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Abstract. The uniaxial perfectly matched layer (PML) method uses rectangular domain to
define the PML problem and thus provides greater flexibility and efficiency in dealing with prob-
lems involving anisotropic scatterers. In this paper an adaptive uniaxial PML technique for solving
the time harmonic Helmholtz scattering problem is developed. The PML parameters such as the
thickness of the layer and the fictitious medium property are determined through sharp a posteriori
error estimates. The adaptive finite element method based on a posteriori error estimate is proposed
to solve the PML equation which produces automatically a coarse mesh size away from the fixed
domain and thus makes the total computational costs insensitive to the thickness of the PML absorb-
ing layer. Numerical experiments are included to illustrate the competitive behavior of the proposed
adaptive method. In particular, it is demonstrated that the PML layer can be chosen as close to one
wave-length from the scatterer and still yields good accuracy and efficiency in approximating the far
fields.
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1. Introduction. We propose and study a uniaxial perfectly matched layer
(PML) technique for solving Helmholtz-type scattering problems with perfectly con-
ducting boundary:

Au+k*u=0 inR*\D, (1.1a)
Ou
— = r 1.1b
anD g on D, ( )
ou .
N 8——1ku —0 asr=|z] - oo. (1.1c)
r

Here D C R? is a bounded domain with Lipschitz boundary T'p, g € H~/2(Tp) is
determined by the incoming wave, and np is the unit outer normal to I'p. We assume
the wave number k£ € R is a constant. We remark that the results in this paper can
be extended to the case when k?(x) is a variable wave number inside some bounded
domain, or to solve the scattering problems with other boundary conditions, such as
Dirichlet or the impedance boundary condition on I'p.

Since the work of Bérénger [3] which proposed a PML technique for solving the
time dependent Maxwell equations, various constructions of PML absorbing layers
have been proposed and studied in the literature (cf. e.g. Turkel and Yefet [19],
Teixeira and Chew [18] for the reviews). The basic idea of the PML technique is
to surround the computational domain by a layer of finite thickness with specially
designed model medium that would either slow down or attenuate all the waves that
propagate from inside the computational domain.

The convergence of the PML method is studied in Lassas and Somersalo [13],
Hohage et al [12] for the acoustic scattering problems for circular PML layers and
in Lassas and Somersalo [14] for general smooth convex geometry. It is proved in
[13, 12, 14] that the PML solution converges exponentially to the solution of the
original scattering problem as the thickness of the PML layer tends to infinite. We
remark that in practical applications involving PML techniques, one cannot afford to
use a very thick PML layer if uniform meshes are used because it requires excessive
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grid points and hence more computer time and more storage. On the other hand,
a thin PML layer requires a rapid variation of the artificial material property which
deteriorates the accuracy if too coarse mesh is used in the PML layer.

The adaptive PML technique was proposed in Chen and Wu [8] for a scattering
problem by periodic structures (the grating problem), in Chen and Liu [6] for the
acoustic scattering problem, and in Chen and Chen [5] for Maxwell scattering prob-
lems. The main idea of the adaptive PML technique is to use the a posteriori error
estimate to determine the PML parameters and to use the adaptive finite element
method to solve the PML equations. The adaptive PML technique provides a com-
plete numerical strategy to solve the scattering problems in the framework of finite
element which produces automatically a coarse mesh size away from the fixed domain
and thus makes the total computational costs insensitive to the thickness of the PML
absorbing layer.

The purpose of this paper is to extend the adaptive PML technique developed
for circular PML layer in [8, 6, 5] to deal with the uniaxial PML methods which are
widely used in the engineering literature. The main advantage of the uniaxial PML
method as opposing to the circular PML method is that it provides greater flexibility
and efficiency to solve problems involving anisotropic scatterers. Our technique to
prove the PML convergence is different from the techniques developed in [8, 6, 5]
for circular PML layers. It is based on the integral representation of the exterior
Dirichlet problem for the Helmholtz equation and the idea of the complex coordinate
stretching. To the authors’ best knowledge, this is the first convergence proof of the
uniaxial PML method in the literature. We remark that the boundary of the uniaxial
PML layer is only Lipschitz and so the results in [14] cannot be applied.

The layout of the paper is as follows. In section 2 we recall the uniaxial PML
formulation for (1.1a)-(1.1c) by following the method of complex coordinate stretching
in Chew and Weedon [4]. In section 3 we prove the convergence of the uniaxial PML
method. In section 4 we introduce the finite element approximation. In section 5 we
derive the a posteriori error estimate which includes both the PML error and the finite
element discretization error. Finally in section 6 we describe our adaptive algorithm
and present two examples to show the competitive behavior of the adaptive method.

2. The PML equation. Let D be contained in the interior of the rectangle
By = {z € R? : |z1| < L1/2,|xa| < L2/2}. Let Ty = OB; and n; the unit outer normal
to T'y. We start by introducing the Dirichlet-to-Neumann operator T : H'/2(T'y) —

0
H=Y2(T'y). Given f € HY?(Ty), we define T'f = 875 on I'y, where £ is the solution

of the following exterior Dirichlet problem of the Helmholtz equation

AE+ K€ =0 inR?\By, (2.1a)

£=f onTy, (2.1b)

\/F<g—ik§) —0 asr=|z| - occ. (2.1c)
or

It is well-known that (2.1a)-(2.1c) has a unique solution & € H} (R?\B;) (cf. e.g.
Colten-Kress [11]). Thus 7' : HY/?(Ty) — H~/?(T) is well-defined and is a continu-
ous linear operator.

Let a: H'(Qy) x H' () — C, where Q; = B;\D, be the sesquilinear form

a(%iﬁ) = o (VQP ' V’JJ - k2901/;) dr — <T907¢>F17 (22)
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where (-,-)r, stands for the inner product on L?(I';) or the duality pairing between
H~'Y2(I'y) and HY?(I';). The scattering problem (1.1a)-(1.1c) is equivalent to the
following weak formulation (cf. e.g. [11]): Given g € H~Y/2(Tp), find u € H'(Q1)
such that

@(uﬂ/)) = <97¢>FD5 v 1/} € Hl(Ql) (23)

The existence of a unique solution of the scattering problem (2.3) is known (cf.
e.g. [11], McLean [15]). Then the general theory in Babuska and Aziz [1, Chap. 5]
implies that there exists a constant ¢ > 0 such that the following inf-sup condition is
satisfied

a(e, ¥
sup AU S e, Ve e HY(S). (2.4)
0AYEHL (1) (K% ||H1(Ql)

. Il

Fic. 2.1. Setting of the scattering problem with the PML layer.

Now we turn to the introduction of the absorbing PML layer. Let By = {x €
R? @ |z1| < L1/2 + di, |72| < L2/2 + da} be the rectangle which contains By. Let
ar(z1) = 1+ io1(x1),az(x2) = 1 + ioa(z2) be the model medium property which
satisfy

O'jEC(R), O'jZO, Uj(t):Uj(—t), and O'j:O for |t|§Lj/2, 7 =1,2.

Denote by Z; the complex coordinate defined by

- T 1f|IJ|<LJ/2,
&= { Do (dt - if x| > Ly/2. (2:5)

To derive the PML equation, we first notice that by the third Green formula, the
solution ¢ of the exterior Dirichlet problem (2.1a)-(2.1c) satisfies

§=—V§ (N + UpL(f)  inR*\By, (2.6)
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where A = Tf € H~Y/2(T'y) is the Neumann trace of ¢ on I'y, and W& Wk —are
respectively the single and double layer potentials

W@ = [ Gules@)dst). VAe T, (2.7)
a(h) = [ CEE D fgyas, viemrD. 28

Here Gy is the fundamental solution of the Helmholtz equation satisfying the Som-
merfeld radiation condition
i

115" (klz = y)),

Gr(z,y) =
where Hél)(z) is the first Hankel function of order zero.

We follow the method of complex coordinate stretching [4] to introduce the PML
equation. For any z € C, denote by z'/2? the analytic branch of /z such that
Im (2'/2) > 0 for any z € C\[0,400). Let p(i,y) = [(Z1 — 11)? + (T2 — y2)?]"/?
be the complex distance and define

~ i B
Grl(w.y) = 7Hy" (ko(z.y)).
It is easy to see that ék is smooth for x € R2\Bl and y € B;. Now we can define the
modified single and double layer potentials [14]

P = [ Gule@)dst). VAe T, (2.9)
() = [ P fgyas, v e mArD. )

It is clear that Wk (\), U, (f) are smooth in R?\ By, and

THUELN) = 7HUEL(N), Y Ae HTVA(T),

2.11
L) = 1h L), ¥ S e HVAT), &1
where 7}, : H (R?\B;) — H'/?(T'y) is the trace operator.
For any f € H'/?(Ty), let E(f)(z) be the PML extension given by
E(f)(x) = =W&(Tf) + U (f)  for z € R*\B. (2.12)

By (2.11) and (2.6) we know that Y5E(f) = =y W& (Tf) + 15 ¥hL(f) = 1HE = f
on I'y for any f € H'/2(I'y). For the solution u of the scattering problem (2.3), let
@ = E(ulr,) be the PML extension of u|p, which satisfies v5% = u|r, on I';. Since

Hél)(z) decays exponentially on the upper half complex plane [6], heuristically @(x)
will decay exponentially when x is away from I';. It is obvious that @ satisfies

0%a  0%*u _
=+ == +ku=0 inR*B
of Tem T in R\By,
which yields the desired PML equation by the chain rule
V- (AVa) + ajagk?*a =0  in R*\ By,
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where A = diag(az(22)/a1(21), a1 (w1)/az(r2)) is a diagonal matrix.
The PML solution @ in 2 = Bs\D is defined as the solution of the following
system

V- (AVa) + ajagk?a =0 in Qo (2.13a)
ﬂ =—-g onl'p, 4=0 onTs. (2.13b)
8111)

The well-posedness of the PML problem (2.13a)-(2.13b) and the convergence of its
solution to the solution of the original scattering problem will be studied in the next
section.

3. Convergence analysis. We start by considering the Dirichlet problem of
the PML equation in the layer

V- (AVw) + arjaok?w =0 in Q"M = B\ By, (3.1a)
w=0 onTy, w=gq onTy, (3.1b)

where ¢ € H'/?(T'y). Introduce the sesquilinear form ¢ : H'(QPM) x H'(QFPME) — C
as

c(p,v) = /QPML (AVep - V‘/_) - 041042]?2%”/_)) dx.

Then the weak formulation for (3.1a)-(3.1b) is: Given ¢ € HY?(Ty), find w €
H'(QPML) guch that w =0 on I'y, w = q on 'y, and

c(w,) =0, Ve HI QML) (3.2)

Notice that, for any ¢ € H(QFPML),

2

14 0109 | Op 1+ 0102 | Op 2 21 2
R _ 2\ i Pt o — 1k dz.
elele, o) /QPML( 1+0? |01 1403 |02 (o102 = DE7o| v
Since
1+ 0109 1 1+ 0109 1

1402 ~ 1402’ 1403 ~ 1402’

where 0, = max(o1(z1),02(x2)) > 0, we know by using the spectral theory of com-
T Bg

pact operators that (3.2) has a unique solution for every real k except possibly for
a discrete set of values of &k (see Collino and Monk [10, Theorem 2] for a similar
discussion on the PML equation in the polar coordinates). In this paper we will not
elaborate on this issue and simply make the following assumption

(H1) There exists a unique solution to the Dirichlet PML problem (3.2) in the layer.

We remark that for the circular PML method, the unique existence of the PML
equation in the layer can be proved under certain conditions on the PML medium
property in [13], [6]. The proof of the unique existence of the Dirichlet problem for
the uniaxial PML equation is an interesting open problem.
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Throughout the paper we will use the weighted H!-norm

B 1/2
I lm = (IVe i@ + 127 )

for any bounded domain  C R?, where || is the Lebesgue measure of Q. For any
© € HY(QPML) we define

1 oo 1 |op]? i
¥ b 2|12

- SR s ) R S s ) k de|

101 s [/s;PNIL <1+0% 0x1 1+0§ O0xa {1+ oo)kll ) $‘|

It is easy to see that | - ||, geme is an equivalent norm on H'(QPM%). Again by using

the general theory in [1, Chap. 5] we know that there exists a constant C > 0 such
that

C y ~
sup L S o e (3.3)

oxpent ey || Y] orme
The constant C depends in general on the domain QP™M and the wave number k.
Before we state the main result of this section, we make the following assumptions
on the fictitious medium property, which is rather mild in the practical applications
of the uniaxial PML method

Bya, L2 4d,
(H2) / o1(t)dt = / oo(t)dt =0, o > 01is a constant;
0 0

t)—Lj/2\"™
(H3) 0;(t) =053 (%) , m > 1 integer, ¢; > 01is a constant, j =1,2.
j

The following theorem is the main result of this section.

THEOREM 3.1. Let (H1)-(H3) be satisfied. Then for sufficiently large o > 0, the
PML problem (2.13a)-(2.13b) has a unique solution 4 € H'(Q2). Moreover, we have
the following error estimate

=l < CO amP(+ KD e D allgiaey,  (34)
_ min(dy,d2) _
where 7= \/(L1+d1)2+(L2+d2)2 ’ L= HlaX(L1, L2).

The proof of this theorem will be given in Section 3.3 which depends on the
exponential decay estimates of the PML extension in Section 3.1 and the stability
estimates of the Dirichelt problem of the PML equation in the layer in Section 3.2.

3.1. Estimates for the PML extension. We start with the following elemen-
tary lemma.

LEMMA 3.2. For any z1 = ay + ib1, 22 = ag + iby with a1, b1, a2,bs € R such that
arby + asby > 0 and a% + a% > 0, we have

2

b b
Im (22 + 22)Y/% > a0+ a2b2

T Va?+a3



Proof. For any a,b € R we know that

_a+1/a2+b2

Im (a + ib)1/? = 5

Here we used the convention that z'/2 is the analytic branch of \/z such that
Im (2'/2) > 0 for any z € C\[0,+0c). It is easy to check that Im (a + ib)'/? is a
decreasing function in a € R. Let 2§ + 25 = a + ib, then

. a1by + asb asby — arby)?
a+ib= (/a2 + a2 + 1 20LL 020 _<212—122>'
Vai + a3 ai + a3

Leta' =a+ % since a1b1 + agbs > 0, we have

a1b1 —|—CL2b2
VaZ+aZ

On the other hand, since a’ > a, we know that Im (a 4 ib)*/? > Im (a’ + ib)'/2. This
completes the proof. O

Now let z; = 2; —y; = (x] —y;) +1i ;7 o;(t)dt. For any x € T'a,y € Qy, it is
easy to see that (z; —y;) [o7 0;(t)dt > 0. Thus, by Lemma 3.2, p(&,y) = (2 +23)"/2
satisfies

Im (a’ +ib)*/? =

21 —wyl] fy o () ] + |22 — wal | fy° Gl1ﬁ|
|z -yl

Imp(Z,y) >

Now by (H2) we have, for any z € I'y,y € Qy,

in(dy,d
I p(a,y) > o) (3.5)
\/Ll-i-dl) (L2+d2)
_ min(dl,d2)
where 7 = V(L1+d1)2+(La+d2)?

We need the modified Bessel function K, (z) of order v, v € C, which is the
solution of the differential equation

d?w dw
22 2 2\,
d22+ P - +rHw=0

satisfying the asymptotic behavior K, (z) ~ i(££)"2e #7141 as |z| — oco. K,(2) is

connected with H,El)(z) through the relation K,(z) = %wie%””iH,(,l)(iz). Thus we
know that

Gz, y) = %Hél)(kp(fc,y)) = %Ko(—ikp(fcay))- (3.6)

We refer to the treatise Watson [20] for extensive studies on the special function
K,(2).
LEMMA 3.3. For anyv € R, 65 > 6, > 0, we have
K,j(eg) S 6_(92_61)KU(91).
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Proof. We first recall the Schléfli integral representation formula [20, P. 181], for
z € C such that |argz| < 7/2,

K, (2) = / e #sht cosh pt dt. (3.7)
0

The lemma is a direct consequence of (3.7). O

The following lemma on the estimates of the fundamental solution G}, of the PML
equation will play an important role in the analysis in this paper.

LEMMA 3.4. Let (H1)-(H3) be satisfied. Let v, 0 be so chosen that

vko > 1. (3.8)

Then there exists a constant C' > 0 depending only on vy but independent of k, o, Lj, d;,
J=1,2, such that for any x € T's,y € O,
(i) [Gi(a,y)| < CemOF7D;

() [20%] < Chla e=h7D, G =1,2;
Lj

(iii) ‘%(y;k SCke_(’Yka—l), j=1,2;
J~
02Gy,

(iv) }axiayﬂSCk?lamle‘”’“—lh ij=1,2.

Here o, = max(|aq (z1)], |ae(22)]).
zel's

Proof. By the Schlafli integral representation formula (3.7), it is easy to see that
|Ko(z)| < Ko(Re(2)) for any z € C such that Re(z) > 0. Thus, by (3.6) and Lemma
3.3, if kImp(Z,y) > 1,

x 1 1 1 s
< _iko(7 < 5 < —(kIm p(Z,y)—1)
|Gl < 5[ Ko(=ikp(Z,9))| < 5 Ko(klm p(2,y)) < 5—Ko(1)e

This proves (i) by (3.5) and (3.8).
To show (ii) we first notice that

0Gik iI:TKé(—ikp(@,y))L(j’w = %Kl(—ikp(ju y))—(ij ;(y;);; ()

8.Ij 2_ an
where we have used the identity K|(z) = —K1(z). Note that when |z — y| > 20, we
have

- 1
p(Z,9)] = [Re (2F + 25)|"/? = (Jz — y|* = 20°)"/? > —|z — g,
V2
where z; = (Z; — y;). Thus for any x € 'y, y € Oy,
5 a2 2\1/2 2 1/2 e
(2, y)| [z -yl [z -yl 2

On the other hand, when |z — y| < 20, by (3.5) we know that Im p(Z,y) > vo.
Thus for any = € 'y, y € Q4,

1z —yil _ (e —yP+o*)? _ i (z—yl+0)" 1
< < <5 .
PGy~ Imp(@y) o <V

8

(3.10)



This proves (ii) again by using (3.8) and Lemma 3.3. Similarly, we can prove (iii).
To prove (iv) we note that

PG K, = (F =) (F — yy)oa()
—p?0ija(x) + (&7 — yi) (&5 — yy) i)

ik R
o Ka(=ikp(d,y)) =

By using the identity K{(z) = —3(Ko(z) + K2(z)), we have

|K (—ikp(Z,y))| < 5 ([Ko(=ikp(,y))| + [K2(=ikp(Z,y))| )

1
< Ok (1) + K (1)) = e RV K1)

N =

Therefore, by using (3.9)-(3.10) we obtain

902Gy

D00y, < CE?|am| e R =Y 4 Cklay,| ot e~ (ko =D

< Ck2|04m| ef('ykafl)j

where in the last inequality we have used the assumption (3.8) to conclude that
o~ < kv. This completes the proof. O

Now we are in the position to estimate the modified single and double layer
potentials W W, . Throughout the paper we shall use the weighted H'/2(T';) norm,
j=12,

B 1/2
lollme, = (Tl o ey + o, )

where

v(z) —v(a')|?
|v|2%,1“j :/F/F Mds(x)ds(x/).

|z — 2'|?
LEMMA 3.5. For any f € HY*(T'y), let

—_ gk _
’U(.’II) - \I]DL(f) - r, 8n1(y)

f(y)ds(y)

be the double layer potential. Then
1o m/2r,) < Clam|(1+ kL) e O DY | ga2r,y,

where L = max(L1, Lo).
Proof. For any x € I's, by Lemma 3.4, we know that

lv(z)] < ||3n1(y)ék(517a MNreapllfllre) < Ck e_(VkU_l)”f”Ll(Fl)'
Hence

T2 20|l z2ry) < Che™ R D]l fllpir,).
9



It is easy to see that, for any x, 2’ € I's,
o(a) = v(@')| < CIVav]lLmqeale — 2.
Thus
oly., < Ol [Vatll ey < O] _max (9, VoGl )l 1 fllacry

< CK?|am| [Tl e %D £l pa gy

Since [|fllrry) < CIT1l | f g2,y < OL| £ [ m1/2(r, ), We conclude that

10|22 (ry) < Clam| (1 +EL)? e TV £l g1/2(p,)-

This completes the proof. O
LEMMA 3.6. For any A\ € H™Y/2(T'y), let

o) = Bh () = / G, ) A(w) ds(y)

I
be the single layer potential. Then
v llz7172(r0) < Clam|(1+ kL) e O* DN gosar,),

where L = max(Lq, L2).
Proof. For any x € I'y, we know that

o(2)] < ClIM =120 | Gr(@, ) |72y
< ClA =12 | Gr(@, ) [ o)
< ClA -2, (| Gr(@, ) Ly + 1Y) Vo Gr(@, ) || L= ()
< Ol gr-172(ry (1 + kL) e 57—,

where we have used Lemma 3.4. Hence
T2 2|0 |2,y < O+ L) e O DA grsaqr, ).
On the other hand, similar argument as in Lemma 3.5 yields
[0l1,r, < CTa| [Vavl| Loery)
< CLH)‘HH*U?(IH) gg’; | Vwék(% ) ||H1/2(F1)
< CL|A gr-1r2(ry) max | VoGr(@, ) | o)

< CL|l =172, max( VoG, o) + 19121V, VoG (@, )L @1))-

Again by using Lemma 3.4 we obtain
ol < Claml(1 4+ KLY =¥ D\ g1sney

This completes the proof. O
The following theorem is the main result of this subsection.
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THEOREM 3.7. Let (H1)-(H3) and (3.8) be satisfied. For any f € HY?(Ty),
let E(f) be the PML extension defined in (2.12). Then there exists a constant C
depending only on v but independent of k,o, L;,d;,j = 1,2, such that

TE(S) /sy < Clam| (L +EL)? e O* DY fllip2r,),

where L = max(L, Lo).
Proof. This theorem is a direct consequence of Lemmas 3.5-3.6 and the continuity
of the Dirichlet-to-Neumann operator T : H'/2(T'y) — H~'/2(I'y). O

3.2. The PML equation in the layer. In this subsection we derive the sta-
bility estimates for the Dirichlet problem of the PML equation in the layer.

THEOREM 3.8. Let (H1) be satisfied. For q € HY?(Ty), let w be the solution
of the PML equation in the layer (3.1a)-(3.1b). Then there exists a constant C' > 0
independent of k,o such that

IVl 2 @eniny < CC™ aml* (1 + L) ¢ | /2, ),

< Cé_l|am|2(1 + kL)2|| q HH1/2(F2)'
H-1/2(T;)

H ony

Proof. For any ¢ € HY(QPMLY) such that ( = ¢ on I'y; and ¢ = 0 on I';. By the
inf-sup condition in (3.3) and using (3.2), we know that

lcw =G ¥ (&)l

Clw —¢|lsgeme < sup _ sup
O#T,ZJGHI (QPML) H ’(Z) H* QOPML O#T,ZJGHI (QPML || 1/} ||* QPML

By Cauchy-Schwarz inequality

klaq||ag]
(1+0109)1/2 ¢ Nl s psany || 4 || e

< O+ kL) o] [| € [z goenany [ 4[| oenae (3.11)
Notice that

(6. < € o, (laal el |07

1€ 11 opme < Clam|(1 +EL)|| ¢l 1 @ery,
by the triangle inequality and the trace inequality, we conclude that
H w ||*)QPML S Cé_1|am|(1 + kL)H q ||H1/2(F2)' (312)

This shows the first estimate in the theorem by using the definition of || - ||, grmr.
Next, since A(x) reduces to the identity matrix on I'y, we know that, for any
¥ € HY(QPML) such that ¢ = 0 on Ty,
ow -~ - _
— —ww:/ AVw -nip = (AVw - Vi) + V - (AVw)) dz
HOPML QPML

r, 0my
= / (AVw - Vip — k*ajaowy) de
QPML

where we have used (3.1a) and the formula of integration by parts. Again by Cauchy-
Schwarz inequality and the argument in (3.11) we get

/F1 ;g 1/)‘ < O 1+ kL)|Ozm| H w ||* QPML” P ||H1(QPML)

This completes the proof by using (3.12) and the trace inequality. O
11



3.3. Convergence of the PML problem. The purpose of this section is to
prove Theorem 3.1. We start by introducing the approximate Dirichlet-to-Neumann
operator T : HY/?(I';) — H~'/2(T';y) associated with the PML problem. Given f €

HY2(I')), let Tf = ;—C o where ¢ € H'(QFME) be the solution of the PML problem
n;
in the layer '
V- (AVC) + arak®¢ =0 in QPML (3.13a)
¢=f only, (=0 onTs. (3.13b)
By assumption (H1), 7" is well-defined.

LEMMA 3.9. Let (H1)-(H3) and (3.8) be satisfied. We have, for any f €
Hl/Q(Fl))

ITf =T flli-1/200y < CC o P(1+ kL) e= RV £ | gz,

Proof. For any f € HY?(T'y), let E(f) be the PML extension defined in (2.12).
Denote by v{v = B—U - be the Neumann trace on I'; for any function v defined on
R*\B. It is easy to see that vx Ul () = vy P (A), 73 Ph(f) = 74U (f) for
any A € HY/2(I'y) and f € HY?(Ty). Thus, by (2 6),

WWE() = = YEL(TF) + Vi (f) = 74 & = Tf.
By (3.13a)-(3.13b), we know that Tf —T'f = g?w L where w = E(f)—¢ € HY(QFPML)
1

satisfies

V- (AVw) + ajaok*w =0  in QPME
w=0 onTy, w=E(f) onTs.

By Theorem 3.8 and Theorem 3.7,

< CC Yam P (1 + kL[ E(f) |l mravacry)
H-1/2 1"1)

< CC o [P (14 KLY e R D) £ [ u/z(r,.

H8n1

This completes the proof. O
Proof of Theorem 3.1: We first prove the estimate (3.4). Let @ be the solution of
the PML problem (2.13a)-(2.13b). Simple integration by parts implies that

a(it, ) + (To = T, ¥)r, = (g, ¥)rp, Vo € H' ().
Subtracting with (2.3) we get
a(u—a,v) = (T —Ta,¢)r,, Ve H ().
Thus, by the inf-sup condition (2.4) and Lemma 3.9,
=y < CO M amP(L+ KL e D @y (3.14)

This is the desired estimate (3.4).
12



Now we turn to the well-posedness of the PML problem. By the Fredholm alter-
native theorem we only need to show the uniqueness of the PML problem (2.13a)-
(2.13b). For that purpose we let ¢ = 0 in (2.13a)-(2.13b). By the uniqueness of the
scattering problem we know that the corresponding scattering solution v = 0 in 2.
Thus (3.14) implies

]l (@) < COHam (1 + kL) e O D @l ey
< CC Y amP(L+ kL) e R =D i || g1 .-
Thus for sufficiently large o we conclude that @ = 0 on ;. That @ also vanishes

in Qs is a direct consequence of the unique continuation theorem (cf. e.g. [16, P. 92]).
This completes the proof. [

4. Finite element approximation. In this section we introduce the finite ele-
ment approximations of the PML problems (2.13a)-(2.13b). From now on we assume
g € L*(Tp). Let b: H(Q2) x HY(Q2) — C be the sesquilinear form given by

b(ip, 1) :/Q (AVy - Vi — cqaok®oi)) da. (4.1)

Denote by H(lo) (Q2) = {v € H*(Q2) : v =0 on I's}. Then the weak formulation of

(2.13)-(2.13b) is: Given g € L*(I'p), find @ € H;)(Q2) such that

(i, ) = / ghds, Ve Hb (D). (4.2)

Let M}, be a regular triangulation of the domain 5. We assume the elements
K € M,j may have one curved edge align with I'p so that Q2 = Ugen, K. Let

Vi, C H*(22) be the conforming linear finite element space over Qg, and V, = {v), €
Vi, : vp, = 0 on I'a}. The finite element approximation to the PML problem (2.13a)-

(2.13b) reads as follows: Find uj, € V), such that
b(un, n) = / gnds, Y in € V. (4.3)
I'p

Following the general theory in [1, Chap. 5], the existence of unique solution of the
discrete problem (4.3) and the finite element convergence analysis depend on the
following discrete inf-sup condition

[b(n,n)]

ot eV | n [ 1 (02

= plen o), Y on€Va, (4.4)

where the constant £ > 0 is independent of the finite element mesh size. Since the
continuous problem (4.2) has a unique solution by Theorem 3.1, the sesquilinear form
b+ H ) (Q2) x H) (Q2) — C satisfies the continuous inf-sup condition. Then a general
argument of Schatz [17] implies (4.4) is valid for sufficiently small mesh size h < h*. In
this paper we are interested in a posterioir error estimates and the associated adaptive
method. Thus in the following, we simply assume the discrete problem (4.3) has a
unique solution.

13



For any K € M, we denote by hg its diameter. Let B, denote the set of all
sides that do not lie on I'p and I's. For any e € By, h. stands for its length. For any
K € My, we introduce the residual:

Ry =V - (AVuu|k) + a1a2k2uh|1{. (4.5)

For any interior side e € B, which is the common side of K7 and K3 € M;,, we define
the jump residual across e:

= (AVuh|Kl - AVuh|K2) * Ve, (46)

using the convention that the unit normal vector v, to e points from Ky to K;. If
e =I'p NOK for some element K € My, then we define the jump residual

Je :=2(Vup|k -np + g). (4.7)

For any K € Mj,, we define the local error estimator n, as

1/2
(IhKRh ||L2<K>+ D hell el e>> - (4.8)

eCBK

The following theorem is the main result of this paper, whose proof will be given in
the next section.

THEOREM 4.1. Let (H1)-(H3) and (3.8) be satisfied. Then there exists a constant
C > 0 depending only on v and the minimum angle of the mesh My, such that the
following a posterior error estimate is valid

1/2
= un () < CC am|*(1 + kL) < Z 77K>
KeMy

+CC am[* (1 + kL)' e R =D, || g2 r, .

5. A posteriori error analysis. For any o € H(£;), let % be its extension in
OPML guch that

V- (AVQ) +araak?@ =0  in QPML (5.1a)

p=¢ only, @=0 onTls. (5.1b)

LEMMA 5.1. Let (H1) be satisfied. For any ¢,v € H*(QPML), we have

<T<pa 1/}>F1 = <T1Z)7 ¢7>F1

Proof. By definition, T'¢ = 9¢/0n; on I'y, where ¢ satisfies

V- (AVE) + ajagk?¢ =0 in QPML,
E=¢p onTy, &=0 onTs.
14



Similarly, T = 0¢/0n; on I'y, where ( satisfies the same equation but ¢ =) on I'y,
¢ =0 on I's. Integrating by parts we know that

23
= — AVE - _ k2e. ) — > .
0 /QPML( Vé VC oz g C) \/1“1 Ony C
0
0:—/QPML(Avg-vg—alagk%-g)— : a—i-g

Since A is a diagonal matrix, the first integrals on the right-hand side of the above
two equations are equal. Thus (T'¢, ()r, = (T%,{)r,. This completes the proof since

E=p,(=v%only. 0O
LEMMA 5.2 (Error representation formula). For any ¢ € H(Q4), which is

extended to be a function ¢ € H'(Q2) according to (5.1a)-(5.1b), and ¢n € Vy, we
have

ot — un, ) = / 9F=F) — bun, & — $) + (Tun — Pun, r,. (5.2)

Proof. By (2.3) and the definitions (2.2) and (4.1),

alu — up, )

= / go — / (AVuyp, - Vg — a1a2k2uh¢7) + (Tup, o),
I'p Q1

- / 0% — blun, &) + / (AVup -V — anask®und) + (Tun, ory. (5.3)
I'p

QPML

On the other hand, by multiplying (5.1a) by @y, integrating by parts, and recalling
that n; is the unit outer normal to I'y which points outside €27, we deduce that

_ 95
—/ (AV - Vuy, — arazk®guy) — <_8cp ,uh> =0,
QPML n; I,

which is equivalent to
/ (AVuy - V@ — a1a2k2uhg5) = — <—, uh> . (5.4)
QPML 8111 I,

Since by the definition of T : H'/2(I'y) — H~'/2(T'y),

we obtain by substituting (5.4) into (5.3) that
=) = [ g~ bw.d) + Tung) ~ (Tp.m).
I'p

This completes the proof upon using Lemma 5.1 and (4.3). O
Proof of Theorem 4.1: First, we construct a Clément type interpolation operator
I, - H(lo)(Qg) — V', where H(lo)(Qg) ={ve H (Q) :v=0 onTy}. Let MV}, =
{ai}lN:l be the set of the nodes of M}, which is interior to €25 or on the boundary I'p,
15



and {¢;}¥| be the corresponding nodal basis of V},. Define A; = supp ¢; N Q2. Then
the interpolation operator IIj, : (0)(92) — V}, is defined by

Hnele E(m/ i) o),

Since the nodes on I'y are not included in the definition of 11, we know that IT,v € V7.
Moreover, by slightly modifying the argument in Chen and Nochetto [7, Lemmas 3.1-
3.2], one can show that the operator II;, enjoys the following interpolation estimates,
for any v € H(lo) (Q2),

v =T || 2 k) < Chic|| Vo | 2y 10 = Thv |12 < ChY? | Vo || L2e), (5.5)

where K and € are the union of all elements in M, having non-empty intersection
with K € M}, and the side e, respectively.

Now we take @p =11, € V, in the error representation formula (5.2) to get

alu —up, ) = / 9(p = Tp) = blun, @ = @) + (Tup, — Tup, ¢)r,
I'p
=11y + 115 + I15. (56)
We observe that, by integration by parts and using (4.5)-(4.7),
I + 11, = </ Ri(@ —T15) d$+z / (¢ —np)d )
KeMy, eCOK €

By using standard argument in the a posteriori error analysis and (5.5) we get

1/2

1 -

L + 1L < C ) (n hacBa 1200+ 5 D | hé/2J8|%z<e>> IV L2y
KeMy eCOK

1/2
c < Z ni) | V& IlL2(0,)-
KeMy
By the argument in Theorem 3.8, we deduce that
| V& || L2(apmny < CC Mam [P (L +EkL)| ¢ ler2r2ery)
< CC Ham* (M + kL) @l ()-
Thus
1/2
11} 4 | < CC~apm|2(1 + kL) ( Z n ) | o llm o)
KeMy

By Lemma 3.9, we obtain

3] < CC™ Yo 3 (1 + kL) e %Dy [ g1z o,y | 0 Lz oy -
16



Therefore, by the inf-sup condition (2.4), we finally get

alu —uyp, @
| u—un |10y <C sup 7| ( )
0#peH(Q1) e HHI(Ql)

1/2
SCC‘l|am|2(1+kL)< > n;)

KeMy
+CC_1|Oém|3(1 + kL)4 6_(Vka_1) H Up ||H1/2(F1)'

This completes the proof. [

6. Implementation and numerical examples. In this section, we present
several numerical examples to illustrate the performance of the adaptive uniaxial
PML method. The computations are carried out by using the PDE toolbox of MAT-
LAB. The PML parameters are determined through the a posteriori error estimate in
Theorem 4.1. Note that in Theorem 4.1 that the a posteriori error estimate consists of
two parts: the PML error and the finite element discretization error. First we choose
L+, Ly such that D C By and choose di,ds such that

dl d2
=2 = 6.1
L, Ly X (6.1)

where x is a constant. Then we choose x and ¢ such that the exponentially decaying
factor:

_( x min(Ly,Lo) ka—l)

iR <1078, (6.2)

w=e ko1 —¢

which makes the PML error negligible compared with the finite element discretization
errors. By (H3),

oi(t) = &; (W}m j=12, (6.3)

where 61,09 are determined from o as follows

1
5, — m+lo . 4, (6.4)
d;
Once the PML region and the medium property are fixed, we use the standard finite
element adaptive strategy to modify the mesh according to the a posteriori error
estimate. Now we describe the adaptive uniaxial PML method used in the paper.

Algorithm 6.1. Given tolerance TOL > 0. Let m = 2.

e Choose L1, Ly such that D C By;
e Choose x and o such that the exponentially decaying factor w < 1078;
e Set dy,dz and &1, 62 according to (6.1),(6.4);
e Set the computational domain Qo = BQ\D and generate an initial mesh M}, over
Q;
e While Erpu = (S, %) > TOL do
- refine the mesh My, according to the strategy:

17



if g > %maxKth, Nk, refine the element K € My,

- solve the discrete problem (4.3) on My,
- compute error estimators on My,
end while

Now we report two numerical examples to demonstrate the efficiency of the pro-
posed algorithm. We scale the error estimator for determining finite element meshes
by a default factor 0.15 as in the PDE toolbox of MATLAB.

Example 1. Let D = [—)A/2,A\/2] x [-A/2,A/2]. We consider the scattering
problem whose exact solution is known: u = Hél)(k|x|), where k = 27/X and so A
is the wavelength. Define dist = min{|z — 2'|,2 € I'p,2’ € T'1} as the minimum
distance between the scatterer to the inner boundary of the PML layer. We want
to test the influence of the different choices of the size of B;. Fix x = 1.0 and take
different dist, that is, in the first step we choose different L; and L. Table 6.1 shows
the different choices of the PML parameters dist, Y and o determined by the relation
(6.2). In the following we simply take A = 1.0 to fix the exact solution.

TABLE 6.1
The PML parameters for Example 1 and Example 2.

Example 1 Example 2
dist | x o dist | x o
0.1\ | 1.0 | 9A || 1.0X | 0.5 | 20A
1.0x | 1.0 | 9A || 1.0A | 1.0 | 14X
5.0x | 1.0 | 9A || 1.0A | 2.0 | 10A

0.1x | 1.0 | 19X

Figure 6.1 shows the log Ny-log || u—uy || g1 (q,) curves, where Ny, is the number of
nodes of the mesh My, and uy is the finite element solution of (4.3) over the mesh M.
It indicates that for different choices of dist, the meshes and the associated numerical

complexity are quasi-optimal: [|u — uy || g1(q,) = CN, /2 ig valid asymptotically.

TABLE 6.2
The number of nodes required to achieve the given relative error of the far field for different
choices of dist for Example 1. The exact far field is 0.22507908-0.22507908 i.

Error | dist = 0.1\ | dist = 1.0\ | dist = 5.0\
10% 295 557 5111
1% 997 5556 16845
0.1% 2989 16006 >114848

One of the important quantities in the scattering problems is the far field pattern:

ae—ik;ﬁvy
(““’) Y OR

-
e's

ueel®) =

We compute the far field uoo(2), &

e

ov(y)
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(cos(f),sin())T in the observation direction
6 = w/4. Table 6.2 shows the number of nodes required to achieve the given relative
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FiG. 6.1. The quasi-optimality of the adaptive mesh refinements of the error ||u — U‘N”Hl(Ql)
for Example 1.
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F1G. 6.2. The geometry of the scatterer for Example 2.

error of the far field for different choices of PML parameter dist. It demonstrates
clearly that for given relative error, a smaller dist is preferred in terms of number of
nodes used. Thus for the same accuracy of the far fields, we can choose small dist
which will largely save the computational costs.

Example 2. This example is taken from [10] which concerns the scattering of the
plane wave u; = e'**1 from a perfectly conducting metal. The scatter D is contained
in the box {z € R?: -2 < 1 < 2.2,—-0.7 < 23 < 0.7} as plotted in Figure 6.2. We
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F1G. 6.3. The quasi-optimality of the adaptive mesh refinements of the a posteriori error esti-
mator for Example 2.
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FiG. 6.4. The real part of the far-field patterns in the incident direction for Example 2.
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Fic. 6.5. The real part of the far-field patterns in the reflective direction for Example 2.

take k = 2w, that is the wave length A = 1.0. Let dist = 1.0 and thus the scatterer
is contained in the box B; = [~3.2,3.2] x [~1.7,1.7]. The different choices of PML
parameters x and o determined by the relation (6.2) are shown in Table 6.1.

Figure 6.3 shows the log Ni-log &, curves, where Nj is the number of nodes of
the mesh M, and the & = (3 jcpq, Mk)"/? is the associated a posteriori error
estimate. It indicates that the meshes and the associated numerical complexity are
quasi-optimal: & ~ CN, /2 ig valid asymptotically.

Figures 6.4 and 6.5 show the far fields in the incident direction # = 0 and the
reflective direction § = w. We observe that the far fields are insensitive to the thickness
of the PML layers.

TABLE 6.3
The number of nodes required to achieve the given relative error of the far fields in both incident
and reflective directions for different choices of dist for Example 2. The far fields in the last adaptive
step when dist = 1.0\ and x = 1.0 are chosen as the exact far fields.

Error_inc | dist = 0.1\ | dist = 1.0\ || Errorref | dist = 0.1\ | dist = 1.0\

10% 568 1032 10% 549 492

1% 7315 12614 1% 2871 5183

0.1% 29882 62605 0.1% 9812 23156
Then we take x = 1.0 and test the influence of different choices of dist as

in Example 1. Table 6.3 shows the number of nodes required to achieve the given
relative error of the far fields in both incident and reflective directions for different
choices of PML parameter dist. It again shows that for the same accuracy of the far
fields, a smaller dist is a better choice.
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In Figure 6.6 we show the mesh after 16 adaptive iterations when dist = 1.0 and
x = 1.0. We observe that the mesh near the boundary I's is rather coarse, because
the solution is rather small there due to the exponential damping of the PML layer.
Figure 6.7 shows the real part of the PML solution when dist = 1.0 and x = 1.0.

Ao

w
T
1

F1G. 6.6. The mesh of 3754 nodes after 16 adaptive iterations when dist = 1.0 and x = 1.0
for Example 2.

Fic. 6.7. The real part of the solution of the PML problem for Example 2.
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