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LINEAR TRANSFORMATIONS & THE MULTIVARIATE
GENERATING FUNCTION

MICHAEL C. BURKHART

ABSTRACT. This note examines linear combinations of multi-indexed sequences
and derives the multivariate generating function of such a linear combination
in terms of the original sequence’s m.g.f. Applications include finding distribu-
tions and moments of non-negative discrete random variables conditioned on
non-negative linear combinations of the original variables. Examples include
independent Poisson r.v.’s and a d-variate multinomial distribution.

1. INTRODUCTION

Set N = Z>o. Let b : N — C denote a multi-indexed sequence of complex
numbers. Then the multivariate generating function for b is given by:

Go(t1,. .. ta) = Z b(j17.“7jd)t'{l ~~-tff

(J1s---rJa)ENT

Such generating functions have applications throughout discrete mathematics, espe-
cially to combinatorial classes and probability distributions [FFS09], and prove useful
in finding recurrences, moments, and asymptotics [Wil94, [PWO0§|. Multivariate gen-
erating functions can be used to obtain conditional distributions [Xek87, [JTKB96].
Applications to biochemistry include stochastic models of chemical network theory,
in particular chemical kinetics [SZ10].

2. MAIN RESuLT

Fix some matrix A = (a;;) € Mat,, «q(N). Define a new multi-indexed sequence
¢ : N™ — C by taking linear combinations of the sequence b using the coefficients
of the matrix A. That is, for (ki,..., k) € N™ set:

C(kryoenikim) = > b1, ia)
(J15---rda) ENY
(k1 s k) T =A 1, da) T

Theorem 1. The analogously-defined multivariate generating function for the se-
quence ¢ is given by:
GC(217 R Zm) - Gb(H?ilz(-lil, e ,H?ilz‘.“d)

K2 K2

where A = (a;j).
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Proof. This proof mirrors Sontag and Zeilberger’s proof of the special case where

b(ir,.ja) 18 the joint probability distribution for independent Poisson random vari-
ables [SZ10]. From the definition:

E : k k
GC(Zlu oo ,Zm) = c(kl ..... km)le 2w

Z < Z b(j1,~~~7jd)>zfl Zﬁmm
(g1,

(k17---;k7n)6Nm ..,jd)ENd
(k1seeoskm) T=AG 1 da) T

Exchaning the order of summation then yields:

(k1o ko) ENT?
(k1seskm) T=AG 1, da) T

= Z b(jl7“.7jd)zillljl+“'+a1de . -zfnmthr'“Jramdjd
(J1s---rJa)ENT

_ arl Am1\j1 a1g ama\id

= Z b(j17~~~;jd)(21 ceezpm ) (Zl e glm )
(J1se--rJa)ENT

— ail Am1 aiqd Amd) m [e75) m aid
=Gz - zpmt, 20 zpmd) = G (T2 20, L I 270

O

3. PROBABILITY GENERATING FUNCTIONS

Let Xi,...,X4 be non-negative discrete random variables (not necessarily in-
dependent). The multivariate probability generating function (henceforth denoted
p.g.f.) of Xy,..., X, is then given by:

Gx(ti,...;ta)= > P(X1=j1,...,Xq=ja) t] -t}
(J1,--s7a) ENY

Define new random variables Y7, ..., Y,, by taking linear combinations of the X;:

()==()

Proposition 1. The analogously-defined multivariate p.g.f. for Yi,..., Yy, is given

by:
Gy(z1,. -, 2m) = Z P(Yr=ki,....Y = kn) zfl~-~z§{”
(]i}l,...,k?m)eNm
= GX(H;ZIZ;“I? s 71‘[;112;11@)
Apply the theorem to the multi-indexed sequences b(;, .. ;) = P(X1 = j1,..., Xa =

Ja) and ¢, gy = P(Yr = k1, Yo, = k).
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Independence. When in addition Xi,..., X, are independent non-negative dis-
crete random variables, the p.g.f. takes the form:

d d
Gx(t, o ota) = [T (30 PO =) #7) = ] G, (t)
r=1 j,eN r=1

where Gx, is the single-variable probability generating function for X,. It follows
that the p.g.f. for the linear combinations Y7, ...,Y,, is given by:

Gy (21, .\ 2m) = f[ (G, ()
r=1

Example. When X1, ..., X, are independent Poisson random variables (¢f. [SZ10]),
X, ~ Poisson(\;), 1 <r <mn:

Gy (z1,...,2m) = exp (i)\T(ﬁzf" — 1))

=1

Simply note that, for 1 < r < n:

Aee=Ar B Aty )t
(1) = 32 25ty = e 32 )
>0 ’ i>0 ’

=exp(Artr — Ap)

THE CONDITIONAL DISTRIBUTION OF X | Y

Proposition 2. Let the random vectors X, Y be given as in (x). Then the joint
multivariate p.g.f. for X,Y is given:

Gx7y(t1, e ,td;Zl, e ,Zm)

= > P(X =j,Y =k) th ... tht. 0. ke

(1 se-daskr e ko ) ENTHT

(ks k) T=A(1, 0 da) T

= Gx(tl . Hﬁlzf“, ceey td . H;llzgid)

This follows from noting that P(X = j, Y = k) = P(X = j) and then applying
the theorem with b(;, . ;) =P(X =) tfl e tfld. From joint multivariate p.g.f., it
is possible to obtain the conditional p.g.f. of X given Y1 = k1,...,Y,, = k,, [Xek&7].
Further, the conditional pure (resp. mixed) factorial momements correspond to tak-
ing the coefficient of zfl - zkm in Gx v (which will be a polynomial in t1, ..., %),
taking pure (resp. mixed) partial derivatives with respect to the t,., evaluating at
t; = --- = tg = 1, and dividing by P(Y = k). Let [2J* ~-~zéd]G(zl,...,zd) de-
note the process of extracting the coefficient of z{l e sz in the formal power series
G(z1,...,24) = Z(jlm_’jd)eNd G(jl_,___yjd)zfl ---zid. With this notation, it follows
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X! X,
= Y=k, ... Yo =k
((Xl—sl)! (Xd—sd)!‘ L= M )

- |
1! 4! . .
= Z ‘] ',.. ] |P(X1:.717"'7Xd:]d|Y)
(J1--rda) ENY (J1 = 51)! (ja — 8a)!
(kiyeekm) ' =A31,0074)
[Zfl con gk (86:;1 ..-%GX,Y(L...,l;zl,...,zm))
— [2F1 .. 2Em |Gy (21, . . ) 2m)

Combining this with Propositions [l and Bl gives:

Theorem 2. The conditional factorial moments of X given that Y1 = ki,..., Yy, =
k.. are:

E(X{™ . X0 | Y)

[Zfl e Zrkrzn] (gt?l T %GX(tl ’ H;T;lzgﬂv N 2 H;T;lzgid)) ‘tl:...:tdzl
[ -t |G (T 2 TI 2

Example. If again X3, ..., X4 are independent Poisson random variables (¢f. [SZ10]),
X, ~ Poisson()\;), 1 <r <n, then:

0%t 0% mo a1 m -, did
o mat—fidGX(tl Lzt - T 2
d m
o1 0%d )
= —— - ——exp /\r(fr' zf”—l)
oty oty <; zl;[l
d m Sr m
() Yo (Sr e )
r=1 i=1 r=1 i=1

So that:

[kl... kM] ﬁ...ﬁG (t LTI, %t t, T aid) ‘
e N7 T

- ﬁlw ek ng]{ﬁ Eyaine) exp(zdj Ar (f[1 20— 1)) }

i=1 r=1

d
" ki—>¢_, airs, k=320, agrsr
=H)\ff-[zl =1 ez TV Gy (21, Zm)
r=1

_sd _Nx~d
_ H )\ST . [Zfl Zr:l A1rSr . Z?’j’bm Zr:1 U«drsT]GY (Zl, o Zm)
i B [0 2hr |Gy (21, 2m)
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whenever k; — Ele airsr > 0 for all ¢ and 0 otherwise. For computations on ex-

plicit matrices A, Sontag and Zeilberger developed a Maple package utilizing Wilf-
Zeilberger Theory to obtain moments and recurrences on the distribution [SZI10].

Example. When X7, ..., X  have a d-variate multinomial distribution [JKB96, pp.

31-92] for some N € N and 0 < py,...,pq < 1 where Z _1 pi = 1, the multivariate
generating function is given:

N ‘ ,
Gx(tl,...,td)z E ( ,)pjll- pd tjl-'-tiid
) 4 Jis-+-sJd
(J1,---da) EN
Jit-+ija=N

= (mt1 + -+ pata)™
It follows that:

Gl T T 0
= gt_s{l e gt—sf;(plhﬂm 2% 4 "’pdtdﬂﬁlzfid)fv
N HT y (r Hz 123”)ST (Zprt e aw>N_ZfIST
(N - E _150)!
Whence: =t
(1) [Zfl . Zfrzn] (% . %Gx(h I 2 RN ) ‘h:m:tdzl

N! d7 Sr m TIIM‘ST m a““ s,
- I st P )zprn .

NITIE_, pir ki—>¢_, airs, Ko — ladT‘s’r‘ { } : a; N S s }
. z = e Z "‘ H v Z r r=1°7
(N So_isr)! [1 m Priti=

The multinomial theorem permits the re-writing of the bracketed expression in (f)
above:

2 :pTHmlzaw N ZT 1 Sr

E N — E S T

1yeees] d ( jl;---’r‘ jd ) ( T= T ) ( mZ‘]Z,L = J7)

(J d)EN 3 11 II : 1 @i
J N Z,,‘f] S

_5sd _xd
So that the coefficient of zfl Lrer WS kT Gars gy (1) is:

N-¢ s d
)3 (Y E) i)
(f1,e-rda) EN? Y
Jitetia=N=3¢_, s,
(k1 km) T =A(1481, . 5a+sa) "
d sy
Dividing the above by [2¥ - .- 25m |Gy (21, . . . , 2) and multiplying by ﬁ

will then yield the desired conditional mixed moment.
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