal foliation by space-like
hypersurfaces ¥, defined as level hypersurfaces of a time function t. Let B a geodesic ball
of radius one in Xg, and let D its domain of dependence. Assume that the initial slice
(30, g, k) is such that:

|R|l28) < € [|[VE| 2y < € and 1y (B, 1) >

l\DI»—t

Let By = D N, the slice of D at time t. Then:

(1) L? regularity. There exists a small universal constant ¢y > 0 such that if 0 <
€ < €, then the following control holds on 0 <t < 1:

||RHL°° LZ(Bt) < €, HVkHL‘X’ L2(By) X < € and mf Tvol(Bta ) Z

[0,1]

e~ =

(2) Higher regularity. The following control holds on 0 <t < 1:
Y IDR|is r2m S VO Ricl|2(m) + VO VE] 1205, (2.12)

|a|<m

Notation: In the statement of Theorem 2.6, and in the rest of the paper, the notation
fi < fo for two real positive scalars fi, fo means that there exists a universal constant
C > 0 such that:

fi <Cfa.

Theorem 2.6 is not yet in suitable form for our proof since some of our constructions
will be global in space and may not be carried out on a subregion B of ¥,. Thus, we
glue a smooth asymptotically flat solution of the constraint equations (1.2) outside of B,
where the gluing takes place in an annulus just outside B. This can be achieved using the
construction in [10], [11]. We finally get an asymptotically flat solution to the constraint
equations, defined everywhere on ¥, which agrees with our original data set (X, g, k)
inside B. We still denote this data set by (X¢, g, k). It satisfies the bounds:

1
IR 2s0) < 26, [|VE|| 2(s59) < 2€ and 7y0(2g, 1) > 7



12 SERGIU KLAINERMAN, IGOR RODNIANSKI, AND JEREMIE SZEFTEL

Remark 2.7. Notice that the gluing process in [10]-[11] requires the kernel of a certain
linearized operator to be trivial. This is achieved by conveniently choosing the asymptoti-
cally flat solution to (1.2) that is glued outside of B to our original data set. This choice
is always possible since the metrics for which the kernel is nontrivial are non generic (see

[4])-

Remark 2.8. Assuming only L* bounds on R and Vk is not enough to carry out the
construction in the above mentioned results. However, the problem solved there remains
subcritical at our desired level of reqularity and thus we believe that a closer look at the
construction in [10]-[11], or an alternative construction, should be able to provide the
desired result. This is an open problem.

Remark 2.9. Since |[k||74,) < [|Ricllr2 we deduce that ||k||r2(m) < €'/2 on the geodesic

ball B of radius one. Furthermore, asymptotic flatness is compatible with a decay of |x|~2
at infinity, and in particular with k in L*(Xq). So we may assume that the gluing process
is such that the resulting k satisfies:

1Bl L2(s0) S €.
Finally, we have reduced Theorem 2.2 to the case of a small initial data set:

Theorem 2.10 (Main theorem, version 3). Let (M,g) an asymptotically flat solution
to the Einstein vacuum equations (1.1) together with a mazximal foliation by space-like
hypersurfaces ¥; defined as level hypersurfaces of a time function t. Assume that the
initial slice (3o, g, k) is such that:

Rl 220) < € 1Kl z2zo) + IVE] 22(0) < € and 17y0(30, 1) >

l\'.)lr—t

Then:

(1) L? regularity. There exists a small universal constant ¢y > 0 such that if 0 <
€ < €, the following control holds on 0 <t < 1:

IR |z

N

2y S 6 Kkl om0y +||Vk‘||L

[0,1] [0,1]

2z S € and Oigrglrwl(&, 1) >

[0,1]

(2) Higher regularity. The following estimates hold on 0 <t <1 and any m > 0:

Y DR 2wy S Y VO Rl 2y + VO VE] 12(5)- (2.13)

lor|<m |i|<m

The rest of this paper is devoted to the proof of Theorem 2.10. Note that we will
concentrate mainly on part (1) of the theorem. The proof of part (2) - which concerns
the propagation of higher regularity - follows exactly the same steps as the proof of part
(1) and is sketched in section 13.
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2.4. Strategy of the proof. The proof of Theorem 2.10 consists in four steps.

Step A (Yang-Mills formalism) We first cast the Einstein-vacuum equations within
a Yang-Mills formalism. This relies on the Cartan formalism of moving frames. The
idea is to give up on a choice of coordinates and express instead the Einstein vacuum
equations in terms of the connection 1-forms associated to moving orthonormal frames,
i.e. vectorfields e, which verify,

g(eow 66) = Mgp = diag(_lu L1, 1)

The connection 1-forms (they are to be interpreted as 1-forms with respect to the external
index p with values in the Lie algebra of so(3,1)), defined by the formulas,

(Ap)ap = g(Dyes, €a) (2.14)
verify the equations,

D"F,, + [A",F,,] =0 (2.15)
where, denoting (F,.,)as := Raguw,

(Fiw)ap = (DuA, —DyA, — [ALAY)]) o (2.16)

In other words we can interpret the curvature tensor as the curvature of the so(3, 1)-valued
connection 1-form A. Note also that the covariant derivatives are taken only with respect
to the external indices p, v and do not affect the internal indices o, 3. We can rewrite
(2.15) in the form,

OgA, — D,(D"A,) = J,(A,DA) (2.17)
where,
J, = D“([A#,A,,D - [AuaFuV]-

Observe that the equations (2.15)-(2.16) look just like the Yang-Mills equations on a
fixed Lorentzian manifold (M, g) except, of course, that in our case A and g are not
independent but connected rather by (2.14), reflecting the quasilinear structure of the
Einstein equations. Just as in the case of [15], which establishes the well-posedness of
the Yang-Mills equation in Minkowski space in the energy norm (i.e. s = 1), we rely in
an essential manner on a Coulomb type gauge condition. More precisely, we take eq to
be the future unit normal to the ¥; foliation and choose ey, es, e3 an orthonormal basis
to ¥4, in such a way that we have, essentially (see precise discussion in section 3.2),
div A = V'A; = 0, where A is the spatial component of A. It turns out that Ay satisfies
an elliptic equation while each component A; = g(A,e¢;), i = 1,2, 3 verifies an equation
of the form,
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with l.o.t. denoting nonlinear terms which can be treated by more elementary techniques
(including non sharp Strichartz estimates).

Step B (Bilinear and trilinear estimates) To eliminate 0;(0yA) in (2.18), we need
to project (2.18) onto divergence free vectorfields with the help of a non-local operator
which we denote by P. In the case of the flat Yang-Mills equations, treated in [15], this
leads to an equation of the form,

DA = P(A9;A) + P(A0iA;) + Lot.

where both terms on the right can be handled by bilinear estimates. In our case we
encounter however three fundamental differences with the flat situation of [15].

e To start with the operator P does not commute with Ug. It turns out, fortunately,
that the terms generated by commutation can still be estimated by an extended
class of bilinear estimates which includes contractions with the curvature tensor,
see section 5.4.

e All energy estimates used in [15] are based on the standard timelike Killing vector-
field 0;. In our case the corresponding vectorfield eg = T' ( the future unit normal
to ¥;) is not Killing. This leads to another class of trilinear error terms which we
discuss in sections 8 and 5.4.

e The main difference with [15] is that we now need bilinear and trilinear estimates
for solutions of wave equations on background metrics which possess only limited
regularity.

This last item is a major problem, both conceptually and technically. On the conceptual
side we need to rely on a more geometric proof of bilinear estimates based on a plane
wave representation formula!® for solutions of scalar wave equations,

g = 0.

The proof of the bilinear estimates rests on the representation formula'”
or(t,x) = / / e o) £ (N0 A2dNdw (2.19)
s2 Jo

where f represents schematically the initial data!'®, and where “u is a solution of the

eikonal equation®?,

g°%0, “udz “u =0, (2.20)

16We follow the proof of the bilinear estimates outlined in [21] which differs substantially from that of
[15] and is reminiscent of the null frame space strategy used by Tataru in his fundamental paper [47].

17(2.19) actually corresponds to the representation formula for a half-wave. The full representation
formula corresponds to the sum of two half-waves (see section 10)

18Here f is in fact at the level of the Fourier transform of the initial data and the norm ||Af|| L2 (R3)
corresponds, roughly, to the H' norm of the data, .

191n the flat Minkowski space “u(t,z) =t +z - w.
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with appropriate initial conditions on ¥4 and dw the area element of the standard sphere
in R3.

Remark 2.11. Note that (2.19) is a parametriz for a scalar wave equation. The lack
of a good parametriz for a covariant wave equation forces us to develop a strateqy based
on writing the main equation in components relative to a frame, i.e. instead of dealing
with the tensorial wave equation (2.17) directly, we consider the system of scalar wave
equations (2.18). Unlike in the flat case, this scalarization procedure produces several
terms which are potentially dangerous, and it is fortunate that they can still be controlled
by the use of an extended®® class of bilinear estimates.

Step C (Control of the parametrix) To prove the bilinear and trilinear estimates of
Step B, we need in particular to control the parametrix at initial time (i.e. restricted to
the initial slice %)

¢£(0, ) :/ / e u02) £(N)A2d\dw (2.21)
s2 Jo
and the error term corresponding to (2.19)
Ef(t,x) = Ogos(t,z) =i / / e el (O “u) f(Aw) A3 dAdw (2.22)
s2 Jo

i.e. ¢5is an exact solution of [lgp = 0 only in flat space in which case Og “u = 0. This
requires the following four sub steps

C1 Make an appropriate choice for the equation satisfied by “u(0,z) on ¥, and
control the geometry of the foliation of Xy by the level surfaces of “u(0,x).

C2 Prove that the parametriz at t = 0 given by (2.21) is bounded in L(L*(R3), L*(3))
using the estimates for “u(0,x) obtained in C1.

C3 Control the geometry of the foliation of M given by the level hypersurfaces of “u.

C4 Prove that the error term (2.22) satisfies the estimate | Ef| 2y < ClIAflL2r3)
using the estimates for “u and Og “u proved in C3.

To achieve Step C3 and Step C4, we need, at the very least, to control Ug “u in L.
This issue was first addressed in the sequence of papers [22]-[24] where an L* bound
for Og “u was established, depending only on the L? norm of the curvature flux along
null hypersurfaces. The proof required an interplay between both geometric and analytic
techniques and had all the appearances of being sharp, i.e. we don’t expect an L* bound
for Og “u which requires bounds on less than two derivatives in L? for the metric?.

To obtain the L? bound for the Fourier integral operator E defined in (2.22), we need,
of course, to go beyond uniform estimates for Oy “u. The classical L? bounds for Fourier

20guch as contractions between the Riemann curvature tensor and derivatives of solutions of scalar
wave equations.

2lclassically, this requires, at the very least, the control of R in L™
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integral operators of the form (2.22) are not at all economical in terms of the number of
integration by parts which are needed. In our case the total number of such integration
by parts is limited by the regularity properties of the function Og “u. To get an L? bound
for the parametrix at initial time (2.21) and the error term (2.22) within such restrictive
regularity properties we need, in particular:

In Step C1 and Step C3, a precise control of derivatives of “u and Ug “u with
respect to both w as well as with respect to various directional derivatives®?. To
get optimal control we need, in particular, a very careful construction of the initial
condition for “u on ¥, and then sharp space-time estimates of Ricci coefficients,
and their derivatives, associated to the foliation induced by “u.

In Step C2 and Step C4, a careful decompositions of the Fourier integral operators
(2.21) and (2.22) in both A and w, similar to the first and second dyadic decom-
position in harmonic analysis, see [38], as well as a third decomposition, which in
the case of (2.22) is done with respect to the space-time variables relying on the
geometric Littlewood-Paley theory developed in [24].

Below, we make further comments on Steps C1-C4:

(1)

(2)

The choice of u(0,x,w) on Xo in Step C1. Let us note that the typical choice
u(0,z,w) = x - w in a given coordinate system would not work for us, since we
don’t have enough control on the regularity of a given coordinate system within
our framework. Instead, we need to find a geometric definition of u(0,z,w). A
natural choice would be

Ugu = 0 on X

which by a simple computation turns out to be the following simple variant of the
minimal surface equation®

Vu Vu Vu
div [ — ) =k | —, — So.
“’(rw) <|w|’rw|) o o

Unfortunately, this choice does not allow us to have enough control of the deriva-
tives of u in the normal direction to the level surfaces of u. This forces us to look
for an alternate equation for u:

Vu 1 Vu YVu
div [ — | =1- — +k | —, — .
“’(rwr) v <|Vu\’|w|> o =0

This equation turns out to be parabolic in the normal direction to the level surfaces
of u, and allows us to obtain the desired regularity in Step C1. On closer inspection
it is related with the well known mean curvature flow on .

How to achieve Step C3. The regularity obtained in Step C1, together with null
transport equations tied to the eikonal equation, elliptic systems of Hodge type, the

22Taukimg into account the different behavior in tangential and transversal directions with respect to
the level surfaces of “u.
231n the time symmetric case k = 0, this is exactly the minimal surface equation
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geometric Littlewood-Paley theory of [24], sharp trace theorems, and an extensive
use of the structure of the Einstein equations, allows us to propagate the regularity
on X to the space-time, thus achieving Step C3.

The reqularity with respect to w in Steps C1 and C3. The regularity with respect
to  for u is clearly limited as a consequence of the fact that we only assume L?
bounds on R. On the other hand, R is independent of the parameter w, and one
might infer that u is smooth with respect to w. Surprisingly, this is not at all the
case. Indeed, the regularity in x obtained for u in Steps C1 and C3 is better in
directions tangent to the level hypersurfaces of u. Now, the w derivatives of the
tangential directions have non zero normal components. Thus, when differentiat-
ing the structure equations with respect to w, tangential derivatives to the level
surfaces of u are transformed in non tangential derivatives which in turn severely
limits the regularity in w obtained in Steps C1 and C3.

How to achieve Steps C2 and CJ. Let us note that the classical arguments for
proving L? bounds for Fourier operators are based either on a TT* argument, or
a T*T argument, which requires several integration by parts either with respect
to x for T*T, of with respect to (A, w) for TT*. Both methods would fail by far
within the regularity for u obtained in Step C1 and Step C3. This forces us to
design a method which allows to take advantage both of the regularity in x and
w. This is achieved using in particular the following ingredients:

e geometric integrations by parts taking full advantage of the better regularity
properties in directions tangent to the level hypersurfaces of u,

e the standard first and second dyadic decomposition in frequency space, with
respect to both size and angle (see [38]), an additional decomposition in physi-
cal space relying on the geometric Littlewood-Paley projections of [24] for Step
C4, as well as another decomposition involving frequency and angle for Step
C2.

Even with these precautions, at several places in the proof, one encounters log-
divergences which have to be tackled by ad-hoc techniques, taking full advantage
of the structure of the Einstein equations.

Step D (Sharp L*(M) Strichartz estimates) Recall that the parametrix constructed
in Step C needs also to be used to prove sharp L*(M) Strichartz estimates. Indeed
the proof of several bilinear estimates of Step B reduces to the proof of sharp L*(M)
Strichartz estimates for the parametrix (2.19) with A localized in a dyadic shell.

More precisely, let j > 0, and let ¥/ a smooth function on R? supported in

1
- < <2
S <<

Let ¢, the parametrix (2.19) with a additional frequency localization A ~ 27

ori(t,x) = /S 2 /0 e @) (279N f (Aw) N2dAdw. (2.23)
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We will need the sharp®! L*(M) Strichartz estimate

Isillscan S 22[(277X) £l 2 s)- (2.24)

The standard procedure for proving® (2.24) is based on a TT* argument which reduces
it to an L estimate for an oscillatory integral with a phase involving “wu. This is then
achieved by the method of stationary phase which requires quite a few integrations by
parts. In fact the standard argument would require, at the least®®, that the phase function
u = “u verifies,

Oru € L, 0,,07u € L™, (2.25)

This level of regularity is, unfortunately, incompatible with the regularity properties of
solutions to our eikonal equation (2.20). In fact, based on the estimates for “u derived
in step C3, we are only allowed to assume

(9t,xu S Loo, 8t,m8wu c L. (226)

We are thus are forced to follow an alternative approach®’ to the stationary phase method
inspired by [35] and [36] .

2.5. Structure of the paper. The rest of this paper is devoted to the proof of Theorem
2.10. Here are the main steps.

e In section 3, we start by describing the Cartan formalism and introduce compatible
frames, i.e. frames eg, e1, e, e3 with eg the future unit normal to the foliation >,
and (e, e, e3) an orthonormal basis on ;. We choose ey, ey, e3 such that the
spatial components A = (A, Ay, A3) verify the Coulomb condition V*A4; = 0. We
then decompose the equations (3.10)-(3.11) relative to the frame. This leads to
scalar equations for Ay = g(A,ep) and A; = g(A, e;) of the form (see Proposition
3.5),

AAO = l.o.t.
OA; = —0;,(0pA0) + A70;4; + AV9;A; + Lot

where l.o.t. denote nonlinear terms for which the specific structure is irrelevant, i.e.
no bilinear estimates are needed. The entire proof of the bounded L? conjecture
is designed to treat the difficult terms A70;A; and A70;A,;.

24Note in particular that the corresponding estimate in the flat case is sharp.

*Note that the procedure we describe would prove not only (2.24) but the full range of mixed Strichartz
estimates.

26The regularity (2.25) is necessary to make sense of the change of variables involved in the stationary
phase method.

2TWe refer to the approach based on the overlap estimates for wave packets derived in [35] and [36]
in the context of Strichartz estimates respectively for C'**! and H?*¢ metrics. Note however that our
approach does not require a wave packet decomposition.
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e To eliminate 9;(9pAo) and exhibit the null structure of the term A’9;A; we need to
project the second equation onto divergence free vectorfields. Unlike the flat case
of the Yang-Mills equation (see [17]), the projection does not commute with [J
and we have to be very careful with the commutator terms which it generates. We
effectively achieve the desired effects of the projection by introducing the quantity
B = (=A)"'curl A. The main commutation formulas are discussed in section 6
and proved in the appendix.

e In section 4, we start by deriving various preliminary estimates on the initial slice
Yo, discuss an appropriate version of Uhlenbeck’s lemma and show how to control
Ap, A as well as B = (—A)'curl A, from our initial assumptions on .

e In section 5, we introduce our bootstrap assumptions and describe the principal
steps in the proof of version 3 our main theorem, i.e. Theorem 2.10. Note that
we are by no means economical in our choice of bootstrap assumptions. We have
decided to give a longer list, than strictly necessary, in the hope that it will make
the proof more transparent. We make, in particular, a list of bilinear, and even
trilinear and Strichartz bootstrap assumptions which take advantage of the special
structure of the Einstein equations. The trilinear bootstrap assumption is needed
in order to derive the crucial L? estimates for the curvature tensor. The entire
proof of Theorem 2.10 is summarized in Propositions 5.7 and 5.8 in which all
the bootstrap assumptions are improved by estimates which depend only on the
initial data, as well as Proposition 5.9 in which we prove the propagation of higher
regularity.

e In section 6, we discuss various elliptic estimates on the slices ¥;, derive estimates
for B from the bootstrap assumptions on A, and we show how to derive estimates
for A from those of B.

e In section 7, we use the bootstrap assumptions to derive L?-spacetime estimates
for OB and 0UIB, estimates which are crucial in order to provide a parametrix
representation for B and prove the bilinear estimates stated in proposition 5.8. It
is crucial here that all the commutator terms generated in the process continue to
have the crucial bilinear structure discussed above and thus can be all estimated
by our bilinear bootstrap assumptions.

e In section 8, we derive energy estimates for the wave equations Ug¢p = I, relying
again on the bootstrap assumptions, in particular the trilinear ones.

e In section 9, we improve on our basic bootstrap assumption, i.e. all bootstrap
assumptions except the bilinear, trilinear and Strichartz bootstrap assumptions.
This corresponds to proving Proposition 5.7.

e In section 10, we show how to construct parametric representation formulas for
solutions to the scalar wave equation [g¢ = F'. The main result of the section,
Theorem 10.7, depends heavily on Theorem 10.3 whose proof requires, essentially,
all the constructions and proofs of the papers [41]-[44]. Theorem 10.3 is in fact
the main black box of this paper.
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e In sections 11 and 12, we improve on our bilinear, trilinear and Strichartz bootstrap
assumptions. This corresponds to proving Proposition 5.8. Note that we rely on
sharp L*(M) Strichartz estimates for a parametrix localized in frequency (see
Proposition 12.1) which are proved in [45].

e Finally, we prove the propagation of higher regularity in section 13. This corre-
sponds to proving Proposition 5.9.

The rest of this paper is devoted to the proof of Theorem 2.10. Note that we will
concentrate mainly on part (1) of the theorem. The proof of part (2), which follows
exactly the same steps as the proof (with some obvious simplifications) of part (1), is
sketched in section 13.

Remark 2.12. To re-emphasize that the special structure of the Finstein equations is
of fundamental importance in deriving our result we would like to stress that the bilinear
estimates are needed not only to treat the terms of the form A19;A; and A79; A; mentioned
above (which are also present in flat space) but also to derive energy estimates for solutions
to Og = F. Moreover, a trilinear estimate is required to get L* bounds for R. In addition
to these, a result such as Theorem 10.3 cannot possibly hold true, for metrics g with our
limited degree of reqularity, unless the Finstein equations are satisfied, i.e. Ric(g) = 0.
Indeed a crucial element of a construction of a parametriz representation for solutions
to Ug¢p = F, guaranteed in Theorem 10.3, is the control and reqularity of a family of
phase functions with level hypersurfaces which are null with respect to g. As mention a
few times in this introduction, such controls are intimately tied to the null geometry of a
space-time, e.g. lower lower bounds for the radius of injectivity of null hypersurfaces, and
would fail, by a lot, for a general Lorentzian metric g.

Conclusion. Though this result falls short of the crucial goal of finding a scale invari-
ant well-posedness criterion in GR, it is clearly optimal in terms of all currently available
ideas and techniques. Indeed, within our current understanding, a better result would
require enhanced bilinear estimates, which in turn would rely heavily on parametrices.
On the other hand, parametrices are based on solutions to the eikonal equation whose
control requires, at least, L? bounds for the curvature tensor, as can be seen in many
instances in our work. Thus, if we are to ultimately find a scale invariant well-posedness
criterion, it is clear that an entirely new circle of ideas is needed. Such a goal is clearly of
fundamental importance not just to GR, but also to any physically relevant quasilinear
hyperbolic system.
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advancements made on nonlinear wave equations in the last twenty years in which so
many have participated. We would like to single out the contributions of those who
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3. EINSTEIN VACUUM EQUATIONS AS YANG-MILLS GAUGE THEORY

3.1. Cartan formalism. Consider an Einstein vacuum spacetime (M, g). We denote
the covariant differentiation by D. Let e, be an orthonormal frame on M, i.e.

g(ea,e5) = myp = diag(—1,1,...,1).
Consistent with the Cartan formalism we define the connection 1 form,
(A)as(X) = g(Dxes, eq) (3.1)
where X is an arbitrary vectorfield in T'(M). Observe that,
(A)as(X) = —(A)ga(X)

i.e. the 1 -form A ,dz* takes values in the Lie algebra of so(3,1). We separate the internal
indices «, # from the external indices p according to the following notation.

(Au)aﬂ = <A>o¢,6’(a,u) - g(Dueﬁv ea) (32)
Recall that the Riemann curvature tensor is defined by
R(X,Y,U,V) = g(X, [DyDy — DyDy — Dy Y])

with X, Y, U,V arbitrary vectorfields in T'(M). Thus, taking U = 0,V = 9,, coordinate
vector-fields,

R(eq, es,0,,0,) = g(ea, D,D,es — DVDMeﬁ).
We write,
D,es = (D,eg, ex)ex = (A,)* gen
and,
D,D,es = D,((A)*ger) = 9u(AL)* sex + (A,)* gDyex
= (A ger + (AL)* 5(AL)7 xes.
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Hence,
R(a 5,04, 00) = 0u(Al)ap = 0(Ap)as + (Av)a*(Au)rs — (A)a(A)rs. (3.3)
Thus defining the Lie bracket,
([Am AV])aﬁ = (Au)a K (AV)’W - (AV)a’Y (Au>%6’ (3-4)

we obtain:
Ragw = 0u(Av)ap — 0u(Ap)ag — ([Aps Aul)ags,
or, since d,(A,) —0,(A,) =D,A, —D,A,
(FW)aﬁ = Raﬁ/w = (D#A,, - DVAu - [Am A,,])aﬂ. (3-5>

Therefore we can interpret F as the curvature of the connection A.
Consider now the covariant derivative of the Riemann curvature tensor,

DUROéBW = (D FW)Oéﬁ RDaaﬁul/_RaDaﬁW

= (DoFu)as — R, 8(Do far f5) — Ry, 8(Do f3, f5)
(DoFpu)as = (Ag)a’ (Fru)sp — (Ae)s* (Fu)as

= (D, F/ﬂ/)aﬁ"‘( o)a’ (Fu)sp = (Fu)a*(Ag)ss
(DoFu + (A, Ful) 5

Hence,

D,Rpu = (A)DUFW =D,F,, +[A,,F,] (3.6)

where we denote by D the covariant derivative on the corresponding vector bundle.

More precisely if U = U, ,,,..,, is any k-tensor on M with values on the Lie algebra of
s0(3,1),

(AD,U =D,U + [A,, U] (3.7)
Remark 3.1. Recall that in (A,)ap, o, 5 are called the internal indices, while p are called
the external indices. Now, the internal indices will be irrelevant for most of the paper.
Thus, from now on, we will drop these internal indices, except for rare instances where

we will need to distinguish between internal indices of the type ij and internal indices of
the type 0i.

The Bianchi identities for Rqog,, take the form
“AD,F,, + *D,F,, + “D,F,, = 0. (3.8)

As it is well known the Einstein vacuum equations Rng = 0 imply D#*Rg,, = 0. Thus,
in view of equation (3.6),

0=“D"F,, = D'F,, + [A"F,,)] (3.9)
or, in view of (3.5) and the vanishing of the Ricci curvature of g,.
0OA, -D,(D*A,) =17, (3.10)
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where
J, = DM([AW AVD - [A/m FMV]' (3'11)
Using again the vanishing of the Ricci curvature it is easy to check,
D“J, = 0. (3.12)

Finally we recall the general formula of transition between two different orthonormal
frames e, and e, on M, related by,

€a = Ole,

where m,g = OgO% m.s, i.e. O is a smooth map from M to the Lorentz group O(3,1).
In other words, raising and lowering indices with respect to m,

0,0 = ¢¢ (3.13)
Now, (;&“)a[g = g(Des, €,). Therefore,
(:&u)aﬂ = Ogo%(Au)% + 9,(07) 05/3 Mg (3.14)

3.2. Compatible frames. Recall that our spacetime is assumed to be foliated by the
level surfaces ¥; of a time function ¢, which are maximal, i.e. denoting by k the second
fundamental form of >; we have,

trgk =0 (3.15)

where g is the induced metric on ;. Let us choose ey = T, the future unit normal to
the 3, foliation, and e(;), ¢ = 1,2,3 an orthonormal frame tangent to ¥,. We call this a
frame compatible with our 3; foliation. We consider the connection coefficients (3.2) with
respect to this frame. Thus, in particular, denoting by Ay, respectively A;, the temporal
and spatial components of A,

(Ai)Oj = (Aj)()i = _kij7 Z,] = 1,2,3 (316)
(AO)Oi = —nilvin 1= 1, 2, 3 (317)

where n denotes the lapse of the t-foliation, i.e. n™2 = —g(Dt,Dt). With this notation
we note that,

Viki; = Vi(ki); + ki (A); " = vl<Ai)0j + ki (A7); "

where V is the induced covariant derivative on ¥; and, as before, the notation V;(k;); or
V!(A;)o;, is meant to suggest that the covariant differentiation affects only the external
index i. Recalling from (2.2) that k verifies the constraint equations,

{ _
V'ki; =0,
we derive,

Vi ADoj = ki ™(Ad)my- (3.18)
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Besides the choice of eq we are still free to make a choice for the spatial elements of the
frame ey, €5, 3. In other words we consider frame transformations which keep ¢ fixed, i.e
transformations of the type,

€ = Og e;
with O in the orthogonal group O(3). We now have, according to (3.14),
(Am)ij = OFOY (At + 0m(OF) O}k
or, schematically,
A, = 0A,07'+(9,0)07! (3.19)

formula in which we understand that only the spatial internal indices are involved. We
shall use this freedom later to exhibit a frame ey, es, e3 such that the corresponding con-
nection A satisfies the Coulomb gauge condition V'(4;);; = 0 (see Lemma 4.2).

3.3. Notations. We introduce notations used throughout the paper. From now on, we
use greek indices to denote general indices on M which do not refer to the particular
frame (eg, €1, ea, €3). The letters a, b, ¢, d will be used to denote general indices on ¥, which
do not refer to the particular frame (e, ez, e3). Finally, the letters 4, 7,1, m,n will only
denote indices relative to the frame (eq, eq, €3). Also, recall that D denotes the covariant
derivative on M, while V denotes the induced covariant derivative on ¥;. Furthermore,
0 will always refer to the derivative of a scalar quantity relative to one component of the
frame (eg, €1, €2, €3), while 0 will always refer to the derivative of a scalar quantity relative
to one component of the the frame (eq, ey, €3), so that @ = (0y, d). For example, A may
be any term of the form 0;(A4;), dyA may be any term of the form 0dy(A4;), 0Ay may be
any term of the form 8j(A0), and A = (8A, 8140) = (80140, 8A0, (90A, 8A)

We introduce the curl operator curl defined for any so(3, 1)-valued triplet (wy,ws,ws)
of functions on X, as follows:

(curlw); =¢€; 0;(wy), (3.20)

where €;;; is fully antisymmetric and such that €,93= 1. We also introduce the divergence
operator div defined for any so(3, 1)-valued tensor A on ¥; as follows:

div A = V'(A;)) = 0'(A) + A% (3.21)

Remark 3.2. Since 0y and 0; are not coordinate derivatives, note that the commutators
[0, 00] and [0;,0;] do not vanish. Indeed, we have for any scalar function ¢ on M:

04, aj]¢ = e, €j]¢ = (Diej - Djez‘)¢
= —((Diej,e0) — (Djes, €0))en(@) + ((Diej, ) — (Djei, e1))er(d)
= —((Ai)oj — (A4))0i)00d + ((As)ij — (A;)1)00,
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and:

05, Q0] = e, e0l¢ = (Dieg — Doe;)¢
—((Dieo, e0) — (Does, €0))eo(d) + ((Dieo, er) — (Does, er))er()
= (A0)0i0o® + ((Ai)io — (A0)1i) 019

This can be written schematically as:
for any scalar function ¢ on M.

Remark 3.3. The term A% in (3.21) corresponds to a quadratic expression in components
of A, where the particular indices do not matter. In the rest of the paper, we will adopt
this schematic notation for lower order terms (e.g. terms of the type A* and A3) where
the particular indices do not matter.

Finally, [JAq and [JA; will always be understood as [J applied to the scalar functionsA
and A;, while (0A), will refer to O acting on the differential form A,. Also, AA, will
always refer to A(Ay).

3.4. Main equations for (Ap, A). In what follows we rewrite equations (3.10)—(3.11)
with respect to the components Ag and A = (A;, As, A3). To do this we need the following
simple lemma.

Lemma 3.4. For any vectorfield X, we have:

X*0OA), =0(X-A) - 2D*X - DA — (OX) - A. (3.23)

Taking X = ¢y in the lemma and noting that,

Oep = D*Dyeg = —D*(Ay)o e, — (An)o 7 (AY), e,

as well as®®
D*(A,) = —Dg(Ag) +D'(A;) = — [60/10 + (AO)Oi(Ai)] + [VZ(AZ)} (3.24)
we derive, keeping track of the term in dyAy,
(OA)y = OAp+2(AY)e"Da(A,) — (Oep) - A

= O4p+2(AY)"Dy(A,) + DAL "A, + (AL)o 7 (AY), A,

= OAy — 0p(A0)o“(A;) + AGA + ADAy + A®.
On the other hand,

(D (A,) = —8A— Bo(Ao)s (A)s + Bo(V'(A)

28Recall that trk = 0.
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Hence,
(HA)o — 9o(D"(A,)) = DAy — do(Ao)o ' (Ai) + 05 Ao + do(Ao)o " (A)i — o(V'(A:))
+ ABA+ AO(Ay) + A?
= Ao+ A0 — o(V'(A)) + ADA+ AD(Ay) + A°.
On the other hand we have, by a straightforward computation, for any scalar ¢,
O¢ = —0y(0p0) + A +n"'Vn - Vo, (3.25)
with A denoting the standard Laplace-Beltrami operator on ;. Therefore,
(OA)p — 9(D*(A,)) = AAy—0o(V'(4)) + AGA + AdA, + A°.
Finally, recalling (3.11), we have,

Jo = —DM[A,, Ay +[A,,Ful=A0A+ AdA, + A°.
Hence the ey component of (3.10) takes the form,
AAy— 0y(V'A;) = ABA+ ADAy + AP (3.26)

According to (3.18) we have,
Vi(Aioj = —ki ™ (Ai)mj-

We are thus free to impose the Coulomb like gauge condition,

V(A = 0. (3.27)
In fact we write both (3.18) and (3.27) in the form,
Vi(4;) = A% (3.28)
With this choice of gauge equation (3.26) takes the form,
AAg = ABA+ AdAy + A°. (3.29)

It remains to derive equations for the scalar components A;, i = 1,2, 3. First we observe,
in view of (3.24) and (3.28),

DA, = —DoAg + DiA; = —0pAg + V'A; + A% = —9p Ay + A% (3.30)
Using lemma 3.4 with X = e(;), i = 1,2,3 we derive,
OA; = (JA); —2(A%);"Dy(A,) — DYA,)i"A, — (A)): "(Ay), A,

or, schematically, ignoring signs or numerical constants in front of the quadratic and cubic
terms:

04, = (OA), + A70;A; + AgDA + ADA, + A®.
Recalling (3.12) we have,
(HA); — 0;(D*(A,)) = J;.
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where J; is the e(;) component of J. Therefore,

OA; + 0;(00Ag) = A -0;A; + J; + AgDA + ADA, + A®.
On the other hand, recalling the definition of J in (3.11), we easily find,

Ji = A 0A+ (A Fy) + AgOA + AB A, + AP,
Therefore, schematically,
OA; + 0;(00Ao) = AT 0;A; + A7 - 9;A; + AgOA + ADAy + A®.

We summarize the results of this subsection in the following proposition.

Proposition 3.5. Consider an orthonormal frame e, compatible with a maximal 3, foli-
ation of the space-time M with connection coefficients A,, defined by (3.2), their decom-
position A = (A, A) relative to the same frame en, and Coulomb- like condition on the
frame,

div A = A?.
In such a frame the Finstein-vacuum equations take the form,

AAy = AA+ ADA)+ A3, (3.31)

OA; + 0;(00Ao) = A0;A; + A0 A; + AgDA + ADAy + A°. (3.32)

Remark 3.6. [t is extremely important to our strategy that we have reduced the covariant
wave equation (3.10) to the system of scalar equations (3.31) (3.32) (see remark 2.11).

We also record below the following useful computation.
Lemma 3.7. We have the following symbolic identity:
curl (curl (A)); = 0;(div A) — A(A;) + AOA. (3.33)

Proof. To prove (3.33) we write, using the fact that [0;,0;] = A0 in view of (3.22), and
the definition (3.21) of div:

curl (curl (A)); = €jui O(E€imn Om(An
= €1i€imn 01(0m(A,)
(5jm5ln 5jn61m)al(a ( ))

= 01(0;(A)) — 9(Di(4;))
= 0j(div A) — A(A;) + AJA.

)
)

which is (3.33). This concludes the proof of the lemma. O
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4. PRELIMINARIES

4.1. The initial slice. By the assumptions of Theorem 2.10, we have:

| R r2(s0) < 6, (4.1)
[kl L2(s0) + I VEllL2(50) < € (4.2)
and:
1
rvol(zm ]-) Z 5 (43)

(4.2), (4.1) and (4.3) together with the estimates in [43] (see section 4.4 in that paper)
yields:
In = 12wy + V0|20 S € (4.4)

Also, we record the following Sobolev embeddings and elliptic estimates on ¥, that where
derived under the assumptions (4.1) and (4.3) in [43] (see section 3.5 in that paper).

Lemma 4.1 (Calculus inequalities on ¥ [43]). Assume that (4.1) and (4.3) hold. We
have on Y the following Sobolev embedding for any tensor F:

[E N om0y S NIV E | L2(20)- (4.5)
Also, we define the operator (—A)_% acting on tensors on Xy as:

2 —L +OO7'_% T)rdr
(—A) F_F(l)/o U(r)Fdr,

4

where T is the Gamma function, and where U(T)F is defined using the heat flow on ¥y:
(0, —AYU(T)F =0,U(0)F = F.
We have the following Bochner estimates:

IV(=A)72 || 2oy S 1 and [[VAH(=A) "l gz S

~Y

1, (4.6)

where L(L*(Xy)) denotes the set of bounded linear operators on L*(Xg). (4.6) together
with the Sobolev embedding (4.5) yields:

1(=8) Pl S 1Pl 5, (47)

4.1.1. The Uhlenbeck type lemma. In order to exhibit a frame ey, e, e3 such that together
with ey = T" we obtain a connection A satisfying our Coulomb type gauge on the initial
slice g, we will need the following result in the spirit of the Uhlenbeck lemma?®® [50].

2INote that our smallness assumptions on A make the proof of the Lemma much simpler than the
original result of Uhlenbeck.
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Lemma 4.2. Let (M,g) a 3 dimensional Riemannian asymptotically flat manifold. Let
R denote its curvature tensor and ryo (M, 1) its volume radius on scales < 1. Let A be a
connection on M corresponding to an orthonormal frame €y, é5,€3. Assume the following
bounds:

||A||L2(M) + HVAHLQ(M) —|— ||R||L2(M) S 5 and rvol(M ].) 2 (48)

] =

where § > 0 is a small enough constant. Assume also that A and VA belong to L*(M).
Then, there is another connection A on M satisfying he Coulomb gauge condition V'(A;) =
0, and such that

Al 2y + IV All2ar) S 0 (4.9)
Furthermore, if V2A belongs to L*(M), then V2A belongs to L*(M).

Proof. This is a straightforward adaptation, in a simpler situation, of [50]. Note that in
the new frame ey, e, €3, defined by e; = O] €;, with O in the orthogonal group O(3), we
have,

A, = 0A,07'+(9,,0)07".
Our Coulomb gauge condition leads to the elliptic equation for O,
V™" ((0,0)07" +04,,07) =0, 0-0'=1, (4.10)

which, in view of the smallness assumptions and the boundary condition O — 1 at infinity
along M, admits the unique solution. We leave the remaining details to the reader. [J

4.1.2. Control of A, Ay and B = A~ lcurl (A) on the initial slice. Let us first deduce
from the Uhlenbeck type Lemma 4.2 the existence of a connection A on ¥, satisfying
the Coulomb gauge condition (3.27). In view of Theorem 2.5, the bound on R in L*(3)
and on r,4(2g, 1) assumed in Theorem 2.10 yields the existence of a system of harmonic
coordinates. Furthermore, let é;, és, €3 an orthonormal frame obtained from 0,,, 0.,, Ox,
by a standard orthonormalisation procedure, and let A the corresponding connection.
Then, the estimates of Theorem 2.5 yield the fact that A and VA belong to L*(M).
Together with the estimates (4.1) on R and (4.3) on 7,4 (X0, 1), and the Uhlenbeck type
Lemma 4.2, we obtain the existence of a connection A on ¥ satisfying the Coulomb gauge
condition (3.27).

Next, using the fact that A satisfies the Coulomb gauge (3.27), and using also the
estimates (4.1) (4.2) and the estimates of Lemma 4.1 on the initial slice ¥, we may
estimate A, Ag and B = A~ 'curl (A). We will make use of the following computation,

Proposition 4.3. We have the following estimate for A, Ay and B = A~ curl (A) on the
mitial slice Xg:

[A 2 (m0) + 19 Al L2(m0) + 1040l 22(50) + 109 B[ L2(5) S €
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Proof. We estimate separately the components (A;);o, (4i) i, (Ao)io and (Ap);;. We start
with (A4;);o. Recall that (A;)o; = kij. Together with (4.2), we obtain:
10A)0;l z250) S IVl 2(50) + 142 | 2(20) S €+ ([ Al (50 (4.11)
Also, (A;); = g(Diej,e)) = g(Viej, ;). A computation similar to (3.3) yields:
R(eia €j, €l em) = al(Am)ij - am(Al>ij + (Am>in(Al>nj - (Al)in(Am)nj~

Thus, we have schematically:
(curl A);j = R+ A%
On the other hand, we have from the Coulomb gauge condition:

div A = A%
Using (3.33), we obtain, writing again schematically:
(AA);; = VR + ADA + A?, (4.12)

which after multiplication by A;; and integration by parts yields:

104l 720y S (IRllz2o) + 14N o) 10AN L2y + 1Al Lasy)  (413)

S (et IANZ o) I0AN r2csy) + IAN sy
where we used (4.1) in the last inequality. Now, recall (A;)oo = 0, which together with
(4.11) and (4.13) yields:
10A]| L2y S €+ 1A a5y -
Together with the Sobolev embedding (4.5), this implies:
10A] L2(s30) S € (4.14)
Next, we estimate Vok. Recall (2.5):
Vokas = Raovo — 17 Vo Viyn — kacks ©.
Also recall Gauss equation (2.7):
Ruovo = Rap — ko “kep.

Thus, we have:

Vok = R—n"'V?n + A% (4.15)
(4.1), (4.4), (4.14), (4.15) and the Sobolev embedding (4.5) imply:
Vok|lL2(se) S e (4.16)

Now, (A;)oi = k;j, and thus:
(00A)oi = Vok + AAy,
which together with (4.16), (4.14) and the Sobolev embedding (4.5) yields:
1@0A)oillL2m) S [IVokllL2(se) + 1Al o) [ Aoll 2o (4.17)
S et ell0(Ao)l L2z
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Next, we estimate (JpA);;. In view of (3.3), we have:

R(e;, ej,e0,€1) = (O0A1)i; — (O1A0)i; + AvA.
Furthermore, we have:

Roiij = (0:A))o — (9;A) 0 + A* = 0A + A%
Using the symmetry of the curvature tensor R;;0; = Ro;;;, we obtain:

(O0A1)ij = 0Ag + 0A + AA|

which together with (4.14) and the Sobolev embedding (4.5) yields:

1G0A)ijllzezey S 110A0llL2(me) + |0AllL2(s0) + [[All L1 zo) | Al 2220 (4.18)
S e+ (|04l L2z
Since Agg = 0, (4.17) and (4.18) yield:
HaUAHLQ(EO) < € + HaA()HLQ(EO). (419)

~

Next, we estimate 0(Ap). Recall (3.31):
AAy = ADA + ADA, + A°.

After multiplication by Ay and integration by parts, and together with (4.14), (4.19) and
and the Sobolev embedding (4.5), this yields:

10A0] 720y S ([AllLa) IOANl L2y + Al La(zo) 10 Aol 2250y + 1A (530)) | Aol £ (50)
S 11040l L2(s0) + [10A0]l72(5,)
which implies:
[0Ao|z2(s0) S €. (4.20)

Y

Together with (4.19), we obtain:
100Al L2s0) S € (4.21)

Finally, we estimate B on the initial slice 3, using the estimates for A (4.14), (4.20)
and (4.21). This will be done on ¥, in Proposition 6.4. Arguing as in Proposition 6.4 for
t = 0 together with (4.14), (4.20), (4.21), the Sobolev embeddings (4.5) and (4.7) on X,
the Bochner inequality on ¥ (4.6), we immediately obtain:

||8BB||L2(ZO) 5 €.

This concludes the proof of the proposition. O
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5. STRATEGY OF THE PROOF OF THEOREM 2.10

5.1. Classical local existence. We will need the following well-posedness result for the
Cauchy problem for the Einstein equations (1.1) in the maximal foliation.

Theorem 5.1 (Well-posedness for the Einstein equation in the maximal foliation). Let
(30,9, k) be asymptotically flat and satisfying the constraint equations (1.2), with Ric,
VRic, k, Vk and V?k in L*(3¢), and r,(X0,1) > 0. Then, there exists a unique asymp-
totically flat solution (M, g) to the Einstein vacuum equations (1.1) corresponding to this
initial data set, together with a mazimal foliation by space-like hypersurfaces ¥ defined
as level hypersurfaces of a time function t. Furthermore, there exists a time

T. = T.(|[VY Ric|| 12(5),0 < 1 < 1 [V 12(20),0 < § < 2,7501(Z0,1)) >0

such that the mazimal foliation exists for on 0 <t < T, with a corresponding control in
L5 L* (%) for Ric, VRic, k, Vk and V*k.

Theorem 5.1 requires two more derivatives both for R and k with respect to the main
Theorem 2.2. Tts proof is standard and relies solely on energy estimates (as opposed to
Strichartz estimates of bilinear estimates). We refer the reader to [9] chapter 10 for a
related statement.

Remark 5.2. In the proof of our main theorem, the result above will be used only in the
context of an extension and continuity arguments (see Step 1 and Step 3 in section 5.4).

5.2. Weakly regular null hypersurfaces. We shall be working with null hyper surfaces
in M verifying a set of assumptions, described below. These assumptions will be easily
verified by the level hyper surfaces H, solutions u of the eikonal equation g""0,ud,u = 0
discussed in section (10). The regularity of the eikonal equation is studied in detail in
[43].

Definition 5.3 (Weakly regular null hypersurfaces). Let H be a null hypersurface with
future null normal L verifying g(L,T) = —1. Let also N = L —T. We denote by ¥V the
induced connection along the 2-surfaces HN Y. We say that H is weakly reqular provided
that,

IDL|| 2330y + DN |10y S 1, (5.1)
and the following Sobolev embedding holds for any scalar function f on H.:
1) S NV S llz2io) + 1L 200 + 11l 2200)- (5.2)

5.3. Main bootstrap assumptions. Let M > 1 a large enough constant to be chosen
later in terms only of universal constants. By choosing ¢ > 0 sufficiently small, we
can also ensure Me is small enough. From now on, we assume the following bootstrap
assumptions hold true on a fixed interval [0,7%], for some 0 < T* < 1. Note that H
denotes an arbitrary weakly regular null hypersurface, with future directed normal L,
normalized by the condition g(L,T) = —1.
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e Bootstrap curvature assumptions
IR Lo r2(s,) < Me. (5.3)
Also,
IR - L2 < Me, (5.4)
where R+ L denotes any component of R such that at least one index is contracted
with L.

e Bootstrap assumptions for the connection A. We also assume that there exist
A = (Ay, A) verifying our Coulomb type condition on [0,7™] , such that,

[AllLser2(s) + [[0A]| e r2(sy) < M, (5.5)
and:
Aol zeer2(s) + 10 Ao Lo 2(sy) + | Aol 2roo (s + [0 Aol Lo L3 (s)

|08 A|| < Me. (56)

3
L®L2(S)

Remark 5.4. Together with the estimates in [43] (see section 4.4 in that paper), the
bootstrap assumption (5.3) yields:

Kl zeor2(m) + I VE|| o2z S Me. (5.7)

Furthermore, the bootstrap assumption (5.4) together with the estimates in [43] (see section
4.2 in that paper) yields:

inf 7o (3, 1) > i (5.8)
In addition we make the following bilinear estimates assumptions for A and R.:
e Bilinear assumptions I. Assume,

1470, All 2 nny S M7, (5.9)

Also, for B = (—A) teurl (A) (see (5.37) and the accompanying explanations):
1490,(8B) | 2 ne) S MPE, (5.10)

and:

IR0 Bl r2my S M€, (5.11)

Finally, for any weakly regular null hypersurface H and any smooth scalar function

¢ on M,
[k 07| 2oy S MPe s%pHWHmm), (5.12)
and

1A70;0|| L2y S MZGS%PHYWHH(H» (5.13)

where the supremum is taken over all null hypersurfaces .
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e Bilinear assumptions II. We assume,

I(=2)72(Qi (A, A)) [l 2r) S M3, (5.14)

~Y

where the bilinear form @);; is given by Q;;(¢, ) = 0;¢0;¢ — 0;¢0;%. Furthermore,

we also have:

1(=2)72(2(A) () 2y S M€ (5.15)
e Non-sharp Strichartz assumptions
HAHL,%U(Et) S MPe. (5.16)

and, for B = (—A)"'curl A, (see (5.37) and the accompanying explanations):
10B] 1207z, S M?e. (5.17)
Remark 5.5. Note that the Strichartz estimate for || Al 2p7(s,) is far from being

sharp. Nevertheless, this estimate will be sufficient for the proof as it will only be
used to deal with lower order terms.

Finally we also need a trilinear bootstrap assumption. For this we need to introduce the
Bel-Robinson tensor,

Qapro = Ra 7 Rpgrse + "Ra* 77 "Rprso (5.18)
o Trilinear bootstrap assumption. We assume the following,
/ Qijrskeled| < M'e. (5.19)
M

We conclude this section by showing that the bootstrap assumptions are verified for some
positive T™.

Proposition 5.6. The above bootstrap assumptions are verified on 0 < t < T for a
sufficiently small T > 0.

Proof. The only challenge here is to prove the existence of the desired connection A, all
other estimates follow trivially from our initial bounds and the local existence theorem
above, for sufficiently small 7. More precisely we need to exhibit a frame ey, e, €3 such
that, together with ey = T', we obtain a connection A satisfying our Coulomb type gauge
on the slice ¥;. To achieve this we start on ¥y with the orthonormal frame e, es, es,
discussed in section 4.1%° and transport it to an orthonormal frame on 3, 0 < t < T*,
according to the equation,

DT(éj) = O, é](O) = €j, j = 1, 2,3
Differentiating, we obtain schematically the following transport equation for A:

Dy(A) =R,  A(0)=A.

30such that the corresponding connection A verify the Coulomb gauge condition (3.27) and the esti-
mates of proposition 4.3
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We can then rely on the estimates of the local existence theorem, for sufficiently small T,
to derive Ly T*}LQ(Et) bounds for A, A and 8*A. Since all the bounds for A and R are
controlled from the initial data, for small 7* (thus proportional to €), we are in a position
to apply Uhlenbeck’s lemma 4.2 on ¥; to produce the desired connection A. Furthermore,
differentiating (4.10) twice with respect to DT, and applying standard elliptic estimates,
we finally obtain the fact that A, A and 8*A are also controlled in L[OT}LZ(Et) in
conformity with our bootstrap assumptions. O

5.4. Proof of the bounded L? curvature conjecture. In the following two proposi-
tions, we state the improvement of our bootstrap assumptions.

Proposition 5.7. Let us assume that all bootstrap assumptions of the previous section
hold for 0 <t < T*. If e > 0 is sufficiently small, then the following improved estimates
hold true on 0 <t < T™:

IR o, S €+ M2e2 + M3, (5.20)
IR - L2y S €+ M2e2 + M, (5.21)
3
1Al o2 + 0Ail| L2z S €+ MPe2 + M€, (5.22)

[ Aol Lser2(s) + 10 Aol oo r2(sy + | Aol L2 Lo (s,

0 Ao e () + 108 A e+ M + M3, (5.23)

<
LeL3(s) ~
Proposition 5.8. Let us assume that all bootstrap assumptions of the previous section
hold for 0 <t <T*. If e > 0 is sufficiently small, then the following improved estimates
hold true on 0 < ¢ <T™*:

HA]a]AHL2(M) 5 M2€2, (524)
1499,(9B) | 2an) S M, (5.25)

and
IR0 Bl 2oy S M?€. (5.26)

Also, for any scalar function ¢ on M, we have:

ks 6 onn) < Me (s;p||V¢||L2<H) ; ||a¢||L;»L2<zt>) , (5.27)
and

|A70; || 12(m) S Me (S%PHYWHL%H) + ||3¢||L§°L2(zt)) : (5.28)
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where the supremum is taken over all (weakly regular) null hypersurfaces H. Finally, we
have:

1(=2)72(Qi; (A, )l L2y S M€, (5.29)
1(=2)"2(A(ANH(A) [ 2vy S M€ (5.30)

Also,
[Allzrrsy S Me (5.31)
10B| 217y S Me. (5.32)

and
‘/ Qijpokeded| < M€, (5.33)

M

The proof of Proposition 5.7 is postponed to section 9, while the proof of Proposition
5.8 is postponed to sections 11 and 12. We also need a proposition on the propagation of
higher regularity.

Proposition 5.9. Let us assume that the estimates corresponding to all bootstrap as-
sumptions of the previous section hold for 0 <t <T™ with a universal constant M. Then
for any t € [0,T*) and for ¢ > 0 sufficiently small, the following propagation of higher
reqularity holds:

IDR| s r2(sn) < 2 (|Ric| 2¢so) + IV Ric] r2(s0) + 1Kl 22(s0) + [VEl 22050) + VK| 22(50)) -

The proof of Proposition 5.9 is postponed to section 13. Next, let us show how Propo-
sitions 5.6, 5.7, 5.8 and 5.9 imply our main theorem 2.10. We proceed, by the standard
bootstrap method , along the following steps:

Step 1. We show that all bootstrap assumptions are verified for a sufficiently small final
value 1.

Step2. Assuming that all bootstrap assumptions hold for fixed values of 0 < 7% < 1 and
M sufficiently large we show that, for e > 0 sufficiently small, we may improve on
the constant M in our bootstrap assumptions.

Step 3. Using the estimates derived in step 2 we can extend the time of existence T™ to
T* + § such that all the bootstrap assumptions remain true.

Now, Step 1 follows from Proposition 5.6. Step 2 follows from Proposition 5.7 and
Proposition 5.8. In view of Step 2, the estimates corresponding to all bootstrap assump-
tions of the previous section hold for 0 < ¢ < T™ with a universal constant M. Thus
the conclusion of Proposition 5.9 holds, and arguing as in the proof of Proposition 5.6,
we obtain Step 3. Thus, the bootstrap assumptions hold on 0 < t < 1 for a universal
constant M. In particular, this yields together with (5.7):

HRHLt"OLQ(Et) S € and "k"LfOLQ(Zt) S e for all 0 <t<1. (534)
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In view of (5.8), we also obtain the following control on the volume radius:

1
inf ry (X, 1) > 1 (5.35)

0<t<1

Furthermore, Proposition 5.9 yields the following propagation of higher regularity

> ||D<a>R||Lfa1]L2(Et) < Con | IVORIC| 25y + IVOVE| L2(s2,) (5.36)

la|<m
where C,, only depends on m.

Remark 5.10. Note that Proposition 5.9 only yields the case m =1 in (5.36). The fact
that (5.36) also holds for higher derivatives m > 2 follows from the standard propagation
of reqularity for the classical local existence result of Theorem 5.1 and the bound (5.36)
with m = 1 coming from Proposition 5.9.

Finally, (5.34), the control on the volume radius (5.35) and the propagation of higher
regularity (5.36) yield the conclusion of Theorem 2.10. Together with the reduction to
small initial data performed in section 2.3, this concludes the proof of the main Theorem
2.2

The rest of the paper deals with the proofs of propositions 5.7, 5.8 and 5.9. The core
of the proof is to control A, the spatial part of the connection A. As explained in the
introduction we need to project our equation for the spatial components A onto divergence
free vectorfields. This is needed for two reasons, to eliminate the term 9;(9yAg) on the left
hand side of (3.32) and to obtain, on the right hand side, terms which exhibit the crucial
null structure we need to implement our proof. Rather than work with the projection P,
which is too complicated, we rely instead on the new variable,

B = (—=A)tcurl (A) (5.37)
for which we derive a wave equation. Since we have (see Lemma 6.5):
A=curl (B)+l.ot

it suffices to obtain estimates for B which lead us to an improvement of the bootstrap
assumption (5.5) on A. In section 7, we derive space-time estimates for (0B and its
derivatives. Proposition 5.7, which does not require a parametrix representation, is proved
in 9. Proposition 5.8 is proved in sections 11 and 12 based on the representation formula
of theorem 10.7 derived in section 10. Finally, Proposition 5.9 is proved in section 13.

6. SIMPLE CONSEQUENCES OF THE BOOTSTRAP ASSUMPTIONS

In this section, we discuss elliptic estimates on >;, we derive estimates for B from the
bootstrap assumptions on A, and we show how to recover A from B.
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6.1. Sobolev embeddings and elliptic estimates on ;. First, we derive estimates
for the lapse n on ¥;. The bootstrap assumption on R (5.3) and the estimate for k (5.7)
together with the estimates in [43] (see section 4.4 in that paper) yield:

In = | ooty + V0 oo r) + (V20 oo r2(s) + IV 20| Lo s (6.1)
+[V(0on) || Lo 1350 + V20 , 1V2(0on) || S Me

LL3( LeL3(s) ~

Remark 6.1. Recall from (3.17) that:
(AO)Oi = —n_lvin.

Thus, the estimates (6.1) for n could in principle be deduced from the bootstrap assump-
tions (5.6) for Ag. However, notice that Vn € L*(M) in view of (6.1), while Aq is only
in L2L> (%) according to (5.6). This improvement for the components (Ag)o; of Ay will
turn out to be crucial and subtle’' (see remark 7.5).

Next, we record the following Sobolev embeddings and elliptic estimates on ¥, that
where derived under the assumptions (5.4) and (5.3) in [43] (see sections 3.5 and 4.2 in
that paper).

Lemma 6.2 (Calculus inequalities on %; [43]). Assume that the assumptions (5.4) and
(5.3) hold, and assume that the volume radius at scales <1 on ¥y is bounded from below
by a universal constant. Let 6 > 0. Then, there exists ro(0) > 0 and a finite covering of
¢ by geodesic balls of radius ro(0) such that each geodesic ball in the covering admits a
system of harmonic coordinates x = (x1, T2, x3) relative to which we have

(1+0)7"6 < gy < (1+6)di5, (6.2)

and
ro(6) / 1892/ Tgldz < 6. (6.3)
Bry(p)

Furthermore, we have on X, the following estimates for any tensor F':

1 sy SUVEN 3,0 (6.4)
1F 252 S NIV 12(5), (6.5)
| Ellze s SIVF o) + |1 F o) Vo > 3, (6.6)
and:
||V2F||Lg(2t) SIAF] 3 g, HIVEl2m0). (6.7)

31Using the lapse equation An = n|k|? and k, Vk € L°L?(%,), see (5.7), together with the Sobolev
embedding (6.5) we only deduce k € L{°L%(%;) from which An € L¥°L3(3;). This would yield V?n €
L°L3(%;), and thus Vn misses to be in L>(M) by a log divergence. However, one can overcome this
loss by exploiting the Besov improvement with respect to the Sobolev embedding (6.5). We refer the
reader to section 4.4 in [43] for the details.
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Finally, we define the operator (—A)_% acting on tensors on > as:

2 —L +OO7'*% T T
(—A) 2F—F(1)/0 U(r)Fdr,

4
where I is the Gamma function, and where U(T)F is defined using the heat flow on ¥:

(0, —AYU(T)F =0,U(0)F = F.
We have the following Bochner estimates:
IV(=8) "2 llewa S 1 and [V (=2) ey S 1, (6.8)

where L(L*(X;)) denotes the set of bounded linear operators on L*(%;). (6.8) together
with the Sobolev embedding (6.5) yields:

I(=A)"2Fllez S IFI g s, (6.9)

Remark 6.3. Note that 0*°f = V2f + AOf for any scalar function f on %,. Thus, in
view of the bootstrap assumption (5.5) for A, we may replace V* with 0* in the Bochner
inequality (6.8) when applied to a scalar function.

6.2. Elliptic estimates for B. Here we derive estimates for B using the bootstrap
assumptions (5.5) (5.6) for A and A,.

Proposition 6.4. Let B; = (—A) Y(curl (A);). Then, we have:
10(Bi)ll e 25y + 107 (Bi) | oo 2y + 10(00(Bi)) || pee 2y S Me.

Proof. Using the Bochner inequality on 3, (6.8) together with Remark 6.3, and from the
bootstrap assumption (5.5) on A, we have:

10(B) [l Lo r2(m0) + 10%(Bi) | ey S 1Al e + 104l 2y S Me. (6.10)
Next, we estimate 0(9y(B;)). In view of the definition of B, we have:
o(Bi) = (=A) Y curl (9o(A))) + [0y, (—A) Heurl (A) + (—=A) 1[0y, curl |A)
= (=A) (curl (36(A))) = (=A) [0, Al(=A) " eurl (A) + (=) ([00, curl ]A)
= (=A) Y curl (9s(A))) — (=A) 1Dy, A]B + (—=A) 1[0y, curl |A).

Thus, in view of the bootstrap assumption (5.5) for A, the Bochner inequality on 3, (6.8)
and the Sobolev embedding on ¥; (6.9), we have:

1006(Bi) |l e r2(s) (6.11)
10(=A) " (curl (8o(A)| oo r2(myy + 10(=2) 180, Al Bl oo 250
+H@(—A)’1([80,curl]A)HL?oLz(Et)

100 A Lo 2(sy) + 1(—A)~2[dp, AlB|lpser2(s,) + 1(=2)~2 ([0, curl |A)|| o2 (s

Me + || (=A) 2[00, AlB| e 12(s,) + [|(—=A) 2 ([0, curl |A) || o r2(s,)
Me + ||[00, A] B + ||[O, curl A||

AN

IARZANRIA

6
L°L5 () LOOLF (Z¢)
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Next, we estimate the right-hand side of (6.11). Recall the commutator formula (C.4)
[0, Al(B)) = —2k%V,V,(B)) + 20 'Vyn V4, (0o(B)) + n ' Andy(B;) — 2n~ 'V nk®V(B)).

Together with the Sobolev embedding on ¥; (6.5), the bootstrap assumption (5.5) for A,
and the estimate (6.10) for B;, this yields:

1180, AN B e 8 5, (6.12)
S ke s e 1% (Bi) |l 2z + 1Vl o 232 10(80(Bi)) | oo L2(0)
+HA”HL?OL%@)Hao(Bz')HLfoLG(Et) + [Vl zee 2o 1kl Lo Lo (20 [|0(Bi) || oo Lo (1)
< M2+ Me||0(0o(Bi)) | Leor2(0)-

Next, we estimate the last term in the right-hand side of (6.11). In view of the commuta-
tor formulas (C.3) and (3.22), and in view of the definition of curl, we have schematically:

(00, curl]A = kVA +n"'VnoyA + AOA = AOA,
which together with the bootstrap assumption (5.5) for A yields:
100, curt AT, g ) S 1AL |0A e sy S M2 (6.13)
Finally, (6.11)-(6.13) imply:
00 (B sy S Me+ ([0, AlBI 5 ) + 0. curt]A]
S Me+ Me||0(9(B;)) |l se 2z

L°°L5

LeL8 (%)

which yields:
1000(Bi) || Lzer2(s0) S Me.
Together with (6.10), this concludes the proof of the proposition. O

6.3. A decomposition for A. Recall that B = (—=A)"!(curl (A)). We show how to
recover A from B:

Lemma 6.5. We have the following estimate:
A=curl(B)+ FE
where E satisfies:

10E| e L3y + ||52E|| gy T 1Bz S M?€.

Proof. In view of Lemma 3.7, we have:
A= (=A)teurl (curl (A) + (=A) "' (ADA + A?).
This yields:
A = curl (=A) curl (A)) + [(=A) 7, curlJeurl (A) + (—=A) 1 (A0A + A?)
= curl (B) — (=A) A, curl [(=A)teurl (A) + (—A) 1 (A0A + A?)
) [ (=

A
= curl (B) — (=A) A, curl |B + (=A) 1 (A0A + A?),
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which implies:
E=—(—=A)"'A curl|B+ (—A) 1 (A0A + A?).
Now, we have

(A, 0]¢p = ROp + 0AO¢ + Ad*¢

for any scalar function ¢ in 3, where the curvature tensor R on ¥ is related to R through
the Gauss equation which can be written schematically:

R=R+ A2

Thus, we obtain:

(A, curl|B = ROB + 0A0B + A9*B + A?0B.
This yields:
E=—(—=A)""(RIB + 0AIB + AD’B + A’0B) + (—A) ' (A0A+ A%).  (6.14)

Using the elliptic estimate (6.7) on X;, we have:

2
10 E||L?Lg(2t) S ||AE||LOOL%(E)
N HRaBHLmLz +HaBaAHLNL2 +]|A82B|]LOOL2 )
2 3

+1A 3BHL?OL§(E +||A<37A||LOOL?Z +||A ||LooLg(Zt)

S IR zerze) 0B Lo ro(s,) + ||A\|L;>°L6(Et)|!32BHL§°L2(&)
+([[All e zo(sy) + 0Bl oo () )| OAl oo r2(5:,)
+HAH%§°L6(&)<HaBHLt‘X’LG(Et) + [[All e o (zy))

< M2,

where we used in the last inequality the Sobolev embedding (6.5) on 3, the bootstrap
estimates (5.5) for A, the bootstrap estimate (5.3) for R and the estimates (6.10) for B.
Together with the Sobolev embedding (6.4) on ¥, we finally obtain:

10E || e La(s) + HaQEHLooL?(Z) S M.

Next, we estimate || El 1210 (x,). We first claim the following non sharp embedding on
3. For any scalar function v on ¥, we have:

—A)! <
I(=A) " vllzemy S ol 3 g, + 10038 5,y (6.15)

The proof of (6.15) requires the use of Littlewood-Paley projections on ¥; and is postponed
to Appendix A. We now come back to the estimate of ||E|| 21(s,). Using (6.14) and
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(6.15), we have:

HE”LfLO"(Zt)

S [ROB]| + 1147

¥ oy AN ) L2L'S (31)
+HRaBHL§L§(zt) + HAaAHLgL%S(zt) . HABHL?L%S(Et)
S IRlegrzm)(10Bllzir sy + 0Bl 28 )
+(Al 2227y + HAHL?OL%?@))||aA||Lg°L2(2t) + HAHZX,L%(&) + ||A||i§oLg(Et)

< M3,

where we used in the last inequality the bootstrap assumptions (5.5) for A, the boot-
strap assumption (5.3) for R, the bootstrap Strichartz estimate for B, see (5.16), and
Proposition 6.4. This concludes the proof of the lemma. O

7. ESTIMATES FOR B

The goal of this section is to derive estimates for OB, with B = A~lcurl (A) using
the wave equation (3.32) satisfied by each component of A;. We provide the proof of two
important propositions concerning estimates for Ocurl A and OB, with B = A~ tcurl (A).
The proofs makes use of the special structure of various bilinear expressions and thus is
based not only on the bootstrap assumptions for Ay, A, £ and R but also some of our
bilinear bootstrap assumptions.

We will need the following straightforward commutation lemma.

Lemma 7.1. Let ¢ be a so(3,1) scalar function on M. We have, schematically,

9;(0¢) — 0(9;0) = 2(A); " 0xIue + AP + A*8¢. (7.1)
We also have:
([O,Alp = —4k™V,V,(000) + 4n"'VynV,(06(060)) — 2Vok™V Ve (7.2)
+ FU8%+ FP oy,
FO = 94, + A%

F® = 98A,+ AOA + A®,

where V, and Vy, denote induced covariant derivatives on X applied to the scalars ¢, Jy¢

and 80(80gz5) .

Remark 7.2. The derivation of (7.2) involves the full use of the Einstein equations. The
resulting structure of the terms on the right hand side of (7.2) is crucial to the strategy of
the proof of the main result and reflects “hidden” null cancellations. We refer the reader
to (7.27)-(7.34), where this structure allows us to use bilinear estimates.
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Proof. We start with the following general covariant calculation for any scalar function ¢

on M:
D,,0]¢ = 0. (7.3)
This follows trivially from the vanishing of the spacetime Ricci curvature, i.e.
D,.0¢ =R,," D¢ =0.
On the other hand, Lemma 3.4 yields:
(;)'0(D¢), = O(0;0) — 2(AY); " DrJu¢ — D(A); 70,6 — (An);7(A%), 7056.
Together with our Coulomb like gauge condition, we obtain for d;¢, j = 1,2, 3:
0;(0¢) — O(9;0) = 2(AY);* 050,60 + 0o(Ao)? j 0,0 + A8,

which proves the first part of the lemma. The proof of the second part of Lemma 7.1 is
postponed to Appendix C. 0

7.1. Estimates for Ocurl (A).

Proposition 7.3. The following estimate holds true,
3
D I(=A)"=20(curl (A)) || 2y S M€
i=1

Proof. We have:
D(0;(A:) — 0:i(4;)) = 0;(0(A;)) — 6:(0(4;)) + [0, 9] (As) — [0, 53] (A;). (7.4)

We evaluate the first term on the right-hand side of (7.4) by differentiating (3.32). We
obtain:

8;(3(A;)) = —0;(8:(B0Ao)) — 8;( A0 A) + 85 (V) (7.5)
where hgl) is given by:
W = A9 A; + AgDA + ABAy + A,

We estimate hz(-l) using the bootstrap assumptions (5.5) and (5.6) for A and A, the
Sobolev embedding on ¥; (6.9), and the Bochner inequality (6.8) on 3;:

_1 1 1 1
1=2)720;(hlzrny S A lezeny + AR g (7.6)
S NA'O(A) | L2om) + [ Aol L2200 () [[OA | Leo 25

Al L Lo 2y 19 Aol e 130 + 1A o0 165

M?e2.

N
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In view of (7.5), we have:
9;(0(A;)) — 0;(0(4;)) = —0;(9:(90A0)) + 0:(0;(00 Ao)) (7.7)

—0;( A0, A) + 8;(AD; A) + 0;(hV) — 8, (h

_ h(2)

ij
where h( ) is given by
= Quy(AL A) + AD(DpAo) + AOA + 0;(n") — 0,(h M),

and where the quadratic form @;; is defined as Q;;(¢,v) = 0,¢0;1 — 0;¢0;¢. Note that

the most dangerous term in hg) is Qi;(A!, A;). Using the bilinear assumption (5.14), the
Sobolev embeddings on ¥; (6.9) and (6.5), the bootstrap assumptions (5.5) and (5.6) for
A and Ay, and the estimate (7.6), we have:

1(=2)~2 (A | 2w (7.8)

S I(=A)"2(Qu (A A)) |2 m +|!A8(80A0)HL2L +||14A2<’3‘A||L2L5(E
HI(=2)720; (h{) | L2pg) + 1(—A) 720 (h) | 2

S MPE + || Al s 1000 A x5 5, ) 1A e o) 1A Lo L2,y + M€

< MBEL

Next, we consider the commutator terms in the right-hand side of (7.4). In view of
(7.1), we have:

[0, 0;])(A;) = 2(AM);# 938, (A;) + b (7.9)

g
where hg’) is given by:
= 0 Ap0(A;) + A%0(4;).

Using the Sobolev embeddings on 3, (6.9) and (6.5), and the bootstrap assumptions (5.5)
and (5.6) for A and Ay, we have:

I(=2)"2 () 22 (7.10)
S N2 2Py
< 100AD(A g + 1470AT, g
S NOA L 220 100 A0l e 13m0 + AN 1o () |OAl Lo L2(50)
,S M2 2
Next, we consider the term (A*);# 9,0,(4;). We have:
(AM);# 000, (A) = —(Ao);" Qo0i(As) + (Ag)j0 GoDo(As) (7.11)

+ (AN ™ 010m(Ai) — (A0 0100(A;) + A’BA.
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Note that the most dangerous terms in (7.11) are the third and the fourth one. They will
both require the use of bilinear estimates.

We deal with each term in the right-hand side of (7.11), starting with the first one. We
have:

(Ao);' B0(A;) = (Ao);' 9i(Bo(A;)) + A*BA
== 81(A08A) + 8l(A0)3A —+ A28A,

which together with the Sobolev embeddings on ¥; (6.9) and (6.5), and the bootstrap
assumptions (5.5) and (5.6) for A and Ay yields:

1(=4)72((Ao);" Qo (A) |20 (7.12)
S [ AOA| 2u +||31(Ao)3A||LooL5Z)+HA23AHLOOLg(Et)
S Aol zpe o llOA | Lo r2syy + 101(Ao) o3 s [[OA | Lo L2(sy)
+HA||%§°L5(Et)||8A”L§°L2(Et)
< M2

Next, we consider the second term in the right-hand side of (7.11). For that term, we
would like to factorize the 9y derivative in order to get two terms of the type 9y(Ao0o(A))
and 0p(Ap)0p(A), and then conclude using elliptic estimates and Sobolev embeddings on
Y. A similar strategy worked for the first term in the right-hand side of (7.11). But it

does not work directly for this term since (—A)~2d, is not necessarily bounded on L%(%,).
Thus, we first start by showing how one may replace one dy with 9. Using the identity
(3.3) relating A and R, we have:

(A0)jo B0do(A;) = (Ao)jo 9o(Do(Ai)) + A’DA
— (Ao)jo 0(Di(Ao)) + AoBo(Ros..) + A2OA
== ((90(A0)) + AODOROi-- + A2R + A28A

Using the Bianchi identities for R, we have:
DOROZ‘.. = DlR“'...
Thus we obtain:

(A0)jo D000(A;) = Apdi(0o(Ag)) + AgDiRy;.. + AR + A*0A
= Ap0i(0o(Ap)) + Oi(AgR) + 01(A)R + A’R + A%OA.
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Using the Sobolev embeddings on 3, (6.9) and (6.5), the bootstrap assumptions (5.5) and
(5.6) for A and Ay, and the bootstrap assumption (5.3) for R, we obtain:

1(=2A)"2((Ao) 0 B080(A))llz2(r) (7.13)
< 1 A08:(90(Ao)) | + | AR 2200y + |0(Ag)R|

L2L5 (Ze) L°°L )
HIARI o o)+ IATOAL 6 o
S Aol ooy 10 (80(A0))||L00L§ gy T 1 Aollzzroe o Rl L 22

10 (Ao) | = 3w IRl e 22y + 1A T e po sy (IR Lo L2y + [|1OA e 12(32,))
< M2

~Y

Next, we consider the third term in the right-hand side of (7.11). We have:
(AY;™ 00m(A) = AD,(0(A)) + AOA
= 9(A'9(A)) +9(AHD(A) + A*OA.

Together with the bilinear assumptions (5.9) and (5.15), the Sobolev embeddings on %,
(6.9) and (6.5), and the bootstrap assumptions (5.5) and (5.6) for A and Ay, we obtain:

(=)= ((A");™ 0 (Ad)) 200 (7.14)
< AAA) |ixean + 1 (~2) DA o + 1A%A] g
< MBE

Finally, we consider the fourth term in the right-hand side of (7.11). We would like
to factorize the 0y derivative in order to get two terms of the type 9y(A'9;(A)) and
do(ANG;(A), and then conclude using the bilinear assumptions (5.9) and (5.15). A similar
strategy worked for the third term in the right-hand side of (7.11). But it does not work

directly for this term since (—A)~24, is not necessarily bounded on L2(%,). Thus, as for
the second term, we first start by showing how one may replace dy, with 9. Using the
identity (3.3) relating A and R, we have schematically:

do(A;) — 0:(Ag) + A* = Ry, ..
which yields:
(AYj0 000(As) = (Ajo 0(0o(A)) + A?OA
= (A)j0 0(8:(A0)) + (A)j0 O(Roi..) + A’DA
= 0((AY;0 Roi.) + O (AHR + AD* Ay + A2OA
= 0((AY;0 Roi..) + AR + A?0A + Ad* A,
where we used in the last inequality our Coulomb like gauge choice which yields 9;(A!) =

V(A = A% Thus, we have:
(A0 B0(A;) = 0((AD);0 Rei..) + ALY

1y

(7.15)
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where hl(-;l) is given by:
hi = AR + A?0A + A9’ A,.

Using the Sobolev embeddings on ¥, (6.9) and (6.5), the bootstrap assumptions (5.5) and
(5.6) for A and Ay, and the bootstrap assumption (5.3) for R, we obtain:

,l 4
I(=2)72 (h)z2a (7.16)
2 2 2
S AR gy HIADAL L6 o) +TAT Aol s s
S Aoy (HRHLwLZ‘ so) + 10A e r2(sy) + [ All gerosy) H(92Ao||LooL2 £
5 M2 2‘

Next, we estimate the first term on the right-hand side of (7.15). Since Ry;o0 = 0, the
terms Ry;.. are of two types: Rgimn or Rojom. Now, from the symmetries of R and the
Einstein equations, we have:

Roimn =Rimnoi and Roiom = —Ruinm.
Also, in view of the link between R and A (3.3), we have schematically:
Ronnoi = Om(An) — 0u(Ay) + A% and Ry inm = On(A;) — 0i(A,) + A2
Thus, we obtain schematically:
Ro;.. = 0A+ A”.
which, using the Coulomb gauge, yields:
9 ((AYj0 Ro;..) = A'90(A) + A*6A
= 0(A'9(A)) +0(AHO(A) + A%OA.

Together with the bilinear assumptions (5.9) and (5.15), the Sobolev embeddings on ¥,
(6.9) and (6.5), and the bootstrap assumptions (5.5) and (5.6) for A and Ay, we obtain:

1(=2)"2(A((A)0 Roi. )l 2o (7.17)
S ADA 2 + 1(=2) 72 (A(A)D(A)) 20y + 1A QAN . 6 v
< MPE
Now, (7.15)-(7.17) imply:
1(=2)72 (A0 DDo( ANl 200 S M€ (7.18)
Finally, (7.11)-(7.18) imply:
1(=2)72((AN);# 30u(Ai) 1200y S MP€ (7.19)

In the end, (7.4), (7.7)-(7.10), and (7.19) yield:
[(=8)72000;(4)) 2wy M€

~Y
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This implies:
1(=2)72[0(9;(A) = Bi(A) |2 my S MPe?,

which concludes the proof of the proposition. O

7.2. Estimates for [JB. Here we derive a wave equation for each component of B =
A~lcurl (A) and prove the following,

Proposition 7.4 (Estimates for 00B). The components B; = (—A)Y(curl (A);) verify
the following estimate,

3
ZHa OBl 2y S M€ (7.20)
=1

We also have,

ZHGO (Do(Bi))llz2my S Me. (7.21)

Proof. The estimates for (1B are simpler than those for 0C1B and JOB. We prove first
the estimates for 0B and derive those for JOB using the commutation formula (7.1).
We have:

D(B» = [0, (=A) " (curl (A):) + (=A) " (O(curl (A),))
—(=A) 7O, AJ(=A) M eurl (A):) + (—A) N (O(curl (A),))
—(=A) 7O, ANB) + (—A) T (O(curl (A))). (7.22)
Thus, we obtain:
1003(B:)]| L2(m) (7.23)
10(=2) 3, Al(B)lz2my + 10(=2) (O (curt (A):)) 22
1(=2) 723, Al(B) [l 22w + 1(—A) 72 (O(curl (A):))l| 2y
1(—=A) 723, AJ(B) |l 2wy + M3,

where we used Proposition 7.3 in the last inequality.
In view of (7.23), we need to estimate ||(—A)~2[0, Al(B;)||z2(m)- Recall the commu-
tator formula (7.2):

[O,Alp = —4k®V,V,(00d) + 4n " VynVy(06(000)) — 2Vok™V, Vo (7.24)
+ FW9%p+ F?o¢,
FO = 9A)+ A?
F@ = 084, + ADA + A,
Using the bootstrap assumptions (5.5) for A and (5.6) for Ay, we have:
HF(I)“L;"’L?’(&) S 10 Aol e sz + ||A||%§°L6(Et) S Me, (7.25)

AR ZANRYAN
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and:
)
S 0040l e s,y T 1AL Lo ) |OA| e r2m) + [N PS7en
< Me.
Using (7.24)-(7.26) together with the estimates of Proposition 6.4, we obtain:
1
1(=2)72 [0, A](B)|| 2wy (7.27)
S =2) 72 R VaVa(@0(Bo) 20 + [ (= 2) 7% (17 ViV (Do(@o(B)) 2w

H[(~A) "2 [Vok™®V Vo (B)]|| 2 + IFD e a2 107 (Bl 2wy
+| P OB ooy

HLgOL%(E)
< ||<—A>-l[kabv Voo (B))llz2 a0y + (= A) "2 [0 Vyn V4 (90(0o (Bi) )]l 2y
H[(=A) 2 [Vok®V Vi (B)][| 2wy + M2 + Me||3o((B)) | 22w

Next, we estimate the various terms in the right-hand side of (7.27). The first and
the third will require bilinear estimates, while the second will require the estimate Vn €
L>*(M). We start with the first one. We have:

kN Vi(0o(By)) = Va[k®Vy(00(B))] — Vak®V4(06(B;))
= V.[k"V,(00(B))],

where we used the constraint equations (2.2) for & in the last equality. Together with the
Bochner inequality on ¥, (6.8) and the bilinear assumption (5.10) , we obtain:

1(=A) "2 (kYo V(Do (Bi)] | 2ae) S 16 0(00(B))]llc2any S MPe. (7.28)
Next, we estimate the second term in the right-hand side of (7.27). We have:
n_lvbnvb(ﬁg(ao(Bl))) = Vb[n_lvbn(%(@o(Bl))] — (n_lAn — n_2|Vn|2)80(80(Bl)).
Together with the estimates (6.1) for the lapse n and the Sobolev embedding on ¥; (6.9),
this yields:
1(=2)72[n "' Vn V4 (90(0(Bi)) | 2(a) (7.29)

< I Vndo(9o(Bi)) [l z2my + (7 An = 072 Vn|*) 3o (3(By)) |

S (IVallpe + [In7" An = n 72Vl e 13 100(00(Bi) | 2 vy

S Mel|0o(90(B1)) 2wy

L2L5 )

Remark 7.5. Note that there is no room in the estimate (7.29). In particular, the esti-
mate |V Loy S Me given by (6.1) is crucial as emphasized in remark 6.1.
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Finally, we consider the third term in the right-hand side of (7.27). Recall from (2.5)
that the second fundamental form satisfies the following equation:

Vokay = Ea + F, (7.30)
where FE is the 2-tensor on ¥, defined as:
Eaw = Raovos
and where Fég) is given by:
F® = —n7'V,Vyn — kacks ©.
In view of the estimates (5.7) for k£ and (6.1) for n, F ég’) satisfies the estimate:
1 e ncs S IV nlliesscsn + Ikl oy S Me. (7.31)

Next, we consider the term involving E in the right-hand side of (7.30). Using the maximal
foliation assumption, the Bianchi identities and the symmetries of R, we obtain:

VeE, = D*Raop0 + AR = —DRggp0 + AR = —3y(Roos0) + AR = AR
which together with the bootstrap assumptions (5.5) for A and (5.6) for A,, and the
bootstrap assumption (5.3) for R yields:

IV Eabll oo 13 () S 1Al rsn [Rller2es) S M?e. (7.32)
Now, we have:
EaVoVy(B) = V' EwVi(B))] — V*EwV(By)

which together with the bilinear estimate (5.11), the estimates of Lemma 6.4 for B and
(7.32) yields:

1(=2)"2 [EaVaVa(B) 20 (7.33)
< =22V EaVa(B)lll 2wy + I1(—A) "2 [V B0y (B1)] | 2an
S IRa0s00s(Bi)llzzv) + IV Eabll o 3 3, 10BD | e 25(20)
< MPE
(7.30), (7.31), (7.33) and the estimates of Lemma 6.4 for B yield:
1(=2)"2 [Vok V. Vo Byl 120 (7.34)
S I=2) 2 B0V a(B)lll 2o + (=) "2 VaVi(B)lll 2y
S M2E | ED om0 |0°(B) | 2
< M
Finally, (7.27)-(7.29) and (7.34) yield:

1(=A)72[0, Al(Bi) | 2any S M2 + Me||0o(o(B)))l| 2 a0
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which together with (7.23) implies:
100(B:)l[z2(ay S M?€* + Mel|9o(00(Bi)) | 2am)- (7.35)
Recalling (3.25), we have:

which together with the estimates of Lemma 6.4 for B, the estimates (6.1) for n, and
(7.35) yields:

100(00(Bi)))| £2(m) (7.36)
SO IBB) 2wy + [AB) 2y + [V V(B[ L2
S M€+ Me||0((B)) |2y + 10%(B)ll L= r2(0) + 1V oo |0(B) || L2 22(50)
< M2+ Mel[0(0o(Bi))) | L2 (m)-

Choosing € > 0 such that Me is small enough to absorb the term ||0y(0y(B5;)))]|L2(am) in
the right-hand side, (7.35) and (7.36) gives the desired estimate for both [[00B||r2(a
and ||0o(0o(B;)))|l 2(m) of the lemma.

0J

8. ENERGY ESTIMATE FOR THE WAVE EQUATION ON A CURVED BACKGROUND WITH
BOUNDED L2 CURVATURE

Recall that ey = T, the future unit normal to the ¥, foliation. Let 7 be the deformation
tensor of ey, that is the symmetric 2-tensor on M defined as:

TaB = DaTg -+ DgTa.
In view of the definition of the second fundamental form k and the lapse n, we have:
Tab = _2kab> Ta0 = T0a = nilvana moo = 0. (81)

In what follows H denotes an arbitrary weakly regular null hypersurface®® with future
normal L verifying g(L,T) = —1. We denote by YV the induced connection on the 2-
surfaces H N ;.

We have the following energy estimate for the scalar wave equation:

Lemma 8.1. Let F' a scalar function on M, and let ¢pg and ¢y two scalar functions on
Y. Let ¢ the solution of the following wave equation on M:

Uo = F,
{ Plsy = b0, Dodls, = ¢1. (8.2)

Then, ¢ satisfies the following energy estimate:
100 Leor2(s) + S%P(HYW“L?(H) + |L(D) | 230y

S IVoollzzse) + 11 ll2sme) + 1 F 2 omy, (8.3)

32 e. it satisfies assumptions (5.1) and (5.2)
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where the supremum is taken over all null hypersurfaces H satisfying assumptions (5.1)
and (5.2).

Proof. We introduce the energy momentum tensor ()3 on M given by:
1
Qaﬁ = Qoz,B [¢] = 8a¢85¢ - Egaﬁ (gwjauqbauqs) :
In view of the equation (8.2) satisfied by ¢, we have:
D*Qup = FOso.
Now, we form the 1-tensor P:

Pa:Qa07

and we obtain: .
D° P, = D*Qoo + QusD*T" = Fod + 5 Qapm™’,

where 7 is the deformation tensor of eqy. Integrating a specifically chosen region of M,
bounded by ¥, ¥; and H, we obtain:

”8¢H%§OL2(&) + S%PHW@‘%Q(H) (8.4)
< ||V¢o||22@0)+||¢1||22<20>+] / Fao¢dM\+\ / QamaﬂdM\
M M

< V0l + 61 ecm + 1 Fllzzcuo 100l onn + ] /M Qaw“ﬁd/\/l‘ .

Next, we deal with the last term in the right-hand side of (8.4). In view of (8.1), we
have:

/ QusmPdM

M

I / Quk@dM + / IV nQud M
M

_ 9 / 0,0,k dM + / trk (g 0,00,0) dM + / 0=V, d0ddM
M M

= -2 / Oy dk M + / 0~ V0,9 dd M,
M

where we used in the last inequality the maximal foliation assumption. Together with the
bilinear bootstrap assumption(5.12) and the estimates (6.1) for the lapse n, this yields:

‘/MQamaﬂdM’ S Mka- 0"l 20 1081 120ty + 1V L0 (4 18 20

< M2 (S%PHYMHL?(H)) 18620y + Mel| D62,

which together with (8.4) concludes the proof of the lemma. O
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Remark 8.2. The most dangerous term in the right-hand side of the previous inequality
i5 ||ka.0®|| L2y Usually, when deriving energy estimates for the wave equation, this
term 1s typically estimated by:

1Ko 0" GllL2(my S Kl 2000 (2) 0P| Lo 1252

which requires a Strichartz estimate for k. This Strichartz estimate fails under the as-
sumptions of Theorem 2.2, and we need to rely instead on the bilinear estimate (5.12).

We have the following higher order energy estimate for the scalar wave equation:

Lemma 8.3. Let F' a scalar function on M, and let ¢pg and ¢y two scalar functions on
Yo. Let ¢ the solution of the wave equation (8.2) on M. Then, ¢ satisfies the following
enerqy estimate:

10(00)|| e L2(s0) + 106(009) || 20y + S}:Lp (IV(00)| 234y + |1L(0D) || £2(30))
S IVP0ollaso) + IVl 2isg) + IVE |l 2200y, (8.5)

where the supremum is taken over all null hypersurfaces H satisfying assumption (5.1)
and (5.2). Furthermore, J(0;¢) satisfies the following estimate:

18(050) |2r) S Me([[V?Gollz2(m) + V1l 2(2) + 10F || 200n))-
Proof. We derive an equation for d;¢. Differentiating (8.2), we obtain:
9i¢ls, = 0500, 00(0;0)|s, = (0;(00¢) + (0o, 05]0) |5, = Oj¢1 + Agr + AV .
Applying the energy estimate of Lemma 8.1 to (8.6), we obtain:
19@56) e 2+ supI7(0;0) 00 + | L(030) 120)

S IV(95900)llL2(se) + 10;01 + Ay + AV ol 12(s0) + 10;F + [, 0;]0| L2mp)-

Y

which after taking the supremum over j = 1,2, 3 yields:

10(80)|| g2z + Sup IV (00)ll1220) + IIL(9D)l| 2(30)) (8.7)

S IVl + Vol o) + IVl L2y + [|AG1 [l 250) + 1AV o]l 22(5y)
+|ABP|| Leer2(x,) + supl| [T, 9518 L2 (),
J

where the term Ad¢ in the last inequality comes from the commutator formula (3.22)
applied to [0y, 0;].

Next, we estimate the last term in the right-hand side of (8.7). In view of the commu-
tator formula (7.1), we have:

[0,0,]¢p = 2(A);" 0x0,¢ + o AcBd + A0 (8.8)
A'0;(01¢) + A'0;(0p0) + A0 (010) + (A®);000(D0®) + Do A0 + A*B¢
= A'0;(0,0) + A'0;(00®) + hj,
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where h; is defined in view of the identity (3.17) as:
hj = Aoﬁo(ﬁlqb) + n_lvjnao(ﬁogb) + 80A03¢> + A28¢

We estimate the various terms in the right-hand of (8.8) starting with h;. The Sobolev
embedding on ¥; (6.5), the bootstrap estimates (5.6) for Ay and (5.5) for A, and the
estimate (6.1) for the lapse n yield:

175l z2 () (8.9)
S 1A% 2o 0 100000 | 3o 22 ()
[V oo () [[00(B0d) L2 (m) + 180 Aol e L3 (2 |90l g 50) + 1A F 50 1655, 1Ol Lo 5 (50)
S Me([|96(009)| L2y + 10(89)[| Lo L2 -
Note again in view of the previous inequality that the estimate Vn € L*°(M) is crucial

as emphasized by Remarks 6.1 and 7.5. Next, we deal with the first and the second term
in the right-hand of (8.8). Using the bilinear estimate (5.13), we have:

49,010 + 14O oy 5 Me (sup(IF @200 + [T @200 ).

which together with (8.8) and (8.9) yields:
10, 9519l L2 () (8.10)

S Me (S%P(HV(Q@HL?(H) + ||77(30¢)||L2(H)> + Me(]|00(009) || L2(a0) + [10(89) || s L2(50))-

It remains to estimate the term || W(9y9)||z2(2). Let us define the vectorfield N = L — e.
Since g(L, eq) = —1, and since L is null, N is tangent to ¥;. Decomposing ¢y = L — N,
we obtain schematically:

V()| < [V(Vo)l + V(L)) (8.11)
S [V(N;050)| +10(L(¢))|
S V(99) + [L(09)| + |(DN)(99)] + [(DL)(9¢)] + [Ad¢|

which together with the assumptions (5.1) and (5.2) for H, and the embedding (10.2) on
H yields:

1V (909) | z2(34) (8.12)
S IV0) L2y + 1L(09) | 23y + (DN)(09)| 230y + [(DL)(09) 12(34) + [[A09| L2(34)
S V02 + 1L(OD) | 22(30) + (DN L3y + DLl a0y + | All L33y 10D s (3
S (V0D ey + [1L(0D) |20 ) (1 + (VA Lo r2(s,))
S V00 L2y + (|1 L(09) || L2y,
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where we used the bootstrap assumptions (5.5) for A in the last inequality. Finally,
(8.10)-(8.12) yield:

Sljp||[573j](¢)||L2(M) S Me (SiP(HW(aﬁb)HH + ||L(3¢)||L2(H)) (8.13)
+Me([|00(00¢) || L2(ag) + 10(80) | go 1250 )-
Now, (8.7) and (8.13) imply:
10(00) || Lo r2(s,) + S%P (IV(00) | 230y + |1 L(0D) || z2(30))
S IVP6ollzzse) + 1Vl 2y + IV F 200y + A1l 2(50) + |AV ol 2(520)
+[|AO| Lo r2(x,) + Me <S%P(HW(8¢)HL2(H) + HL(6¢)HL2(H)))

+Me([[00(00®) | 2(a0) + 10(00) || Lo L2(5,))

which together with the Sobolev embedding on ¥;, the bootstrap estimates (5.6) for Ag
and (5.5) for A, and the fact that we may choose € such that Me is small enough, yields:

10(00) || Lo L2(s,) + Sip (IIV(0) || 230y + |1 L(89) | 12(30)) (8.14)
< IVZolliz(mg) + IV 01l 22(20) + 1OF [ 22004y + Me[[Do(Do) || 2 () -
In view of (8.14), we need an estimate for dy(Jp¢). Proceeding as in (7.36), we have:

100G (D)l 2ty S I1E(D)l2engy + 1A L2my + [V - V()| L2 (8.15)
S N Flrzmy + IVl e r2im) + [V 1 |Vl poo 125
S NF 2o + 110%0]| pee 25,y
Finally, (8.6) and (8.13)-(8.15) yields:
1000id) 2 S 10 F ||l 2vy + 1B, 0519l 2
< 0P| au + Me (s%p<||v<a¢>||ﬂ " ||L<a¢>||Lz<m>)
+Me([[00(00®) | L2(a) + 10(00) || Lo L2(5,))
< Me([[V3¢ollr2se) + IVl L2(s0) + 1OF 22000
which together with (8.14) and (8.15) concludes the proof of the lemma. O

9. PROOF OF PROPOSITION 5.7

Here we derive estimates for R, Ay and A and thus improve the basic bootstrap as-
sumptions (5.3), (5.4), (5.5) and (5.6).
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9.1. Curvature estimates. We derive the curvature estimates using the Bel-Robinson
tensor,

Qaprs = Ra* 7 Rinso + "Ra™ 77 "Rpnso
Let
Py = Qupseheled.

Then, we have:

D*P,, = 3Qaps7"e]el, (9.1)
where 7 is the deformation tensor of eg. We introduce the Riemannian metric,

hag = gas + 2(€0)aleo)s (9.2)
and use it to define the following space-time norm for tensors U:

UP* = Usy o Uag oy B0 -+ RO

Given two space-time tensors U,V we denote by U -V a given contraction between the
two tensors and by |U - V| the norm of the contraction according to the above definition.

Let H be a weakly regular null hypersurface with future normal L such that g(L,T) =
—1. Integrating (9.1) over a space-time region, bounded by ¥¢,3; and H, and using
well-known properties of the Bel-Robinson tensor, we have:

/ R+ / RLP < R + / QugramPelel / QupnsPelel
P H M M

We need to estimate the term in the right-hand side of the previous inequality. Note that
since oo = 0, mo; = n~'V;n, and m; = k;j, the bootstrap assumption (5.3) for R, and
the estimates (6.1) for n yield:

<+

. |R|2—{—/H|RL|2 5 62“‘ ||V”||L°°||R||%g°L2(2t) + ‘/A/l Qijfygk’ijegeg

< @ (Me)? +

~

ij v 8
/ Qijrok" egey
M

The last term on the right-hand side of the previous inequality is dangerous. Schemat-
ically it has the form ‘ / ™ k:R2‘ . Typically this term is estimated by:

/ kR?
M

requiring a Strichartz estimate for k which is false even in flat space. It is for this reason
that we need the trilinear bootstrap assumption (5.19). Using it we derive,

S IEllzzre s R L L2,y

|R|2+/ R-L2 < 24 M (9.3)
o H

which, for small €, improves the bootstrap assumptions (5.3) and (5.4).
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9.2. Improvement of the bootstrap assumption for A,. Recall (3.31):
AAy = AOA + A°. (9.4)
Using the elliptic estimate (6.7) and the Sobolev embedding (6.4) together with (9.4), we

have:

10A0]| oo La(s) + 1|07 Ao | A A (9.5)

< 3
LELE(sy) LEL? (30)
S NAlersm)|OA| g rss,) + ||A||?ig°L2(zt)
< ME
where we used the bootstrap assumptions (5.5) on A and the Sobolev embedding (6.5) in
the last inequality.

Next, using the Sobolev embedding (6.15) together with (9.4), we have:

||A0||L%L°°(Et) = ||(— )_1(A6A+A3)||L2L°°(Et) (9-6)
|AOA]| , A%

5' L2L?7
S HAHL§L7(E,§)HaAHLt‘X’LQ(Et) + ”AHL;’OLG(&)
S M,

L2079 ()

where we used the bootstrap assumptions (5.5) on A and the Sobolev embedding (6.5) in
the last inequality.
Next, we consider dyAg. In view of (9.4), we have:

A(BoAo) = o(ADA) + 8o(A%) + 9o, A](Ao)
= 0pAOA + I(ADA) + A*OA + [0y, A](Ay).
Together with (C.4), we obtain:
A(OpgAy) = OgAOA + I(ABA) + A*OA + [0y, A)(Ap) (9.7)
fi+0fs,

where f; is given by:
fi = 00 AOA + A20A,

and where f5 is given by:

fo=ADA.
In view of the bootstrap assumptions (5.5) for A and (5.6) for Ay, we have:
Aligrrc + 1l g s (9.5)
S |’8AHL§OL2(E,5) + ||AHL§°LG(E,5) + HAHLQX’LG(&)HaAHL;’"LQ(Et)
< M2

We will use the following elliptic estimate on ¥;:



58 SERGIU KLAINERMAN, IGOR RODNIANSKI, AND JEREMIE SZEFTEL
Lemma 9.1. Let v a scalar function on Y, satisfying the following Laplace equation:
Av = f1 +0fa.

Then, we have the following estimate:
ol + 10005 ) S 1illzrmn + 1l

The proof of Lemma 9.1 requires the use of Littlewood-Paley projections on ¥; and is
postponed to Appendix B. We now come back to the estimate of dyAg. In view of (9.7),
Lemma 9.1 and the estimate (9.8), we have:

< 22
perbm S M. (9.9)

100 Aol oo 3 (z,) + 1000 Ao ||

Finally, (9.5), (9.6) and (9.9) lead to an improvement of the bootstrap assumption (5.6)
for Ap.

9.3. Improvement of the bootstrap assumption for A. Using the estimates for [1B;
derived in Lemma 7.4, the estimates for B on the initial slice ¥y obtained in Lemma 4.3,
and the energy estimate (8.5) derived in Lemma 8.3, we have:

10°B||reer2(s,) S €+ MPe. (9.10)

Using (9.10) with Lemma 6.5, we obtain:
10A]|Leor2(m) S ||8ZBHLtooL2(gt) + |0 L2y S €+ M?é. (9.11)
Next, we estimate dy(A). Recall that:
Oo(4;) = 0;(Ao) + Roy;...
Thus, we have:
100 Al L2z S 1040l L2z + Rl 2o 25y,

which together with the improved estimates for R and A yields:

[00Al 2y S €4 (Me)z. (9.12)

Finally, (9.11) and (9.12) lead to an improvement of the bootstrap assumption (5.5) for
A.

Finally, (9.3), (9.5), (9.6), (9.9), (9.11) and (9.12) yield the improved estimates (5.20),
(5.21), (5.23) and (5.22). This concludes the proof of Proposition 5.7.
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10. PARAMETRIX FOR THE WAVE EQUATION

Let u4 be two families of scalar functions defined on the space-time M and indexed
by w € S§?% satisfying the eikonal equation g*’d,us dsus = 0 for each w € S%. We also
denote “uy(t,z) = us(t,x,w). We have the freedom of choosing “w. on the initial slice
Y0, and in order for the results in [42] , [44] to apply, we need to initialize “uy on ¥ as
in [41]. The dependence of “u. on w is manifested in particular through the requirement
that on ¥y the behavior of uy asymptotically approaches that of = - w.

Let H <, denote the null level hypersurfaces of “uy. Let “L, be their null normals,
fixed by the condition g( “L.,T) = F1. Let the vectorfield tangent to ¥; “ N be defined
such as to satisfy:

wLi = :|:60 + wNi.

We pick (“ei)a, A = 1,2 vectorfields in ¥; such that together with “NL we obtain
an orthonormal basis of ;. Finally, we denote by Vi derivatives in the directions
(“Yei)a, A=1,2.

Remark 10.1. Note that from the results in [43] (see Theorem 2.15 and section 3.4 in
that paper) H v, satisfy assumptions (5.1) and (5.2).

We record the following Sobolev embedding/trace type inequality on #, for functions
defined on M, derived in [43] (see sections 3.5 in that paper).

Lemma 10.2 (An embedding on H [43]). For any null hypersurface H,,, defined as above,
and for any X;-tangent tensor F', we have:

1E 200 S NVEN oo 35,y T 1o r3s0s (10.1)
and for any 2 < p < 4:
[ E e S NIV E Lo rzsy + 1F] o2 (s0)- (10.2)

For any pair of functions fi on R3, we define the following scalar function on M:

U[fe, f](t ) = / / e Turbe) £ (Aw) N2 dw + / / e Tu=2) £ (N A2dNdw.
sz Jo sz Jo
We appeal to the following result from [42] [44]:

Theorem 10.3 (Theorem 2.11 in [42] and Theorem 2.17 in [44]). Let ¢y and ¢y two
scalar functions on ¥g. Then, there is a unique pair of functions (fy, f—) such that:

lf+s f-llse = G0 and Do( ([, f-])|s, = 1.
Furthermore, fi satisfy the following estimates:
[Aflz2@s) + 1A= ll2@s) S IV @ollz2mo) + 1 91llz2ss),

and:
[N Fill ey + 1N - Nl z2eey S V200l 2oy + 1V 01| 22(s0)-
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Finally, O f1, f-] satisfies the following estimates:
1804, N r2omy S Me([Voollaiso) + 1611l 22(50))

and:

10T f+, f-Nllz2y S Me(IV2ollz2(ng) + V1l Laso))-

Remark 10.4. The content of Theorem 10.3 is a deep statement about existence of a
generalized Fourier transform and its inverse on Yo, and existence and accuracy of a
parametriz for the scalar wave equation on M, with merely L? curvature bounds assump-
tions on the ambient geometry. The existence of f+ and the first two estimates of Theorem
10.3 are proved in [42], while the last two estimates in Theorem 10.3 are proved in [44].

We associate to any pair of functions ¢g, ¢1 on Xg the function ¥, [¢g, ¢1] defined for
(t,x) € M as:
q]om[gbOa (bl] = w[f—i-a f—]

where (f1, f_) is defined in view of Theorem 10.3 as the unique pair of functions associated
to (¢, ¢1). In particular, we obtain:

IAfillz2sy + M=l r2@s) S IV ollrzizo) + |1l 22(s0)s
N2 il 2y + IV f-ll2@s) S IV ol 2oy + V|20,
1O om[@0, D1l L2y S Me([Vollrzizg) + 1011l L2(s0)) (10.3)
and:
100 o [0, D]l 20rt) S Me([[V2 ol 25y + IVl 22())- (10.4)

Next, let “*uy two families, indexed by w € S? and s € R3?, of scalar functions on
the space-time M satisfying the eikonal equation for each w € S? and s € R. We have
the freedom of choosing “*uy on the slice ¥, and in order for the results in [42] [44] to
apply, we need to initialize “*uy on 3 as in [41]. Note that the families “wuy correspond
to “*u with the choice s = 0. For any pair of functions fi+ on R?, and for any s € R, we
define the following scalar function on M:

Vs fo, f-](t, 2, 5) = / / e a0 £ (N A2 dNdw+ / / e a0 £ (AN A2dNdw.
s2Jo s2Jo

We have the following straightforward corollary of Theorem 10.3:

Corollary 10.5. Let s € R. Let ¢g and ¢1 two scalar functions on Xs. Then, there is a
unique pair of functions (fi, f-) such that:

ws[f-Hf—HZs = Qb() and 80(¢5[f+7f—])|23 = Q51.

Furthermore, fi satisfy the following estimates:
M rllz2@sy + 1A -llzemsy S IV ol Lz, + 01l 250,

331n fact, we need to restrict s to an open interval of [0,1] for which the bootstrap assumptions (5.3)
(5.4) on R hold
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and:
IN il sy + IV -l 2@y S IV doll2en + 1Vl 2,
Finally, Os[f+, f-] satisfies the following estimates:

1E0s [ fr, f-ll2omy S Me([Veollrzs,) + (|01l 22x.))
and:
1000 f+, f-ll 2y S Me([[VPoll 2.y + IVl r2(sn,))-

Next, for any s € R, we associate to any function F' on 3 the function W(t, s)F' defined
for (t,z) € M as:
U(t, s)F = ds[fr, f-](t)
where (fy, f_) is defined in view of Corollary 10.5 as the unique pair of functions associated
to the choice (¢, ¢1) = (0, —nF"). In particular, we obtain in view of Corollary 10.5 and
the control of the lapse n given by (6.1):

A llz2@e) + A= ll2@e) S [1F 2,
1IN Fillzzms) + 1A f-llr2ms) S IV [|e2s,),
IOV (E, ) Fll2oy S Mell Fllz2s.), (10.5)
and:
1009 (¢, ) Fll2agy S Mel[ V] 125, - (10.6)
Remark 10.6. Note that we have

0 ( /0 t\If(t,s)F(s)ds) — F(t)+ /0 O (1, ) F(s)ds.

Now, we are in position to construct a parametrix for the wave equation (8.2).

Theorem 10.7 (Representation formula). Let F' a scalar function on M, and let ¢g and
¢1 two scalar functions on Xg. Let ¢ the solution of the wave equation (8.2) on M. Then,
there is a sequence of scalar functions (¢U), F)), j >0 on M, defined according to:

t
0O = W [0, 1] + / U(t,s)FO(s, )ds,  FO=F
0
and for all j > 1:
t
¢(j) _ / \Il(t, S)F(j)(s, .)ds, U — —ng(j_l) + -1
0
such that,
+oo
o= o,
=0
and such that oY) and FY) satisfy the following estimates:
186D e r2(z) + 1F W 200) S (M€Y ([[V ol 2(m0) + 01120y + [ Fllz2(an))s
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and:
1006V || L= 2wy + 10F D 2any S (M) (IV2 ol n2(mo) + IV 01| 22(50) + 10F [ 2200m))-

Proof. Let us define:

t

FO = P and 69 = Wonloo, 1]+ [ W(0,9)F (s, )ds.

0

Then, we define iteratively for j > 1:
t
FU = 0V~ 4 pU-Y and ¢ = / W(t,s)FY)(s,.)ds.

0

In view of Remark 10.6, note that for j > 1:
t t
Ol = D/ (t,s)FY(s,.)ds = FY +/ OW(t, s)F9(s,.)ds,
0 0
which yields:
t
FUHD — —/ OW(t,s)FY)(s,.)ds.
0
Thus, we obtain in view of (10.5) and (10.6):
IFY | 200y S Mel|F9| 20,
and: . A
[OFY*D | 2 pt) S Mel|OF D] 12(p)-
Therefore, we obtain for all j > 2:
IFD N 2my S (MY HIFD | 20 (10.7)
and:
1OF | 2any S (M) [OF D | 12 (10.8)

Also, we have:
t

|:|¢(0) = F(O) + quom[¢07 ¢1] + / qu(tv S)F(S’ .)dS,
0

This yields:
t
FO = O, [60, 6] — / OU(t, 5)F (s, ) ds
0
which together with (10.3), (10.4), (10.5) and (10.6) implies:

IF D 2oy S Me(IV@ollz2so) + 61020y + 1Fll2omy)s
and:
1OF D2y S Me(| V200l 12(20) + V1l L2(50) + 10F || 2(n))-
Together with (10.7) and (10.8), we obtain for any j > 1:

IED| 2y S (Me) (IV@ollr2so) + 610l 2cs0) + 11F Nl 2omy)s (10.9)
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and:
IOF D 20y S (Me) (V20 z200) + VD1l 22(0) + [OF || 12(00))- (10.10)
We now estimate ¢, j > 1. For j > 1, ¢\ satisfies the following wave equation:

{ O¢l) = FU) — pU+h),
¢(j)|20 =0, 00(¢(j)|20 =0.

which together with Lemma 8.3, (10.9) and (10.10) yields:

1009 || o r2i) S (Me) ([ Vol r2isg) + 1611250 + |1 Fllz2any)s (10.11)
and:
10(00N) || s 12y S (Me) (V2 dollra(so) + V1 l|2250) + 10F | z2(any).  (10.12)

Now, we have:

J

J
] (Z ¢(j)> _ Z<F(j) _ F(j+1)) —F_ F(J+1)7
§=0

§=0

which together with (10.10) and (10.12) yields in the limit j — 4o0:

+oo .

] (Z ¢(J)> - F

§=0

Note also that
¢(0)|Eo = ¢0 and a0(;5(0)|20 = le,
while for all 7 > 1, we have:
¢W|5, = 0 and 9y¢V|5, = 0.

Thus, Z;;Og #Y) satisfies the wave equation (8.2), and by uniqueness, we have:

+oo
¢ = Z ¢(j)_
5=0
This concludes the proof of the theorem. ]

11. PROOF OF PROPOSITION 5.8 (PART 1)

The goal of this and next sections is to prove Proposition 5.8. This requires the use
of the representation formula of Theorem 10.7. In this section we derive the improved
bilinear estimate (5.24), (5.25), (5.26), (5.27) and (5.28) of Proposition 5.8. We also derive

the improved trilinear estimate (5.33).
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11.1. Improvement of the bilinear bootstrap assumptions I. We prove the bilinear
estimates (5.24), (5.25), (5.26), (5.27), (5.28). These bilinear estimates all involve the
L?(M) norm of quantities of the type:

C(U,09),
where C(U, 0¢) denotes a contraction with respect to one index between a tensor U and

0¢, for ¢ a solution of the scalar wave equation (8.2) with F, ¢y and ¢; satisfying the
estimate:

V20l L2 (20) + VIl 2(20) + 10F | 1200 S Me.
In particular, we may use the parametrix constructed in Lemma 10.7 for ¢:

¢ = fqb(”?
j=0
with: .
PO = W, [ b0, D1 +/ (t,s)F(s,.)ds,
and for all 7 > 1: '
$0) — /Ot U(t, )P (s, )ds.

Thus, we need to estimate the norm in L?(M) of contractions of quantities of the type:

C(U, O Banl60, 1))+ / C(U, O(W(t, 5)F9(s,.)))ds.

After using the definition of W,,, and U(t,s), and the estimates for F'¥) provided by
Lemma 10.7, this reduces to estimating:

//OOC(U,a(eWU+<m>))f (Aw) Ad)\der// (U, 0(e? “=12)) f (Aw) A2 ddw,
s2 Jo

where fi in view of Theorem 10.3 and the estimates for F, ¢g and ¢; satisfies:
||/\2f:|:||L2(]R3) 5 MG.

Since both half-wave parametrices are estimated in the same way, the bilinear estimates
(5.9), (5.10), (5.11), (5.12) and (5.13) all estimate the norm in L?(M) of contractions of
quantities of the type:

/ / C(U, (™ “uto)) f(Aw) N2dAdw,
s2 Jo
where f satisfies:
N fll 2@y S Me. (11.1)

Now, we have:

aj(eiA ‘“u) — MeM “’uaj( wu)7
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and the gradient of “u on ¥; is given by:
V(“u)= “b' “N,
where “b = |V( “u)|™! is the null lapse, and
V “u
|V “ul

is the unit normal to H », NY; along ;. Thus, the bilinear estimates (5.9), (5.10), (5.11),
(5.12) and (5.13) all reduce to L?(M)-estimates of expressions of the form:

UJN:

e, f] = /S 2 /0 e ulte) wpmle @ N F(Aw) AP dAdw, (11.2)

where f satisfies (11.1).
To estimate €[U, f] we follow the strategy of [21].

+oo
H@[U,f]HLQ(M) < /S2 wb—lc(U, "JN) (/0 P2 u(t,x)f<)\w))\3d)\) dow

L2 (M)

+oo
< /SZH wb_]'“Loo(M)HC<U’ wN)HL"SuLQ(ku) H/{; e u(t,x)f()\w))\Sd)\

(11.3)

dw

2
w

L
u

< (supu wb_lHLw(M)) <sup||c<U, WN>||LosuL2<M) ( / ||A3f<Aw>||L§dw)
S2

weS? weS?
< (supu Wblumw) (supucw, wN)HLoguLz(M) 102 Fll o)
wEeS? weS?

where we used Plancherel in A and Cauchy Schwarz in w. Now, since “u has been
initialized on ¥y as in [41], and satisfies the eikonal equation on M, the results in [43]
(see section 4.8 in that paper) under the assumption of Theorem 2.10 imply:

sup | “b~ | o) S 1.
wes?

Together with the fact that f satisfies (11.1), and with (11.3), we finally obtain:

< Me (SUPHC([L wN)HL‘)SuP(”H w“)) :

weS?

/ / e et wplo(U) @ N) f(Aw) NP dAdw
sz Jo

(11.4)
L2 (M)

[t remains to estimate the right-hand side of (11.4) for the contractions appearing in
the bilinear estimates (5.24), (5.25), (5.26), (5.27) and (5.28). Since all the estimates in
the proof are uniform in w, we drop the index w to ease the notations.
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Remark 11.1. In the proof of bilinear estimates (5.24), (5.25), (5.26), (5.27) and (5.28),
the tensor U appearing in the expression C(U, N) is either R or derivatives of solutions ¢
of a a scalar wave equation. In view of the bootstrap assumption (5.4) for the curvature
flux, as well as the energy estimate for the wave equation in Lemma 8.1, we can control
|C(U, N)||£eor2(31,) as long as we can show that C(U, N) can be expressed in terms of,

R-L, Yo and L(¢).

In other words, our goal is to check that the term C(U, N) does not involve the dangerous
terms of the type:

a and Lo

where L is the vectorfield defined as L = 2T — L, and « is the two tensor on ¥ N H,
defined as:

asp=Rpars
11.1.1. Proof of (5.24). Since A = curl (B) + E in view of Lemma 6.5, we have:
40Dl S Ieurl (B S5(A)llaiay + NEl i s l0Al e pasy (115)
S lcurl (B)Y 0;(A) |2y + M2,

where we used in the last inequality Lemma 6.5 for E, and the bootstrap assumption
(5.5) for A. Next, we estimate ||(curl (B)) 9;(A)||r2(m). Recall that we have:

(curl (B))0;(A) =€ mn Om(Bn)d;(A).

We are now ready to apply the representation theorem 10.7 to B. Indeed, according to
Lemma 7.4, and proposition 6.4, we have

OB = F, |0F |20 S M2 (11.6)

18B(0) | z2(zo) + 10°B(0) [l 2(2) + 1200 BO) [ r2zy S Me.

We are thus in a position to apply the reduction discussed in the subsection above and
reduce our desired bilinear estimate to an estimate for,

C(UN) = €jm Nudi(A)

Now, we decompose 0; on the orthonormal frame N, f4, A = 1,2 of ¥;, where we recall
that fa4, A = 1,2 denotes an orthonormal basis of H, N ¥;. We have schematically:

0; =N;,N+YV, (11.7)
where YV denotes derivatives which are tangent to H, N %;. Thus, we have:
C(U,N) =€jm. NmuN;On(A) + V(A) = V(A),

where we have used the antisymmetry of €;,,. in the last equality. Therefore, we obtain
in this case:

IC(U, N)||zee 220y S NV (A || Lo 2 (340)-
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It remains to estimate ||V(A)|| poor2(3,). Since we have A = curl (B)+E in view of Lemma
6.5, we obtain:

IV e 22t IV OB e 2y + IV (E) | e 220

S (
S VOB e r2n) + 10E| oo 3y + 1O°E||
S IV(OB)| pee 2,y + Me,

Me

where we used the embedding (10.1) and the estimates for £ given by Lemma 6.5. Fur-
thermore, we have in view of Proposition 7.4 and Lemma 8.3 the following estimate for
B:

LoL3 ()

AN

IV(OB)| e 2y S Me.
We finally obtain:

IV(A) |2,y S Me.
This improves the bilinear estimate (5.9).

11.1.2. Proof of (5.25). In view of Lemma 6.5 A = curl (B) + E. Arguing as in (11.5),
we reduce the proof to the estimate of:

[(curl BY 9;(8B)||12(um)-
Since B satisfies the wave equation (11.6), the quantity C(U, N) is in this case,
C(U,N) =€m. N,,0;(0B).
Using the decomposition of 0; (11.7) and the antisymmetry of €,,,., we have schematically:
€Eim- Nm0j(0B) = €jp. N,yN,;On(OB) + YV(0B) (11.8)
= Y(9B)
= Y(9B)+V(B)
= Y(0B)+ L(0B)+ (DL + DN + A)0(B),
where in the last equality we used the decomposition (8.11) for ¥(dy(B)). Together with
1

the assumptions (5.1) and (5.2) on H,, and the Sobolev embedding (10.2) on #,, we
obtain:

1€ jm- Nm0j(OB)|| 1234,
S VOB 20,y + 1L(OB) || L2,
+([IDN[z330,) + DLl 330,) + [[All 2330 1OB | 25 (31,
S (I+ ||A|’L<>°L2(2t + 10Al| g L2 IV (OB L2,y + IL(OB) || L2 (31.))
S VOB 22,y + 1 L(OB) | 234,

where we used the bootstrap assumption (5.5) for A in the last inequality. Now, we have
in view of Lemma 7.4 and Lemma 8.3 the following estimate for B:

IV(OB)| Lo r2(310) + 1L(OB) | Loe 230,y S M,
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which improves the bilinear estimate (5.10).

11.1.3. Proof of (5.26). Since B satisfies a wave equation in view of Lemma 7.4, the
quantity C(U, N) is in this case:

NjR()j.. == RON---

Thus, using the fact that L =T + N, L =T — N and the symmetries of R, we deduce:
1
NjRoj.. = §RLL~-

which together with the bootstrap assumption for the curvature flux (5.4) improves the
bilinear estimate (5.11).

11.1.4. Proof of (5.27). We have k;. = A7 and A = curl (B) + E in view of Lemma 6.5.
Arguing as in (11.5), we reduce the proof to the estimate of:

I(curl BY 0;|l L2 (pa).

Since B satisfies a wave equation in view of Lemma 7.4, the quantity C(U, N) is in this
case:

Ejm- Nméjgb

Using the decomposition (11.7) for d; and the antisymmetry of €;,,., we obtain schemat-
ically:

Ejm- Nim0j¢ =€jm. NnN;Ond + Vo = Vo,

which improves the bilinear estimate (5.12).

11.1.5. Proof of (5.28). We have A = curl (B) + E in view of Lemma 6.5. Arguing as in
(11.5), we reduce the proof to the estimate of:

I(curl BY 0;|| L2(pa)-

Since B satisfies a wave equation in view of Lemma 7.4, the quantity C(U, N) is in this
case:

Eim Nn0;0 = Vo

Using again the decomposition (11.7) for 0; and the antisymmetry of €;,,., we obtain
schematically:

Cjim- Nmaj¢ =Cjm. NmN]aNqb + ng = ng?

which improves the bilinear estimate (5.13).
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11.2. Improvement of the trilinear estimate. In this section, we shall derive the
improved trilinear estimate (5.33). Let Qa5 the Bell-Robinson tensor of R:

Qaprs = Ra 7 Rirso + "Ra™ 77 "Rinso (11.9)

We need an trilinear estimate for the following quantity

Z
‘/ Qijysk" 6060

We have A = curl (B) + F by Lemma 6.5. Arguing as in (11.5), we reduce the proof to
the estimate of:

/ Q. o(curl (B))el

Making use of the wave equation (11.6) for B we argue as in the beginning of section 11.1
to reduce the proof to an estimate of the following:

‘ / / / e ulte) wpTl(e YN Q) f()\w)/\3d)\dwdj\/l‘
M JS?J0

where f satisfies:

HA2f||L2 R3) < Me.
Arguing as in (11.3) (11.4), we obtain:

‘/ /s/ N DT (€ N )f(/\w)A?’d/\dde'

s [t e ([T moora)|
52 0 LY (M)
1 e P
;S /2H “h— HLOO(M)”ejm- wNmQj---HLQWHLl(H wa) ’/ e u(t,z)f()\w))\?)d)\ dw
S 0 Lz,
S (supH “b—l\!Lw(M)) (SupHEjm. wNmQj.._HLQMLl(MO (/ \\A?’f(m)\\@dw)
wes? weS? S2

5 SupHE]m wNmQ]HLQwuLl(H “"u)M€7
weS?2

where we used Plancherel in A and Cauchy Schwarz in w. Thus, we finally obtain:

ij
/ Qijnsk e 60

Next, we estimate the right-hand side of (11.10). Since all the estimates in the proof
will be uniform in w, we drop the index w to ease the notations. The formula for the
Bell-Robinson tensor () yields:

Qj... = RjA : R>\ —|—dual

1 1
= _§RjL"R-L-- — §R] L--R-L-- + RjA..R.A.. + dual,

S supll€jm Nn@Qj- M2, 113wy Me + M€, (11.10)

weS?
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where we used the frame L, L, f4, A = 1,2 in the last equality. Thus, we have schemati-
cally:
Ejm- NmQj = R(R - L+ Ejm. NijA..)
Decomposing e; with respect to the orthonormal frame N, fg, B = 1,2, we note that:
Cjm- NijA.. =Cjm. NijRNA..+ Ejm. (fB)ijRBA-- =Rga..

On the other hand, decomposing Rpg4.. further and using the symmetries of R, one easily
checks that Rp4.. must contain at least one L so that it is of the type R - L. Thus, we
have schematically:

Eim Nu@Q;... = R(R- L), (11.11)

Thus, in view of (11.10), making use of the bootstrap assumptions (5.3) on R and (5.4)
on the curvature flux, we deduce,

| Qukieged] S (0P + MeRRul3100

S (Me)’ + Me| R p2a IRl e 2290,
< MPE
In other words,

< (Me)?, (11.12)

‘/ Qijrsk"eg €
which yields the desired improvement of the trilinear estimate (5.19).

12. PROOF OF PROPOSITION 5.8, (PART 2)

In this section we prove the bilinear estimates II. We start with a discussion of the
sharp L* Strichartz estimate.

12.1. The sharp L*(M) Strichartz estimate. To a function f on R?® and a family “u
indexed by w € S? of scalar functions on the space-time M satisfying the eikonal equation
for each w € S?, we associate a half-wave parametrix:

/ / e el £ (W) N2dAdw.
sz Jo

Let p be an integer p and 1 be a smooth cut-off function on supported on the interval
[1/2,2]. We call a half-wave wave parametrix localized at frequencies of size A\ ~ 2P the
following Fourier integral operator:

// e Ut (27P ) F(Aw) A2d A dw.
sz Jo

We have the following L*(M) Strichartz estimates localized in frequency for a half wave
parametrix which are proved in [45]:
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Proposition 12.1 (Corollary 2.8 in [45]). Let f be a function on R3, let p € N, and
let i be as defined above. Let “u be a family of scalar functions on the space-time M
satisfying the eikonal equation for each w € S? and initialized on the initial slice Yo as in
[41]. Define a scalar function ¢, on M as the following oscillatory integral:

) / / e Ut (27PX) f(Aw) A2d A dw.
S2

Then, we have the following L*(M) Strichartz estimates for ¢,:

Ibpllaovy S 25 [027PA) fllr2gws), (12.1)
3p _

100pllLsvy S 22 [[W(27PN) fll 2 (msys (12.2)
5p _

10%0pllzany S 22 [[0(27PA) fl r2(re)- (12.3)

Note that these Strichartz estimates are sharp.

12.2. Improvement of the non sharp Strichartz estimates. In this section, we
derive the improved non sharp Strichartz estimates (5.31) and (5.32). In order to do this,
we first estimate the L?L7(3;) norm of OB using the L*(M) Strichartz estimate together
with Sobolev embeddings on ;.

Corollary 12.2. B satisfies the following Strichartz estimate:
HaBHLfL7(Et) S Me.

~

Proof. Decompose B as before, with the help of Theorem 10.7,

“+oo
10Bll 217w < D N06V 112175 (12.4)

§=0
Thus is suffices to prove for all j > 0:
1069 217 () S (MeY*. (12.5)

The estimates in (12.5) are analogous for all j, so it suffices to prove (12.5) in the case

j = 0. In view of the definition of ¢¥), the estimates for B on the initial slice ¥y obtained
in Lemma 4.3, the estimate (7.20) for 00B, and the definition of ¥,,, and ¥(¢,s), (12.5)
reduces to the following estimate for a half wave parametrix:

OO A Yu(t,x) 2
' 0 (/82/0 e F(Aw)A d)\dw)

Next, we introduce ¢ and ¢ two smooth compactly supported functions on R* such
that 1 is supported away from 0 and:

N+ h(27PA) =1forall A € R. (12.7)

p=>0

SN fll r2msy- (12.6)
LIL7(%y)
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We define the family of scalar functions ¢, for p > —1 on M as:

W(t, ) /S/ e D) () f(Aw) A2 dNdw, (12.8)

and for all p > O:

op(t, ) = /S 2 /0 e Tut2) e (27PN) f (Aw) A 2dAdw. (12.9)

In view of (12.7), we have:
( / / e “ulbo) £(\w) >\2d)\dw> > 0¢y(t,x)
s2 p>—1

which yields:

~ A Yu(t,x) 2
Ha </s2/o e fFAw)A dAdw)

The estimate for ¢_; is easier, so we focus on ¢, for p > 0. Using the Sobolev embedding
(6.6) on ¥, the L*(M) Strichartz localized in frequency of Proposition 12.1, and the fact
that v is supported in (0, +00), we have:

S D 00l 2irs. (12.10)

LELT(Ze)  p>—1

1002750 S 1000100 1060 3 e s
< 10651710 10200 71 re
S (2FI@ N ) (210N e )
2715 (| A2 (27PN) £ 2 grs)
2715 || A2 f| 2R3
Together with (12.10), we obtain:

Ha ( / / ei““(t’x)f()\w))?d)\dw)
sz Jo

which is (12.6). This concludes the proof of the Corollary. O

~|w

AR

< (Z 2‘1’*) N2 @) S 12l
L2L7 (%)

p=>—1

Lemma 6.5 and Corollary 12.2 yield:
[All 2275 S N0Bll2rrissy + 1 Ellp2rrs,) S Me+ M€, (12.11)

which is an improvement on the bootstrap assumption (5.16).
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12.3. Improvement of the bilinear bootstrap assumptions II. In this section, we
derive the improved bilinear estimate (5.29) and (5.30) of Proposition 5.8. Recall the
decomposition A = curl (B) + E of Lemma 6.5. Using the bootstrap assumption 5.5 for
A, the estimates for E given by Lemma 6.5 and the Sobolev embedding on ¥; (6.5), we
have:

1(=A)"2(DADE) || 2y + |(—A) "2 (DEIE)|| 2 any

S N0AGE| o s, + IOEOE] o0 5 s,
S HaAHLfOH(Et)HaEHLgOm(m + 0B 1)
< M2

Together with the decomposition A = curl (B) + E of Lemma 6.5, this implies that the
proof of the bilinear estimates (5.14) and (5.15) reduces to:

(=A) 4 (Queurl (B), curl (B))) ||+l (=) curt (BY)a)(curt (B))l2an) S M€,
where the bilinear form @);; is given by Q;;(¢, ) = 0;00;¢ — 0;00;¢. Also, note that:
A(curl (B))oy(curl (B)) = Q4;(0B,0B) + AOB9°B

Together with the Sobolev embedding (4.7) on ¥, the bootstrap assumptions (5.5) on A,
and the estimates of Lemma 6.4 for B, we obtain:

1(=2)=2 ((curl (B)")ay(curl (B)))|| 2y
< I(=A)"2(Qi;(9B,0B)) 2y + [ (—A) "2 (ADB 8 B)|| 2y
< N(=8)"2(Qy(0B.0B)) |l 2any + [AOBP B g
< (=2)"2(Qu(0B, 0B)) |l 2wy + 1Al sge o 10Bll e pocsy 102 Bl e 23
< II(=2)"2(Qi(0B,0B)) | 2y + M€

Finally, the proof of the bilinear estimates (5.14) and (5.15) reduces to:
1(=2)"2(Qy (0B, 0B)) || 12y S M. (12.12)

Next, we focus on proving (12.12). Decomposing B according to Theorem 10.7, we
have:
+o0o

1(=A)"2(Qy(0B,0B))ll 2y < Y 1(=2)"2(Qi; (9™, 06™)) |2 ppy.  (12.13)

m,n=0

Thus it suffices to prove for all m,n > 0:

1(=A) "5 (Qu (6™, 6™ ) 2(n) S (Me)™ (Me)™. (12.14)

The estimates in (12.14) are analogous for all m,n, so it suffices to prove (12.14) in the
case (m,n) = (0,0). In view of the definition of ¢(*), the estimates for B on the initial
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slice ¥ obtained in Lemma 4.3, estimate (7.20) for 000B, (12.14) reduces to the following
bilinear estimate for half-wave parametrices:

S ||>‘2f1HL2(R3)H)‘2f2”L2(R3)- (12.15)

Jray-sauos0 a0,

with,

¢(k) — / / ei)\ wu(t,x)fk()\w))\QdAdw’ k= 1’ 2. (1216)
sz Jo

Recall the smooth cut off functions ¢ and v introduced in the proof of Corollary 12.2.
We define two families of scalar functions <bi;, j=1,2forp>—1on M as:

oAt 2) = / / e M (N) £ (w) N dAdes, (12.17)
S22 Jo
and for all p > 0:
o)(t,x) = / / X “ BT (27PN £ (Aw) N d A dw. (12.18)
S22 Jo

In view of (12.7), we have:
// e D £ (Aw)Ndddw = > 0¢P(t,x) | |
s p>—1

which yields:
J-aria o asm),.

[\J‘H

(Qij00), 00)) |12.  (12.19)

S DA

p,g>—1

The estimates involving <b(fl) are easier, so we focus on gzbél), gb((f) for p,q > 0. We may
assume ¢ > p. Note that the structure of );; implies:

Qij (005, 0¢7) = (¢ - 981P) + A - 0?6 - 0
which yields:

“<_A)7%<Qij(a¢](gl)a8¢((12)>>HL2(M)

[(=A )_éa(a%b(l) 08 I z2my + I1(—A )_%(A 0% - 08 || 2y
10°05") - 0O || 2 (pm) + 1| A - 32925 - 09, lert s )

S NPV s w1062 || )JF||A||L§°L6(Et)||32 S s 1063 2s un
S N0 4 106 s
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where we used the bootstrap assumption (5.5) for A in the last inequality. Together with
the L*(M) frequency localized Strichartz estimate of Proposition 12.1, and the fact that
1 is supported in (0, 4+00), we obtain:

1(=A)"2(Qi; (961, 06N | 2ngy S 27027 fill oy [9(279N) fo | p2 ey
< 25 RN 27PN) fill 2y | A2 (27N fol 2 ey -
Since we assume ¢ > p, this yields:
S I=2)"2(Qi (061, 06P)) | 120 (12.20)
p,g=>—1
S ) D(27PN) fill 2 1IN0 (27IN) fol L2y
p,g>—1
S (ZHA%(ZPA)ﬁIIiz(Ra) (ZHA2 279N fall7 Rs)>
p>—1 q>—1

S IV fillze@e A ol o).

Finally, (12.19) and (12.20) imply (12.15). This concludes the proof of the improved
bilinear estimates (5.29) and (5.30).

Finally, (12.11), the results in section 11.1 and section 12.3, and (11.12) yield the
improved estimates (5.24), (5.25), (5.26), (5.27), (5.28), (5.29), (5.30), (5.31), and (5.33).
This concludes the proof of Proposition 5.8.

13. PROPAGATION OF REGULARITY

The goal of this section is to prove Proposition 5.9. Recall from the statement of Propo-
sition 5.9 that we assume that the estimates corresponding to all bootstrap assumptions
of the section 5.3 hold for 0 < ¢ < T™ with a universal constant M. For the convenience
of the reader, we recall some of these estimates below

IR zser2zy + IR - L2y S e, (13.1)

|Allzse 2z, + [[0A] Lor2m) S € (13.2)
and:
[ AollLser2(s) + 10 Aol Lge 25y + | Aol L2 Lo () + [[0 Aol o3 (30
Ho0A] .y S € (133)

Note also that we have (6.1) with a universal constant M, i.e.

|7 = 1| ooty + |V Lo iy S € (13.4)
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Finally, for any weakly regular null hypersurface H and any smooth scalar function ¢

on M,

1.0 Pl 2an) S ESI;P”WM’L?(HM (13.5)
and

140,6l2000  csplVolszc (13.6)

where the supremum is taken over all null hypersurfaces .

We now turn to the proof of Proposition 5.9. The estimates will be similar to the one
derived in Proposition 5.7 and 5.8. Thus, we will simply sketch the arguments without
going into details. Note that the crucial point is to check that the null structure - which
is at the core of the proof of Proposition 5.7 and 5.8 - is preserved after differentiation.
This will be done in section 13.3.

13.1. Elliptic estimates. Recall that we need to control |[DR|[zsp2(s,). Note that we
may restrict our attention to the control of D;R;;.5 and DoR,jas. Indeed, all the other
components are recovered from the Bianchi identities and the standard symmetries of R.
Furthermore, since the estimates are for D;R;jos and DoR;jqp similar, we will restrict
only to the control of D;R;;,3. These components, according to the Cartan formalism,
can be expressed in the form

Rijos = (0;A; — 0;A; + [Ai,Aj])aﬁ. (13.7)

Since
DR =0R+ AR
we can estimate
IDiRijasllz2s S 10RGasll L2 + (IR Loy | All sz
Furthermore, from (13.7)
10R a2 (m) S 0% Allrzcsyy + 10Al oy [Allsmy S 107 All 2y + €.

Proceeding the same way with all other components of DR, we derive

||aRHL2(Zt) 5 ||88A||L2(2f) + 62. (138)

In view of (13.8), it suffices to derive L? bounds for O@A. Furthermore, since A
satisfies an elliptic equation, and hence better estimates, we focus on the estimates for
00A. We sketch below the estimates just for 9?A since the estimates 99yA are similar.
To establish bounds on ||9%A||12(s,) we use the following analog of Lemma 6.5:

Lemma 13.1. The following decomposition

0A = curl (OB) + FE'



THE BOUNDED L? CURVATURE CONJECTURE 77
holds with E' satisfying:
1OE" || e La(ssy) + HaZE/HL?OLg(Et) B 2z S € (10°Bllog sz + 10°Bllzrrs,) +€
Furthermore, A satisfies
10 All e 2 () S N10°Bllngerz(s) + €.
Proof. Recall from Lemma 6.5 that we have the following decomposition
A=curl B+ FE,
with
E=—(—A)"Y(ROB + 0A0B + A0*B + A*0B) + (—A) ' (40A + A?) (13.9)
given in (6.14). We now introduce the new variables 0A and 0B, linked by the equation
0A = curl (OB) + F',
where
E'=0FE + [0, curl |B,
so that
E' =—-0(—A)"" (ROB + 0AOB + A0’B + A*0B) + A9A + A%) + AOB.
It then follows that
102 All e r2sy S N10°Blligerzcmyy + 10E |1 r2(m)
and
|OE|| oo 3 (m) S (HRHLgOLfi(Et) + [|0A|| Lo s (s, + “AH%tOOLl?(Et)) 10B|| e Lo (s
+ | All e o2 07 Bl e o)
+ ”AHLgOLG(Et)||8A||L;X>L6(Et) + ||A||?i§°L9(zt)
S € (10R| cer2(s) + 107 All e sy + 1107 Bl r2(ny) + €
S € (I0E | rer2cm) + 110° Bl rer2(syy) + €

Using that in our, localized, setting the L3(3;) norm dominates the L?(3;) norm we obtain
that

10%All e r2(m) S 10°Bllngeraes) + €
and

IOE || 1o r3(20) S €ll0°Bllngera(s) + €.

The other estimates are proved in the same. This concludes the proof of the lemma. [

In view of Lemma 13.1, it remains to estimate 9®B. This will be done following the
same circle of ideas used for 9?B.
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13.2. The wave equation for 0B. Recall from (7.22) that we have, schematically:
OB = (=A)"'O,A]B + (—=A)'O(curl A).
Using the commutation formula (7.1) we obtain
00B = F (13.10)
where F' is given by

F = A'9,0B + A’8’B + A*0B + 0yA°8B + 0(—A) 7[00, A]B + 9(—A) ' O(curl A).
(13.11)
Using the energy estimates for the wave equation derived in Lemma 8.3 and the proof
of the non sharp Strichartz estimate in section 12.2, we obtain the following proposition.
Proposition 13.2. We have the following estimates

e FEnergy estimate

5 = szp(”W@zBHLz(H)—l—HL82BHL2(H))+H@(?QBHL?LQ(&) 5 ]\832BHL2(20)—|—|]8FHL2(M)—i—e

(13.12)
e Non sharp Strichartz estimate
S = 0°Bllizr7(s,) S 100 Bllr2(n) + 10F || 220) + €. (13.13)
Furthermore, we have the following estimate for 00,0y B
180080 B 2 () S 1180 Bl 2 (s50) + [0F || 201 + €. (13.14)

In view of Proposition 13.2, we need to estimate OF. This is done in the following
proposition:

Proposition 13.3. F satisfies the following estimate
10F || 20y S € (10°Boll2(s) + 10°Bill 2wy + € + S + |0F || r2(a) + €.

The proof of Proposition 13.3 is postponed to the next section. In view of Proposition
13.2 and Proposition 13.3, we obtain the control for ||@0”B||per2(x,) by its initial data
which together with the elliptic estimates of the previous section yields the desired control
for [[DRY|gsez2(x,)- This concludes the proof of Proposition 5.9.

13.3. Proof of Proposition 13.3. From (13.10), we have

OF = 0A'9,0B + A'00,0B + 0(A°0°B + A*0B + 0,A’0B)
+0*(—A) MO, A]B + 0*(—A) 'O(curl A).
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This yields
10F || 2my S ||0A QBB 2y + |A“D0eOB|| 2any + || [0, Al Bl p2ary  (13.15)
+|O(curl A)||r2my + [|0(A°0*B + A*0B + 0yA°0B)|| 12 (m)
+|0(curl A)|[r2(a0) + Lot

where we neglect the cubic terms and the terms involving A° since, as in the proof of
Proposition 5.7 and 5.8, they are significantly easier to treat.
Next, we isolate the terms O(curl A) and [J, A]B on the right-hand side of (13.15).

From the proof of Proposition 7.3, we have
O(curl A) = 0(A*0,A) + Qi;(A*, Ag) + terms involving Ay + cubic terms.
We deduce

T(curl A) |2y S |AD0AN| 20 + 10AD Al 2 a0y + 1Qii (AL, Ao z2an) + l.(o.t. |
13.16

Next, we deal with [0, A]B. According to (7.24), we have schematically
[0,A]B = k*V,V(0B) + n ' VynV,(95(0yB)) + Vok™V,V,B
+ terms involving Ay + cubic terms.
We deduce
10 ABll2wy S 15°VaVi(00B) | r2m) + [[Vok™Va VBl 2 (a
+||n‘1Vanb(8o(8OB))||L2(M) +l.o.t.
Together with (13.15) and (13.16), we obtain
H A DDA || 2wy + 11Qis (A, Al 2wty + K VaVi(80B) | 2wy
—|—||V0k:“bVaVbB||L2(M) + |]n*1Vanb(80(ﬁgB)) HLQ(M) + l.o.t.
We will use the following bilinear estimates.
Lemma 13.4. We have
||A£8848B||L2(M) + ||A€358A||L2(M) + ||k“bVaVb(8oB)||L2(M)
< e(||882B||Lz(ZO) +E+8) + €.
Lemma 13.5. We have
1A DD Bl| 12y + [0A e A) || 2 (ay + 1Qis (A%, Ad) |2 (an) + [V ok ™V a Vi Bl 2
< E(H682BHL2(EO) +E+S+ HaFHLQ(M)) + €2
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The proof of Lemma 13.4 is postponed to section 13.3.1 and the proof of Lemma 13.5
is postponed to section 13.3.2. We now conclude the proof of Proposition 13.3. In view
of (13.17), Lemma 13.4 and Lemma 13.5, we have

10F 1201 < 10 VinVu(00(00B))ll z20my + €(180” Bl r2(s) + 10F || 12(0)) + €
Using the estimates (13.4) and (13.14), we have
[V Vi (90(30 B)) || L2y 5 10| oo () 100080 B L2 (0
€(180° Bll 12(s,) + 10F || 21 )+6
and we deduce
10F || 12m) < €(180° Bl 12(s) + € + S + [|0F || 120p)) + €
which is the desired estimate. This concludes the proof of Proposition 13.3.

13.3.1. Proof of Lemma 13.4. In view of the identity 0A = curl (0B)+ E’ of Lemma 13.1,
we have

||A£88383HL2(M) -+ HAeagaAHLQ(M) + Hk“bvavb(ﬁoB)HLz(M)
S HA@@Z(‘?BHLQ(M) + Hkabvavb(aoB)HLz(M) + l.o.t.
Together with the bilinear estimates (13.5) and (13.6), we deduce
|A“00,0B|| 12 (m) + || A 00 A 1201y + 1KV V(06 B) || 1200
< esup||Y7833||L2 + lo.t.

Arguing as in (11.8), we finally obtain
HAEG@;&BHLQ( -+ HAéagaAHLz —|— Hk“bV Vb(aoB)HLQ(M
< eoup(70° Bl + L0 Blion) + Lot
H

c(|00°B||12(sy) + €+ S) + €

which is the desired estimate. This concludes the proof of Lemma 13.4.

13.3.2. Proof of Lemma 13.5. In view of the wave equation (13.10) satisfied by 0B, we
may use for OB the parametrix constructed in Lemma 10.7:

+o0
_ Z qb(j),
=0
with:

t
¢(0) = \Pom[¢0>¢l] +/ \I](ta S)F(Sa .)dS,
0
and for all 7 > 1:

<25(j) — /t W(t, S)F(j)(s, )ds.
0
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Furthermore ¢U) and FU) satisfy the following estimate:
10069 | e 1220 + 10F D 2y S € (10°Boll 2oy + 110° Bull 250y + 19F (| 2(an))-

We will show that the proof of the bilinear estimates of Lemma 13.5 all involve the
L*(M) norm of quantities of the type:

C(U,0(0B)),

where C(U,0(0B)) denotes a contraction with respect to one index between a tensor U
and 0(0B). Using the parametrix for 0B discussed above, and arguing as in section 11.1,
we obtain the analog of (11.4):

CW.00B) 2y S (10*Bollzzso) + 10" Bulluacs) + 10F i) (13.18)
« (supl(: Mz )

where the supremum is taken over all weakly regular null hypersurfaces, and where N is
the unit normal to H N X, inside ;.

We are now ready to prove the bilinear estimates of Lemma 13.5. Using the decompo-
sition of Lemma 13.1, we have

10A DD B|| L2(am) + 10A DA 2wy + [1Qi5 (A%, Ad) || L2 () (13.19)
S ||1Q45(08, 8B>||L2(M) +l.o.t.

~Y

which is of the type C(U,0(0B)) with U = 08B. Now, arguing as in section 11.1, we
have in this case

C(U, N) =Cyj 8183]\]3 = W&B
and we deduce from (13.18) and (13.19)

HaAzagaBH[g(M) + HaAeagA)H[ﬁ(M) + ”QZ’J’<AZ, AZ)HLZ(M) (1320)

< (s%pwaBHLz(m) (E+S+Fllrzqm) + €

S e(E+ S+ ||Fllzmy) + €
Next, we consider the term Vk®V,V,B. Recall from (7.30) that we have
Voka = Raopo + L.0.1.
It follows that,
IVok™VoVi Bl 2my S IRaob0Va Ve B| z2a) + Lot (13.21)

The right-hand side of (13.21) is of the type C(U,9(0B)) with U = Ryo0. Now, arguing
as in section 11.1, we have in this case

C(U,N):RN().. :RL
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and we deduce from (13.18) and (13.19)
|0AD0B| 12(m) + |0A DA || L2y + 11 Qi (AL, A 2 (an) (13.22)

< (st;lp”R - LHL2(’H)) (E+S+Flr2em) + €

< 6(8+S+ ||F||L2(M)) +€2

~Y

where we used (13.1) in the last inequality. Finally, (13.20) and (13.22) yield the desired
estimate. This concludes the proof of Lemma 13.5.

APPENDIX A. PROOF OF (6.15)

The goal of this appendix is to prove (6.15). We first introduce Littlewood-Paley
projections on ¥; which will be used both for the proof of (6.15) and Lemma 9.1. These
were constructed in [43] (see section 3.6 in that paper) using the heat flow on ;. We
recall below their main properties:

Proposition A.1 (Main properties of the LP Q; [43]). Let F' a tensor on X;. The
LP-projections @Q); on X verify the following properties:
i)  Partition of unity

ZQj =1 (A1)

it)  LP-boundedness  For any 1 < p < oo, and any interval I C 7Z,
1Q1F|Lrse) S I1F v (A.2)
iit) Finite band property For any 1 < p < co.

1AQ; Fllrmy S 22j2||,F||LP(2t) (A.3)
1QiF|[zrzy S 277||AF| oy

In addition, the L? estimates

IVQ;F|2(s,)
1Q; Fl| 2z,

hold together with the dual estimate
1Q;VE |12 S 2IF 125
iv)  Bernstein inequality For any 2 < p < +oo and j € Z
3(1-2);
1Q; Fllzrisy S 224 7Y F )l sy
together with the dual estimates

3(1_2\s
1Q; Fllz2sy < 22 1Pl o s

|| F|l 2z
27|V F| 22z,

AN IAN
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We now rely on Proposition A.1 to prove (6.15). Using Proposition A.1, we have for
any scalar function v on X;:

I(=A) M llemy S D NQ(=A) " 0] ooy
JEZ

37 _
> 27 1Qi(=A) ! fllza
JEZ
> 27 1Q Nl

JEZ.

< (Z 2) 171,38 ) + (221%) 1713 s,

j=0 j<0

AN

N

<

This concludes the proof of (6.15).

APPENDIX B. PROOF OF LEMMA 9.1

Recall that v is the solution of
Av = f; +0fa.
Using the harmonic coordinate system on ¥; of Lemma 6.2, we obtain:

Av = (g; _5ij>8i2jv+rgjv+rf2+fl +0(f2) (B.1)

= 9[(9i5 — 6i5)v) + O;[T0] + 0;(D)o + T fa+ fr + 0(fa),
where d and A denote the derivatives and the flat Laplacian relative to the coordinate
system defined above, as opposed to the frame derivatives 0 and the Laplacian A, and

where I' is the corresponding Christoffel symbol. Now, we use the following standard
elliptic estimates on R3:

(—A) 192 € L(LA(RY), i(—A) 182 € LW (R?), L2(R?)),
(—A)719, € L(L3 (R?), L3(R?)), (~A)719% € L(L?(R?))
(—A) e L(LNR®), L*(RY), (~A)7'9; € L(LY(R®), L (R?)),

where the notation £(X,Y") stands for the set of bounded linear operators from the space
X to the space Y. Together with (B.1) and our assumptions on the harmonic coordinates
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(6.2) (6.3), this yields in a coordinate Patch U:
[vllzsqy + 1100l 3,

S 0l + ||av||L2 U)) + loillzz@) (1Ol 2y + T o)

el s IOT gy + 101 2)) + Il + 1l
S Olvllzsw) + 110wl 5 1)) + CONvill 2wy +lv2ll o) + [ llrwy + 1fall 5 )

where v = v; + v9. We then sum the contributions of the covering of ¥; by harmonic
coordinate patches U satisfying (6.2) (6.3). Eventually to increasing C'(d), we obtain

[vllzacs,) + |00l 3

O(l|vll s, + II(%II )+ CO)Monllze + lvalleaen) + il + 12l 3

L3 (3

Recall from Lemma 6.2 that we have the freedom of choice for § > 0. By choosing § > 0
small enough, we obtain:

[Vllzsey + 100l 3 ) S COoillezmy + llvallzasn) + il + 1 foll 3y, (B-2)

d > 0 is now fixed. Thus, C(0) = C is a constant which may not be small. We now choose
V1 = QZOU and Vo = Q<0U-

Together with (B.2), we obtain
[l s + 1001l 3 ) S N@200ll22() + 1Qcovllawy + 1 filleiwn + 12l 5, (B-3)

In view of (B.3), we still need to estimate ||@>ov||z2(s,) and ||Q<ov||pi(s,)- We start
with [|@>0v 12(s,). We have:

1Qs0vll 20 S I1(=A) ' Q0 /1l 25 + [(=A) ' Q500 f2ll L2(s)- (B.4)

Next we estimate each term in the right-hand side of (B.4) starting with the first one.
Using Proposition A.1, we have for any scalar function f on ;:

I(=2)"Qs0f ey S D _NQ5(=A)" fllissy

j=>0
S ZQQHQ( A) 7 fllzzs
7>0
_J
S D 270Q s
>0
_J
S (ZQ 2) 1l z2¢s)
>0
S ez
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Taking the dual, we obtain for f;:

(=) Qso0fillz2s) S I fillresy)- (B.5)

Next, we consider the second term in the right-hand side of (B.4). Using property i) of
Proposition A.1, we have:

1(=A) " Q200 oll2ey S D 1Qi(=A)'0Qufoll 2z, (B.6)

§>0,l€Z

We now estimate the right-hand side of (B.6). We consider the two cases j > [ and j <
separately. If j > [, we obtain using Proposition A.1:
1Q;(=A)T'0Qifollresy < 277N0Qufall 25 (B.7)
S 277l s
< 2HE||R

L%(zt)'
If 7 <, we obtain using Proposition A.1:
27[(=2) A= A)2Qufoll s (B.8)
_ _ 1
27N(=A) T (=0)2 | ez | Qufall L2
l

272 ||v2(_A)_1”£(L2(Zt)) ”f?HL%(zt

_L

1Q;(—=A) ' 0Qufa 125

AR ZANRZA

)

AN

where we used the fact that
IV2(=A) ez S 1
thanks to the Bochner inequality on 3; (6.8). Finally, (B.6)-(B.8) yields:

_ _951.3L _1
1(=2)7' Q<00 foll 22y S ( Yo 2 vre 4 2 2) 1520l 3 5,y S L2038, (B9)

g>1,j=0 0<5<!

(B.4), (B.5) and (B.9) yield:
1Q200llz2(20) S 1 fillzry + 1 foll 13 s,y (B.10)

In view of (B.3), we still need to estimate ||Q<ov| z4(s,). We have:

1Q<ov]l ) S 1(=A) "' Quofillasy + 1 (—A) ' Q00 follpa(sy)- (B.11)
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Next we estimate each term in the right-hand side of (B.11) starting with the first one.
Using Proposition A.1, we have for any scalar function f on ¥:

I(=2)"Qcof ey S D NQ(=2)" Fllesy

j<0
3J _
S D 27 1Q(=A) " flleasy
Jj<0
9 _
< 32 1Qi-A) g,
Jj<0
J
< D2 4 g,
j<0
J
< (Z%) 10,4
7<0
<

Taking the dual, we obtain for f;:
1(-2)"Quofill 45, < Millzrcsoy (B.12)

Next, we consider the second term in the right-hand side of (B.11). Using property i)
of Proposition A.1, we have:

1(=2)"'Qeodfollrimy S Y 1Q;(=2)7'0Qufollacsy)- (B.13)

j<0,l€Z

We now estimate the right-hand side of (B.13). We consider the two cases j > [ and j <
separately. If 7 > [, we obtain using Proposition A.1:

1Q;(—=A)0Qufalliamy S 27 )0Qufal 20 (B.14)
< 2 Q)
S 2Ry,
If 7 <1, we obtain using Proposition A.1:
1Q; (=) 0Qifollssy S 2727 (A A(=2)2 Qufal (s, (B.15)
S 2727(=8)70(=2)% | a1 Qe
<

33

3 1 _
244V (A) Mz ol 3,
3 1
5 24 2||f2HL%(Et)7
where we used the fact that
IV (=A) M@y S 1
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thanks to the Bochner inequality on 3; (6.8). Finally, (B.13)-(B.15) yields:

_5 3j_ 1
||< ) Q<Oaf2 |L4(Et ~ (Z 2 4j+2 + Z 24 2) |f2||L%(Et) S ||f2||L%(Et)(B16>

1<j<0 j<1.<0
(B.11), (B.12) and (B.16) yield:
Qeovlliss S Iillixso + 12l g - (B.17)
Finally, (B.3), (B.10) and (B.17) imply:
[Vllzso + 1100l 3 g,y S Wl + 120l 3 g,

This concludes the proof of Lemma 9.1.

ApPPENDIX C. PROOF OF LEMMA 7.1

The goal of this appendix is to prove Lemma 7.1. The commutation formula (7.1) has
already been proved at the beginning of section 7. Thus, it only remains to prove the
commutation formula (7.2). Recalling (3.25),

O¢ = —p(0d) + Ap +n"'Vn - Vo,
Thus, we have:

[O,Alp = [-00do +n"'Vn-V+ A, Alp (C.1)
= —[6080, A]¢ + [n*1Vn : V, A]¢

We thus have to calculate the commutators [02, A]¢ and [n~'Vn -V, A]é. For any tensor
U tangent to X4, we denote by VU the projection of DyU to ¥;. We have the following
commutator formula for any vectorfield U tangent to >:

[Vb, VO]Ua = kbchUa — n_lvanOUa + (n_lkabvcn — n_lkbcvan + ROabc)Uw (02)
while for a scalar ¢, the commutator formula reduces to:
[V, Vol = ke Vetp — 0~ 'Vyndod. (C.3)

Using the commutator formulas (C.2) and (C.3) and the fact that [0, Al¢ = [V, V¢ Va+
V4 Vo, Va]¢, we obtain:

(00, Al = 2KV, Vo + 20 VynV,(0g0) + n  Andyp — 2n ' Vonk®V,e, (C.4)

where we used the constraint equation (2.2) and the fact that, in view of the Einstein
equations and the symmetries of R, we have:

gabROabc =0.



88 SERGIU KLAINERMAN, IGOR RODNIANSKI, AND JEREMIE SZEFTEL

Differentiating the commutator formula (C.4) with respect to dy and using the commutator
formulas (C.2) and (C.3), we obtain:

([0, Al9)

= 2KV, V,(0p0) + 20 Vyn Vi (95(000)) + (—2V k™ + 4k%k, )V, Vo
+(2n7 V4, (0gn) — 10k n "V n)Vy(0e0) + (" An + 2n72|Vn|?) 9 (0p)
+(2k"Roges + 25V ckap — 20V nVok® + 2kn =1V, (9pn) + 4k“kan ™ Van
+2|k|*n "' Vyn — 2k*n "2V ;n0yn) Ve
+(n"TA(Ogn) — 4k "IV, Viyn 4+ 2n72V,nV,(9on)) 0o .

Together with the commutator formula (C.4) applied to dy¢, we obtain:

(0000, A (C.5)
= [0o, A]Op® + 0o([0o, Alo)
= 4KV, V,(000) + 4n ViV (95(000)) + (—2V k™ + 4k*k, ")V, Vo
+(2n" 'V (0n) — 12k"n 1V ,n) Vi (0o9) + (2n L An + 2n72|Vn|?) 0y (o)
(2K Roaey + 25V ckay — 207V nVok® + 201V, (Ogn) + 4k“kgn ™'V n
+2|E|*n " 'Vyn — 2k%n 72V ;n0yn) Vo
+(n"PA(Ogn) — 4k IV Viyn 4 2n72VynV,(9on)) 0o 0.

We also compute the commutator [n™'VnV, A]e:

[n~'VnV, Alg
= A 'Vyn) Vo — Va(n 'Vyn)V,Vid + n ' Viyn [V, Ald
= —n 'Wu(An)Vyo — n A, Vi InVid + 1 *VnV,Vin Ve
+n " 2VynV nV,Vyd — n 'V, VinV,Vid +n ' Vyn[Vy, Alg.

Now, we have the following commutator formula:
[V, Alp = Ry, Vet = (Ryoo © + kiak™) Vo), (C.6)

where we used the Gauss equation for R, the Einstein equations for R and the maximal
foliation assumption. Thus, we obtain:

[n'VnV, Al (C.7)
= (—n"'VoVyn +n2VynVen)VeVid + (—n ' Vu(An) +n 2V,nV,Vyn
+2<Rb00a + kbaka C)n_lvan)vbgb'
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Finally, (C.1), (C.5) and (C.7) yield:

(0000, A
=[O0, AlOo¢ + 9o([0o, Al@)
= —4k"V,V,(00p) + 4n"'Vyn Vi (06(000))
+(=2Vok® + 4k"k,> — n7IV,Vyn + n"2VynV,n) Ve Vi
+(2n71V,(0pn) — 12k 0"V 4n) Vi (0o¢) + (2n " An + 2n72|Vn|?)0p(00)
+(2k"Roges + 25V kap — 20V nVok® + 2kn =1V, (9pn) 4 4k“kan™ ' Van
+2/k[*n'Vyn — 2k®n =2V ,ndyn — n IV (An) +n2VnV,Vyn
+2(Ryg00 + kpakia €)1 Vo) Vyod
+(n"PA(Ogn) — 4k IV Vyn 4 2n72VynV,(0on)) 0o,

from which (7.2) easily follows. This concludes the proof of Lemma 7.1.
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