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Abstract—A variety of low-density parity-check (LDPC) en- we consider iterative HDD of generalized product codes with
sembles have now been observed to approach capacity with¢-error correcting component codes. This is similar to other
message-passing decoding. However, all of them use sofé (i.non- recent work on coding system for optical communication

binary) messages and a posteriori probability (APP) decodig . . .
of their component codes. In this paper, we analyze a class of systems [[18], [[14],[[15]. The main difference is that HDD

spatially-coupled generalized LDPC codes and observe thain  Of our spatially-coupled GLDPC ensemble can be rigorously
the high-rate regime, they can approach capacity under iteative analyzed via density evolution (DE) even when miscorrectio

hafg-deCiSiéJn dngding- IThelse C?dez Canb bedszel?l ask geréeeaii occurs. The DE analysis also allows us to show that iterative

product codes and are closely related to braide OCK codes H H inho H

Index Terms—GLDPC codes, density evolution, product codes, HDDt.Can approacth CapaCItydlrg the hllgh r?r:e rteglr:?e' ||E|‘D[j|-36]’f

braided codes, syndrome decoding counting arguments are used to analyze the iterative 0
GLDPC codes (without spatial coupling) for adversariaberr

| INTRODUCTION patterns and therefore somewhat lower thresholds aretezpor

In his groundbreaking 1948 paper, Shannon defined the IIl. BASIC ENSEMBLE

capacity of a noisy channel as the largest information rateL€t C be an(n,k,d) binary linear code that can correct
for which reliable communication is possiblé [1]. Sincerthe @ll error patterns of weight at most(i.e., d > 2t + 1). For
researchers have spent countless hours looking for waysetgmple, one might chooseto be a primitive BCH code with
achieve this rate in practical systems. In the 1990s, tRarameter§2” —1,2” —wvt —1,2¢t+ 1). Now, we consider
problem was essentially solved by the introduction of tigea @ GLDPC ensemble where every bit node satisfies two code
soft decoding for turbo and low-density parity-check (LDPcconstraints defined by.

codes [2], [[3], [4]. Although their decoding complexity iSpefinition 1. Each element of théC,m) GLDPC ensemble
S|gn|f|car_1t, these new codes were adopted quickly in wiseleg defined by a Tanner graph, denoted By= (ZU 7, &),
communication systems where t_he_data rates were not {9pn 3 set7 of N = mn - degree-2 bit nodes and a st
large [Ei], £6]. In contrast, complexity issues have sloweeirt of m degreen code-constraint nodes defined ByA random
adoption in very high-speed systems, such as those useqiment from the ensemble is constructed by using an uniform

optical and wireline communication. _ random permutation for thewn edges from the bit nodes to
In this paper, we consider an ensemble of spatially-couplg¢s constraint nodes.

generalized LDPC (GLDPC) codes based:@rror correcting
block codes. For the binary symmetric channel (BSC), W& Decoder
show that the redundancy-threshold tradeoff of this ensgmb |, .\ oI .known that GLDPC codes perform well under
u_nder iterativghard-decision decodingscales optimally _in Fhe iterative soft decoding[[8],[]9]. The main drawback is that
o s Ao o (300} pESEon problilty (A5 decoding of he componen

. C . odes can require significant computation. For this reason,
system that can approach capacity. It is interesting to thate we consider message-passing decoding based on bounded-
iterative HDD of product codes was first proposed well befor(ﬁstance decoding (BDD) of the component codes. Let the
the recent revolution in iterative decoding but the perfance bit-level mapping implied by BDDD; : {0, 1}" — {()" 1,

gains were limited[]7]. Iterative decoding of product codes . o - .
became competitive only after the advent of iterative Sogt]c?:%rtctl]ii r?gilr\]/:dru\f:dw € {0,1}" to the-th decoded bit
decoding based on the turbo principle [8], [9]. g

Our choice of ensemble is motivated by the generalized {C, if ¢ e C satisfiesdy (c,v) <t
Dl(’U) _ T 9 —

product codes now used in optical communications [10] and v if di(e,v) > tforall e e,

their similarity to braided block codes [11], [12]. In paxiar,
wheredy (-, ) be the Hamming distance. The same analysis
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Decoding proceeds by passing binary messages along fivet <i<n—t—2 and P,,(i)=0 for 0<i<t—1. Similarly,
edges connecting the variable and constraint nodes and is 1.
best understood from the implied computation graph. Let ¢, (j) =}~ 1(,0,) + 1Az(i,5,j)+1V(n, L5 (@
r; € {0,1} denote the received channel value for variable node 5 n
i anduz(.é_{j be the binary message from tixh variable node
to thej-th constraint node in thé-th iteration. For simplicity,
we assume no bit appears twice in a constraint and|t)
be the index of the variable node connected to/ttte socket
of the j-th constraint. Leg’ be the other neighbor of theth
variable node and let;(k) = i. Then, the iterative decoder is
defined by the recursion

9

Il
=)

=1j
fort+1<i<n-—t—1,andQ,(i) =0 for 0 <i<t. Note
that, when the code contains the all-one codewdtd;) = 1
forn—t—1<i<n-—1,and@,(i)=1forn—t <i<n-—1.
Similar to DE for LDPC codes on the BEC [17, pp. 95—
96], there is a compact characterization of the hard-d&tisi
decoding thresholdp*. The successful decoding condition
fa(z;p) < x provides a natural lower bound on the noise

(+1) & 1. (v(_z) ) ) threshold and it can be rewritten gsf,, (z;1) — f.(x;0)] +
el ANV fn(z;0) < z to show that
where, for the i-th variable node and thej-th con- . ) x — fn(z;0)
straint node, the candidate decoding vector uf), = r=a fala;1) = fula;0)°
¢ 0 0 _ _ _ .
(N,(;j)(1i_>jv ”Erj(z)—w e ”Erj(n)—q) except that thé-th entry |t is also worth noting that essentially the same recursam c

is replaced byr;. It is very important to note that the aboveye ysed for a BEC with erasure probability In this case,
d.ecoder. passes extrinsic messages isndot the sameas Q. (i) = 0 and one redefine®, (i) to be the probability that
simply iterating between row and column decoders. This randomly chosen bit is not recovered when it is initially
allows one to rigorously apply DE. erased and there arerandom erasures in the other— 1

) i positions.
B. Density Evolution

The iterative decoding performance of GLDPC codes can be Il SPATIALLY-COUPLED ENSEMBLE

analyzed via density evolution (DE) because, for a randomlyNow, we consider a spatially-coupled GLDPC ensemble
chosen bit node, any fixed-depth neighborhood in the Tanrépere every bit node satisfies two code constraints defined by
graph is a tree with high probability a8 — co. For HDD C. Similar to the definition introduced in_[19], the spatially
of the component codes, this DE can be written as a orf@upled GLDPC ensembl&, m, L, w) is defined as follows.

dimensional recursion. Definition 2. The Tanner graph of an element of the

If we assume that the component decoders are symmgt;.,, I, w) spatially-coupled GLDPC containk positions,
ric, then it suffices to consider the case where the all-zerp 1], of bit nodes and. + w — 1 positions,[1, L + w — 1],
codeword is transmitted over a BSC with error probability of code-constraint nodes defined 8yLet m be chosen such
[17, pp. 188-191]. Let:*) be the error probability of the thatmn is divisible by both2 andw. At each position, there
hard-decision messages passed from the variable nodes togil mn degree? bit nodes andn degreen code-constraint
constraint nodes aftefiterations. For an arbitrary symmetricnodes. A random element of thé, m, L, w) spatially-coupled
decoder, lef, (i) be the probability that a randomly chosen biGLDPC ensemble is constructed as follows. At each bit
is decoded incorrectly when it is initially incorrect anceth position and code-constraint position, then sockets are

are ¢ random errors in the other — 1 positions. Likewise, partitioned intow groups of”22 sockets via a uniform random
let Q.(i) be the probability that a randomly chosen bit i?Jermutation. Lets® andsgcgj

. 2o ; ; be, respectively, thg-th group
decoded incorrectly when it is initially correct and there & 5 thei-th bit position and th
random errors in the other—1 positions. Then, for théC, m)

he-th group ati-th code-constraint
i, . _ position, whergj € [0, w—1]. The Tanner graph is constructed
GLDPC ensemble, the DE recursion implied by (1) is defin
by 2O =p, 2D = £ (x(g);p), and (withg £ 1 — p)

e&, using a uniform random permutation to connéé@) to

S;f},w_j_l by mapping the”* edges between the two groups.

|
—

falzp) 2 ("2t (1- SC)WPI (pPn(i)+PQn(i)). (2) A. Density Evolution
To derive the DE update equation of tH€,m, L, w)

For the iterative BDD described above, the quantifids) spatially-coupled GLDPC ensemble, Wedaé@ be the average
andQ@(7) can be written in terms of the number of codewordsyrror probability of hard-decision messages emitted by bit
Ay, of weightl in C [18]. Let us defind(:,d,j) =i—d+2j+1 nodes at positioni after the ¢-th iteration. According to
andV (n,i,6,5) = ( U(,8,7) ) (nfl(iyé-,j)fl)(nfl)_l _Since all Definition[2, the average error probability of all inputs to a

Il
=)

%

. . Wi,6,5)—j/ \  6—1—] i . N we
decoding regions aré disjoint, one can compute code-constraint node at positianis 7, = Y v (",
S s Also, it follows thata) = £ Y207} f. (74,":p), where
Pu(i)=1-Y A )V (n,0.6,5)  B) £, (x;p) is defined inl(R) ana!” = 0fori ¢ [1, L]. Therefore,

6=1j=0 the DE update for this ensemble is given by



e+1) — 1 — Lemma 4. For the codes described above ahd- 1 < i <
Z Il Z o |- ®) n—t—1, we haveQ, (i) = =L (1 + o(1)) . Similarly,

7=0
Onli) = m(1+o(1)) if ¢4t is odd
U g (L4 o(1) if i+ tis even
In the remainder of this paper, am, k,2t + 1) binary tor ¢4 9<i<p—¢—2,
primitive BCH code (or its(n,k — 1,2t + 2) even-weight
subcode) will be used as the component code for both theConsider the DE recursiorl](2) for th&,m) GLDPC

(C,m) GLDPC and (C,m,L,w) spatially-coupled GLDPC ensemble. For fixedp, let p = Z£5 scale W'th” and

IV. BCH CoMPONENTCODES

ensembles. When the exact weight spectrum is known, ohg) = (n — 1)z®. From [2), the recursion fox'") equals
can computeP, (i) andQ,,(¢) using [3) and[{(#), respectively. NG

Otherwise, one can use the asymptotically-tight binomial A+ = (5 —1)f, ( L P )

approximation n—1mn-1

A n—1—1
27 (M (1+0(1)) if d<l<n—d, - A Y
A=11 l if =0, =n, (6) Z( )( 1) Mo
0, otherwise X (p (Pu(i) = Qn(i)+(n— 1) @Qn(i)), (7)

whered = 2t + 1 andn = 2¥ — 1 [20][21]. with initial value )\510) = p for all n.

For the (n,k — 1,2t + 2) even-weight subcode of an Using Lemmal[B and Lemmal 4, we can find a simpler
(n,k,2t + 1) primitive BCH code, the approximate numberecursion forA() 2 lim,, ., A\,
of codewords is denoted byl, where 4, = A; when{ is
even andA; = 0 when! is odd. LetP, .(i) and Qn(i) be the =7, , o
miscorrection probabilities implied by, for the even-weight A > 0, the recursion fo\® is given byx® = p and
su_b(:_qde. Similar toPn.(z') and @, (¢) in theN(n', k,2t + 1) /\(f-ﬁ-l):f()\(é);p)ép¢(A(€);t_1)+ 1 ¢( \©). t) 8)
primitive BCH code, it can be shown that,(i) = 0 for (t—1)!
0 <i <t—landQ@Qn() = 0for 0 < i < ¢+ 1. Remarké. For anyn < oo, -"=p can be seen as the average
Then, the DE recursions for tH€,m) GLDPC ensemble and number of initial error bits attached to a code-constraint
the (C,m, L,w) spatially-coupled GLDPC ensemble can beode, and-2: )\’ can be viewed as the average number
obtained from [(R) and_{5), respectively. of error messages passed to a code-constraint node after the
. . {-th iteration. Since%)\g) — X® it follows that the
A. High-Rate Scaling . n—1

recursion [(B) tracks the evolution of the average number of

In [14], Justesen analyzes the asymptotic performance &for messages passed to a code-constraint node.

long product codes under the assumption that the component, . 5e recursion of the GLDPC ensemble with the even-

decoders have no miscorrection. Using the random gra\w&ght BCH subcode can be obtained by modifyifl (8).
argument, a recursion for the “Poisson parameter” is obthin

That recursion leads to a threshold, for successful degpdihemma 7. For the GLDPC ensemble based on the even-
on the average number of error bits attached to a codeeight BCH subcode, if is even, the recursion foA(*) is
constraint node. In this section, we obtain a similar réoars A1) = f, (/\( ); p) with
as the scaled limit, as — oo, of our DE analysis. The _ 1
main contribution is that our approach rigorously accotiots Je ()\(5); P) £ po ()\(5); t— 1) + = 1)!7/) ()\(5); t) -
miscorrection. _ o - _
We first introduce some notation and a few lemmas thtt is 0dd, the recursion i8“*?) = f, (A\(); p) with

simplify the development. Consider the Poisson distrdmuti ~ 1
with mean\. Letg(\; k), ¥(\; k) andyp(); k) be, respectively, ()‘(é)' p) = pd ()‘(é)' t= 1) + t—17 (/\(%t) :
the tail probability, the tail probability for the even tesrand ] _

For the spatially-coupled GLDPC ensemble, }é@ with

1 € [1, L] be the average number of error messages passed to

Lemma 5. Since the limit of the RHS of](7) exists for all

the tail probability for the odd terms. Then, we have

dN k)£, e =1 FUE;&S) code-constraint nodes averaged over all code-constrades

POk 2 A lpe? ZWQJ X2 at positions;j € [i,i + w — 1] after the/-th iteration. We set
e (2?' ) O = 5 for all i € [1,L], and set\\”) =0 for all i ¢ [1, L]

o\ k) 2 1—% ZWQJ ’\2(;:1 i and? > 0. Similar to [3), the recursion for spatially-coupled
ensemble is
Lemma 3. For the codes described above ahg i < n —1, .
. : s NG 1

nh_)ngo P,(i) = nh_)ngo P,(i) =1. = Z f " Z )\1(-_)]-_,_;@; p )

J=0



for ¢ € [1, L]. When the even-weight BCH subcode is used @&or GLDPC ensembles based on primitierror correcting
a component code in the spatially-coupled GLDPC ensembBCH codes, the high-rate limit of the potential threshgitt,
the recursion becomes for iterative HDD without miscorrection is given by

e S Je (5 N ip) i s even, pi" = sup {p €(0,00) [ minx>oU(A;p) 2 0} (11)
P Ay p (el \(O ) f pis odd.  Lemma 8. For the high-rate scaling limit without miscorrec-
w k=0 Jo \ w =0 "Yi—j+k> ' . . .
tion, the noise threshold in terms of the average number of
errors in a code constraint satisfigg* > 2¢— 2 for all ¢ > 2.

V. BOUNDS ON THENOISE THRESHOLD From the threshold of iterative HDD without miscorrection,

Suppose that one ignores the effect of miscorrection apff, one can bound the threshold of the iterative Hih
considers the natural hard-decision peeling decoder fer timiscorrectionusing the following lemma.
(C,m) ensemble based on BCH codes, _then LIS easy 10 §8611ma 9. In the high-rate scaling limit, the noise thresh-
that at mosint errors can be corrected using BDD. To achieve . . . . : " -

. . gld of iterative HDD with miscorrection,p;*, satisfies
this upper bound, it must happen that each code correcls =~ ; < ) < 57 for > 9
exactlyt errors. If some codes decode with fewer thamrors, Pt ~ @D =Pt =Pt =
then there is an irreversible loss of error-correcting ptad Now, we introduce the notion afredundancy.

Since there ar&™ code bits per code constraint, normalizing, . ... . S
2 L
this number shows that the noise threshold is upper boung%%ﬁmtlon 10. Let C'(p) be the capacity of a BS@). For an

ot : > 0, a code ensemble with rafe and thresholg* is called

by =. In terms of the average number of errors in each co € S
no . e-tfedundancy achieving

constraint, the threshold is upper bounde®byecause each .

code involvess bits. 1-C) o 1

_ Consider the iterative HDD without miscorrection and let 1-R —

fn(z; p) denotel(R) withQ,, (i) = 0. To find the noise threshold | et n, £ 2 — 1. The following lemma shows that, for

of the spatially-coupled system, one can apply the resiilts ghy ¢ > 0, a sequence of ensembles with rdtg = 1 — 2

[22] by observing that the DE update for theé, m) GLDPC  and thresholgs; — 2L is e-redundancy achieving over BSC

ensemble defines an scalar admissible system wfigrén  channels when e Z. is large. That is, for any > 0, there

[22] are defined byf(z;¢) = fn(ﬁp)‘pzé andg(z) = z. In exists aV € Z. such that, for al’ > V, one has
this case, the associated potential function is given by

1—C(2tn, )
¥ - N Z 1—e.
Un(z;p) = / (2 — fn(z;p)) dz 2tvn,,

0 Lemma 11. Consider a sequence of BSCs with error proba-
and the potential threshold of iterative HDD without miscorility 2¢n;* for fixed¢ and increasingv. Then, the ratio of
rection is given by 1—C (2tn;') to 2tvn; ' goes tol asv — occ. That is

b, i 1—-C (2tn;!
py" =sup {p € [0,1] | mingepo1Un(x;p) > 0}.  (10) lim # . 12)
v—00 2tvn,,

This threshold for iterative HDD without miscorrection is  proof:- Recall that the capacity of the BE&) is 1— H (p)
achieved by(C, m, L, w) spatially-coupled GLDPC ensemblegNhereH(p) = —plog,(p) — (1 — p)log,(1 — p) is the binary

in the limit wherem > L > w asw — co. entropy function. The numerator of the LHS 6f{12) can be
~When miscorrection is ignored, the recursieff ™) = | iten as

fn(z®;p) is equivalent to the DE recursion for the erasure o

channel with component codes that corre@rasures. Using 7 (ﬁ) _ 2tlogyny 1— log, (%) —omy) ). 3
this setup, one can derive rigorous upper bounds on the \7» Ny logy 1y, v

maximum a posteriori (MAP) threshold by the theory oéy substituting [IB) into the LHS of {12), we have
extrinsic information transfer (EXIT) functions_[17][_[R3 . )
Since the component decoder is suboptimal and fails to scov 1 = C (2tn, ")~ 2tn, " log, (n,) (1—0 (™).

correctable erasure patterns with more thamrasures, the 2tuny 2tuny

thresholdp;," in (10) is not equal to the aforementioned upperfhen, the equality{12) follows sindeg,(n,) =v+o(1). m

bound on the MAP threshold of the scalar admissible systempys the following Theorem shows that iterative HDD of
Using [8), the high-rate scaling limit of the potential functhe spatially-coupled GLDPC ensemble can approach cgpacit

tion can be written as in high-rate regime.
U\ p)= lim (n—1)U, (%, Eﬁ_l) Theorem 12. For any e > 0, there exist a tuplét, n, L, w)
e such that iterative HDD of théC, oo, L, w) GLDPC spatially-
:/ (z—pd(A; p)) dz. coupled ensemble isredundancy achieving whe is a t-
error correcting BCH code of length .



Sketch of proof : The proof follows from combining numerical results are presented that both verify the thieate
Lemmas[ B[P, and11 with standard construction argumengsults and demonstrate the effectiveness of these codes fo
for sparse graph codes. B high-speed communication systems.
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