
Appl Phys B (2011) 104:639–646
DOI 10.1007/s00340-011-4454-y

Angular momentum conversion of elliptically polarized beams
focused by high numerical-aperture phase Fresnel zone plates

J. Shu · J. Pu · Y. Liu

Received: 26 October 2010 / Revised version: 7 January 2011 / Published online: 3 June 2011
© Springer-Verlag 2011

Abstract Based on the vectorial Debye theory, we in-
vestigate the tight focusing of elliptically polarized light
beams by high numerical-aperture (NA) phase Fresnel zone
plates (FZP). The conversion of the spin angular momentum
(SAM) and the orbital angular momentum (OAM) in the
tight focusing of the elliptically polarized beams is investi-
gated in great detail. It is shown that the direction and mag-
nitude of the OAM can be directly modulated by the input
polarization, providing effective evidence that the SAM car-
ried by an elliptically polarized light beam is converted into
OAM in the tight focusing process. The properties of phase
retardation between x and y components of the focused field
are also investigated. It is found that focused field of x and
y components still keeps its original elliptical polarization
state, indicating that the focused field composed of x and y

components still carries SAM, whereas the focused field of
z component is changed into carrying OAM. The influences
of the total zone number and the phase difference of binary
phase FZPs with high NA on the intensity distribution in the
focal plane are also investigated.

1 Introduction

Since the 1950s, tight focusing properties of laser beams
have been investigated in great detail [1–3]. It has been
found that light beams focused by a high numerical-aperture
(NA) have unique properties, such as producing a strong
longitudinal component and focusing to a tight spot. For its
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unique properties, tightly focused light beams have wide po-
tential applications in optical data storage, microscopy, ma-
terial processing, and optical trapping etc. [4, 5]. Therefore,
there has been much research on tight focusing of different
kinds of light beams, such as cylindric vector beams, ellipti-
cal symmetry beams, and linearly polarized beams [6–9].

A monochromatic light beam propagating along a given
axis z can transport angular momentum oriented as the prop-
agation direction in two different forms. The first is an “or-
bital” form. This kind of beam has a screw wavefront that
generates the orbital angular momentum (OAM) [10–12].
The other is a “spin” form. Each photon carries ±σ� of an-
gular momentum. The sign “±” depends on the handedness
of the polarization, and σ is the helicity of the light beam
which is equal to one for circularly polarized light, zero for
linearly polarized light, and the value between zero and one
for elliptically polarized light [13]. In this paper, we take
an elliptically polarized beam as a model, which is focused
by binary phase Fresnel zone plate (FZP) of high NA, to
study optical spin-to-orbital angular momentum conversion
in tight focusing process [14, 15]. Here, we follow Wolf
[1] and calculate the electric field of tightly focused light
through FZPs with high NA by the Debye integral [16].

2 Theoretical model

Let us first consider an elliptically polarized beam focused
by binary phase FZPs with high NA. The electric field in the
focal region can be expressed as [16]

E(r,ϕ, z)

=
⎡
⎣

Ex

Ey

Ez

⎤
⎦ = − ikf

2π

∫ α

0

∫ 2π

0
BC sin θ exp(ikz cos θ)
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× exp
[
ikr sin θ cos(φ − ϕ)

]

×
⎡
⎣Ax(cos2 φ cos θ + sin2 φ) ± iAy sinφ cosφ(cos θ − 1)

Ax sinφ cosφ(cos θ − 1) ± iAy(sin2 φ cos θ + cos2 φ)
sin θ(Ax cosφ ± iAy sinφ)

⎤
⎦

× dφ dθ (1)

Fig. 1 Scheme of tight focusing system

where r, ϕ, and z are the cylindrical coordinates of an obser-
vation point, φ is the azimuthal angle of the insight beam,
k = 2π/λ is the wave vector, f is the focal length of the
binary phase FZPs of high NA, and α is the maximal NA
angle; θ is the NA angle that varies from 0 to α. The coordi-
nate system is shown in Fig. 1. In addition, B is the system
apodization factor, which is B = cos1/2 θ for an aplanatic
lens and B = cos−3/2 θ for an FZP [17], and C is a phase-
transfer function.

By using the following formulas:

exp
[
ikr sin θ cos(φ − ϕ)

]

=
∑

ilJl(kr sin θ) exp
[
il(φ − ϕ)

]
(2)

Fig. 2 Intensity distribution in
the focal plane for different
amplitudes of the y component
of the field. (a)–(d) Ay = 0;
(e)–(h) Ay = 0.2;
(i)–(l) Ay = 1. (a), (e), (i) total
intensity It ; (b), (f),
(j) x component Ix , (c), (g),
(k) y component Iy ; (d), (h),
(l) z component Iz . The
parameters for calculation are
Ax = 1, λ = 633 nm,
f = 0.5 µm, Δ = π , and
M = 16 (i.e., NA = 0.996)
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∫ 2π

0
exp(imφ)dφ = 2π m = 0

(3)
∫ 2π

0
exp(imφ)dφ = 0 m �= 0

and after tedious calculation, x, y, and z polarized compo-
nents of the electric field in the focal region can be simplified
as

E±x(r, ϕ, z)

= − ikf

2

∫ α

0
BC sin θ exp(ikz cos θ)

×
{
Ax(1 + cos θ)J0(kr sin θ) + 1

2
(1 − cos θ)

× [
(Ax ± Ay)J−2(kr sin θ) exp(i2ϕ) + (Ax ∓ Ay)

× J2(kr sin θ) exp(−i2ϕ)
]}

dθ (4)

E±y(r, ϕ, z)

= ±kf

2

∫ α

0
BC sin θ exp(ikz cos θ)

×
{
Ay(1 + cos θ)J0(kr sin θ) − 1

2
(1 − cos θ)

× [
(Ay ± Ax)J−2(kr sin θ) exp(i2ϕ) + (Ay ∓ Ax)

× J2(kr sin θ) exp(−i2ϕ)
]}

dθ (5)

E±z(r, ϕ, z)

= −kf

2

∫ α

0
BC exp(ikz cos θ) sin2 θ

Fig. 2 (Continued)
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× [
(Ax ± Ay)J−1(kr sin θ) exp(iϕ)

− (Ax ∓ Ay)J1(kr sin θ) exp(−iϕ)
]
dθ (6)

It is shown from the above expressions that the electric
field of x, y, and z polarized components has two val-
ues, respectively, indicating that the incident elliptically
polarized beams possess two different rotation directions
around its own axis. To make it clear, we define E+j (r, ϕ, z)

(j = x, y, z) as the electric field focused from the right-
hand elliptically (RHE) polarized beam and E−j (r, ϕ, z)

(j = x, y, z) the electric field focused from the left-hand
elliptically (LHE) polarized beam.

3 Results and discussions

In this section, we present some numerical results to show
the focusing properties of elliptically polarized beams
through binary phase FZPs with high NA. To perform the
numerical calculation, the phase-transfer function C can be
expressed as [18]

C =
{

exp[i(Δ − δ)] exp(iπ) for θm−2 ≤ θ ≤ θm−1

exp(−iδ) exp(iπ) for θm−1 ≤ θ ≤ θm

m = 2,4, . . . ,M (7)

where M is the total zone number, θ0 = 0 and θM = α. Δ is
the phase difference between the two adjacent zones. The

Fig. 3 Phase contour of
Ez(r,ϕ, z) in the focal plane.
(a) Ay = 0; (b), (d) Ay = 0.2;
(c), (e) Ay = 1. (b), (c) RHE-
polarized beam; (d), (e) LHE-
polarized beam. The other
parameters are the same as in
Fig. 2



Angular momentum conversion of elliptically polarized beams focused by high numerical-aperture phase 643

zone angles θm are the angles at which zone radii are seen
from the focus and are defined by [17]

sin θm =
√

mπ(2kf + mπ)

(kf + mπ)
(8)

and

δ = kf/ cos θ − kf (9)

In the following investigation, the parameters for the cal-
culations are chosen as Ax = 1, λ = 633 nm, f = 0.5 µm,
Δ = π , and M = 16 (i.e., NA = 0.996). Figure 2 shows
the total intensity distribution and its x, y, and z compo-
nents in the focal plane for different y components of the
incident field Ay (RHE-polarized beams). The figure for
LHE-polarized beams is not presented mainly because it

is slightly different from RHE-polarized beams. Obviously,
Ay is 1 for circularly polarized light, 0 for x-linearly polar-
ized light, and 0.2 for elliptically polarized light. All com-
ponents are normalized to their total intensity. It is shown
from the total intensity (It ) that an asymmetric focal spot
is obtained from high NA phase FZPs under the illumina-
tion of linearly polarized light or elliptically polarized light
(Ay �= 1). On the other hand, the use of circularly polarized
light (Ay = 1) to illuminate phase FZPs produces a focal
spot with complete rotational symmetry. It is noted that the
total intensity profile is mainly determined by Ix and Iz ex-
cept the situation of Ay = 1, and the proportion of Iz in It

is decreased with Ay increases. It is interesting to discover
that the z component Iz has a dark core for Ay = 1, which
indicates that there is a vortex in the intensity distribution
of Iz. This phenomenon can be explained by (6).

Fig. 4 Phase contour of
Ex(r,ϕ, z) and Ey(r,ϕ, z) in the
focal plane for RHE-polarized
beam. (a), (d) Ay = 0;
(b), (e) Ay = 0.2;
(c), (f) Ay = 1. The other
parameters are the same as in
Fig. 2
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By letting Ay = Ax = 1, (6) can be simplified as

E±z(r, ϕ, z) = ∓kf

∫ α

0
BC exp(ikz cos θ)

× sin2 θJ±1(kr sin θ) exp(±iϕ) dθ (10)

From (10) we can see that, after being focused by high NA
binary phase FZPs, E±z(r, ϕ, z) has topological charge of
m = 1 and m = −1, indicating that they have screw wave-
fronts, generating OAM, respectively.

The phase contours of Ez(r,ϕ, z) with different ampli-
tudes of the y component of input electric field in the focal
plane are shown in Fig. 3. It is shown that the phase con-
tour of the Ay = 1 incident beam exhibits a counterclock-
wise (Fig. 3(c), right-circular polarized beam) and a clock-
wise (Fig. 3(e), left-circular polarized beam) helical phase
distribution, which indicates that the direction of the OAM

converted from SAM can be directly modulated by the direc-
tion of the SAM of the incident light [19]. From Fig. 3(a),
it is seen that the phase contour of the Ay = 0 incident
beam exhibits some planar phase distribution. Dislocations
are among those high and low planes, which indicates that
such wavefronts are not helical and cannot generate OAM.
This result is concordant with the fact that linearly polarized
light does not carry SAM. It seems that Figs. 3(b) and 3(d)
also exhibit a helical phase distribution. However, as shown
in Fig. 3(b), the rate of phase change around the z axis is not
uniform.

Phase contour of x and y components in the focal plane
for RHE-polarized beams are shown in Fig. 4. The phase
contours do not exhibit spiral structures in the focal plane.
It is shown that some wavefronts exhibit planar structures
with dislocations (see Figs. 4(a)and 4(d)), while others may
exhibit weak spiral structures with opposite rotation direc-

Fig. 5 Contour of phase
retardation β(r,ϕ, z) in the
focal plane. (a) Ay = 0;
(b), (d) Ay = 0.2;
(c), (e) Ay = 1.
(b), (c) RHE-polarized beam;
(d), (e) LHE-polarized beam.
The other parameters are the
same as in Fig. 2
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Fig. 6 (Color online) Distribution of phase retardation β(r,ϕ, z).
(a) RHE-polarized beam; (b) LHE-polarized beam. y = 0 for Ay = 1
and Ay = 0.2, y = 0.001 for Ay = 0. The other parameters are the
same as in Fig. 2

tions (see Figs. 4(b), (c), (e) and (f)), which indicates that
the SAM does not converted into OAM of Ex(r,ϕ, z) and
Ey(r,ϕ, z), as done for Ez(r,ϕ, z).

In order to find out the SAM carried by focused beams,
we define

β(r,ϕ, z) = arg

(
Ey(r,ϕ, z)

Ex(r,ϕ, z)

)
(11)

as the phase retardation between Ex(r,ϕ, z) and Ey(r,ϕ, z).
Obviously, the phase retardation of incident RHE- and LHE-
polarized beams is ±π/2, respectively. Figure 5 is plotted
to illustrate the influence of varying Ay on the retardation
β(r,ϕ, z) in the focal plane. In order to know the polariza-
tion state of x and y components of the focused field, a quan-
titative phase retardation should be obtained by drawing a
two-dimensional curve, as shown in Fig. 6. However, a two-
dimensional curve cannot reflect a three-dimensional phase
retardation distribution completely except the latter has rota-
tional symmetry. It is noteworthy that the phase retardation
near the origin of coordinates has good rotational symmetry
for Ay = 1 (see Figs. 5(c) and 5(e)), meanwhile, most of Ix

and Iy is also distributed close to the optical axis for Ay = 1

Fig. 7 (Color online) Intensity distribution of circularly polarized
beam. Ay = 1. The other parameters are the same as in Fig. 2

Fig. 8 (Color online) Intensity distribution of circularly polarized
beam. Ay = 1. The other parameters are the same as in Fig. 2

(see Figs. 2(j) and 2(k)). So we can draw a two-dimensional
curve to know roughly the distribution of quantitative phase
retardation. Figure 6 shows the distribution of quantitative
phase retardation with different y-component amplitude Ay .
When Ay = 0 (the incident beam is x-linearly polarized),
β(r,ϕ, z) is nearly 0 or ±π , which indicates the focused
light beam is still linearly polarized. When Ay = 1 (the inci-
dent beam is circularly polarized), the phase retardation near
the optical axis is π/2 for RHE-polarized beam and −π/2
for LHE-polarized beams, respectively, which indicates that
most x and y components of the focused field still keep their
original circular polarization state. When Ay = 0.2 (the inci-
dent beam is elliptically polarized), the β −x curve is almost
identical to that of Ay = 1, which is similar to that of the cor-
responding incident beam. This indicates that even though
the incident elliptically polarized light (Ax = 1, Ay = 0.2)

has different intensity distribution for x and y components
(i.e., Ix and Iy of the incident light is different), most x and
y components of the focused field near the focus still keep
their original elliptical polarization state.

The influence of varying total zone number of phase
FZPs Mon the intensity distribution of It in the focal plane
is indicated in Fig. 7. It is found that with M changing from
4 to 16, the intensity It increases. This is because the more
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the zones of the phase FZPs, the larger the area of light trans-
mission. The influence of varying phase difference Δ on the
intensity distribution of It in the focal plane is plotted in
Fig. 8. It is found that with Δ changing from 0.5π to π ,
the intensity It increases. This is because when Δ = π , the
interference of light reaches to the max in the focal region.

4 Conclusions

Based on the vectorial Debye theory, we investigate the tight
focusing of elliptically polarized light beams by high NA
phase FZP. The conversion of the SAM and OAM in the
tight focusing of the elliptically polarized beams is investi-
gated in great detail. It is shown that the direction and mag-
nitude of the OAM can be directly modulated by the input
polarization, providing effective evidence that the SAM car-
ried by an elliptically polarized light beam is converted into
OAM in the tight focusing process. By studying the distrib-
ution of phase retardation, it is found that the focused field
of x and y components still keeps its original elliptical po-
larization state, indicating that the focused field composed
of x and y components still carries SAM, whereas the fo-
cused field of z component is changed into carrying OAM.
Because the focused field of z component is weaker than
the focused field composed of x and y components, the fo-
cused beam carries less OAM than SAM in practical appli-
cations. Moreover, the influence of the total zone number M

and the phase difference Δ of binary phase FZPs with high
NA on the intensity distribution of It in the focal plane is
also investigated. It is shown that with the increase of M , the
total intensity in the focal plane increases, and total inten-
sity reaches the maximum in the focal region when Δ = π ,
which provides an approach of improving the diffraction ef-
ficiency.
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