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Abstract

This paper considers the inexact Barzilai-Borwein algorithm ap-
plied to saddle point problems. To this aim, we study the convergence
properties of the inexact Barzilai-Borwein algorithm for symmetric
positive definite linear systems. Suppose that g and g are the exact
residual and its approximation of the linear system at the k-th itera-
tion, respectively. We prove the R-linear convergence of the algorithm
if ||gx — gkll < n|gk| for some small n > 0 and all k. To adapt the
algorithm for solving saddle point problems, we also extend the R-
linear convergence result to the case when the right hand term ||gx|| is
replaced by ||grx—1||. Although our theoretical analyses cannot provide
a good estimate to the parameter 7, in practice we find that n can
be as large as the one in the inexact Uzawa algorithm. Further nu-
merical experiments show that the inexact Barzilai-Borwein algorithm
performs well for the tested saddle point problems.
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1. Introduction

We consider the saddle point problem:

<g§~><z>:<£) (1.1)

where A € R™™" is symmetric positive definite and C' € R™*™ is symmetric
positive semidefinite. This kind of problem arises frequently from the dis-
cretization of elasticity problems, Stokes equations, and sometimes lineariza-
tions of Navier-Stokes equations. It also has a close relation to nonlinear
programming since the problem of minimizing a convex quadratic subject
to linear constraints can be converted into the form (1.1). There have been
many methods developed for problem (1.1), see recent survey paper [4] and
book [17]). In this paper, we are interesting in a classic algorithm that is due
to Uzawa [1]. It can be written as

Algorithm 1.1 (Uzawa)
Step 1. Initialize k = 0 and pick some py € R™;
Step 2. Solve Aujy1 = f — BT py, for upyq € R
Step 3. Calculate pry1 = pr — a(Cpr, — Bugs1 + h);
Step 4. If not convergent, set k =k + 1 and go to Step 1.
The elimination of usy; in the calculation of p,., leads to the iteration
Pry1 = px — [(BAT'BT + C)pp, — (BA™'f — h)] . (1.2)

Therefore the Uzawa algorithm is a fixed-parameter first-order Richardson
iterative method [27] applied to the linear system

(BA'B" +C)p=BA™'f —h . (1.3)

In the context of optimization, the algorithm can be regarded as a fixed
stepsize gradient method for the problem of minimizing a convex quadratic

1 _ _
min 3 pLAp —blp (1.4)
where A= BA™'BT + C and b= (BA™'f — h).
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The choice of the parameter « is important to the efficacy of the Uzawa
algorithm. Elman and Golub [16] proposed the following choice

2
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where \; and ), are the minimal and maximal eigenvalues of the matrix A4,
respectively. This choice is optimal in the sense that it minimizes the spectral
radius of the matrix I — aA. Since the eigenvalues \; and ), are not known
to the users in general, Dai and Yang [14] chose the stepsize as follows

oo ol
E

(1.6)

where g, = Apy, —b and ||-|| is the two-norm. They proved that this sequence
of {ax} tends to the value in (1.5). In practical computations, however, the
gradient method with either (1.5) or (1.6) resembles the steepest descent
method (see Cauchy [10]), where

T
SD 9k 9k

= — . 1 . 7
k gt Agr (1.7)

They all become very slow as the condition number of the matrix A deteri-
orates. Consequently, the use of the Uzawa algorithm is usually with some
preconditioning technique. The Uzawa algorithm has received much atten-
tion from the numerical linear algebra community, for example see [§8], [9]
and [22].

In 1988, Barzilai and Borwein [3] proposed a different choice for the step-
size in the gradient method. Their basic idea is to regard Dy = o'l as
an approximation of the Hessian matrix A and then to impose some cer-
tain quasi-Newton property on the matrix D;. More exactly, they minimize
| DiSk—1 — Yg—1||2 where sg_1 = xp — 251 and yx_1 = g — gx_1, yielding the
following choice of ay:

BB _ Sho15k-1
Sk—1Yk—1

In the quadratic case, the above stepsize is equivalent to

T
Jk—19k-1
A = —FF7 =

— J , 1.9
91?_1149/%—1 ( )
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which happens to be the Cauchy stepsize (1.7) at the previous iteration.

Although the Barzilai-Borwein (BB) stepsize (1.8) cannot guarantee a
descent in the objective function or the gradient norm, the corresponding
method is proved to be globally convergent for strictly convex quadratics
(see Raydan [25]) and the convergence rate is R-linear (see Dai and Liao
[13]). In the two-dimensional quadratic case, [3] presented a R-superlinear
convergence result for the method. Dai and Fletcher [11] analyzed the asymp-
totic convergence behavior of the BB method for the higher-dimension case.
In practical computations, it was pointed out in [3] that the BB stepsize (1.8)
is far more efficient than the Cauchy stepsize (1.7). Fletcher [18] presented
several linear systems of one million variables, showing that the BB method
is comparable with the conjugate gradient method. The BB method has now
received many generalizations and applications, for example see [26], [20], [5],
[19], [11], [15], [23] and the references therein.

In this paper, we will apply the BB method to solve the saddle point
problem (1.1). Each step of the Uzawa algorithm requires the solution of
a symmetric positive definite linear system (see Step 2 of Algorithm 1.1).
Elman and Golub [16] showed that this computation can be replaced by an
approximate solution produced by an arbitrary iterative method, leading to
the inexact Uzawa algorithm. The main purpose of this paper is to establish
and analyze inexact BB algorithm for saddle point problems.

The rest of this paper is organized as follows. In the next section, we con-
sider the inexact BB method where the exact gradient g is replaced by its
some approximation gi. Our study shows that there exists some small con-
stant » > 0, which depends only on the problem dimension and the spectrum
of the Hessian matrix, such that the BB method is R-linearly convergent for
symmetric positive definite linear systems if ||gr — gx|| < 7 ||gx|| for all k. In
Section 3, we propose the inexact BB algorithm for the saddle point prob-
lem (1.1). To establish the R-linear convergence result of this algorithm, we
extend the result of Section 2 to the case when the previous gradient norm
|Gr—1|| is used to control the inexactitude ||gr, — gx||. Although the estimate to
7 in our theoretical analyses can be very small, the numerical experiments in
Section 4 show that this parameter 1 can be reasonably large without harm-
ing the convergence of the algorithm in practice. Further numerical results
on some saddle point problems demonstrate the usefulness of the inexact BB
algorithm. Conclusions and discussions are made in the last section.



2. Inexact Barzilai-Borwein Method

In this section we consider the problem of minimizing a strictly convex
quadratic

1
min f(x) = ixTAar — bz, (2.1)

where A € R™ ™ is symmetric positive definite and b € R"™. To solve (2.1) we
study the BB method with the gradient g(z) = V f(x) = Az — b computed
inexactly and call the method as inexact BB method. Assuming that g is
an approximation to g at the k-th iteration, the inexact BB algorithm for
solving (2.1) can be described as follows.

Algorithm 2.1 (Inexact BB)

Step 1. Initialize k = 0 and pick some xq € R". Calculate some approxima-
tion go of the gradient go = V f(xg) and set &y = G2 Go/gd Ado;

Step 2. Update x11 = xp — Qpgr and k =k + 1;
Step 3. Calculate some approzimation gx of the gradient gr = V f(xg);

Step 4. Stop if some termination criterion is satisfied,

T
Step 5. Compute Sp._1 = T, — Tr_1, Yp—1 = Gk — Jr—1 and ap = S?‘lz‘;z*l , goto

Sk—1Yk—1
Step 2.

In the above algorithm, the first stepsize g is calculated by the steepest
descent formula (1.7) with go replaced by an inexact gradient go. This is not
expensive if the matrix-vector product Agy can be used in computing ¢;, as
is the case of this paper.

Denote the error vector & = gr — gx. Then we have the basic relations

Sk—1 =Tk — Tp—1 = —Qp_10k—1, (2.2)
Ik = Gk—1 — Q1 AGk-1, (2.3)
gk = — e1A)Gr—1 + & — &1- (2.4)

Further, still denoting yx_1 = gr — gr_1, we have that

Uk—1=Yk—1+ Sk — Ek—1- (2.5)



We are going to analyze Algorithm 2.1 under the condition that

1€kl < nllgwl (2.6)

where n € (0,1) is some positive constant. It follows from (2.6) and the
definition of &, that

9k e = 9 Gk + (9 = 31)" g > Ngell® = 1€elllgell = (1 —n)l1gull*.

Therefore we can see that the condition (2.6) ensures the descent property
of —gx unless gp = 0.
Suppose that the eigenvalues of the Hessian matrix A are

The following theorem claims that Algorithm 2.1 is well defined if the pa-

rameter 7 satisfies
IO
n< 9 <)\—n> = (1. (2.8)

Theorem 2.2 Consider the inexact BB algorithm, namely, Algorithm 2.1
under the assumption (2.6). If n satisfies (2.8), the following relations
2 2

<a, <

—_— — 2.9
A1+ 20, A1 (29)

and
1G]l < eallgel, (2.10)

where co = % — 1, hold for all & > 0. Therefore the algorithm is well
defined.

Proof We establish (2.9) and (2.10) by induction. If k& = 0, we have
directly by the choice ay = gl go/d¢ Ago that 1/\, < g < 1/A;. Thus (2.9)
holds with k£ = 0. Further, fixing k = 0, we have by (2.9) that

2\ 2\ 2\,
I —a Al < 1— -1 =——1. 2.11
17— au ”—max{ M 2N A } N (2.11)
It follows from (2.4) that
|gr+1ll < (L = aw A) Gell + [kt | + 1]l
< | = Al |grll + nllgr41ll + nllgrll- (2.12)
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Using (2.12), (2.11) and noticing that n € (0, §), we can obtain

- 112\ _
ol < (-7 |22 =14 Ja

2\, _ -
< [Bea-n -1 1

1

I\, -
< |— = . .
< [T -1] 1 213

Thus by the choice of ¢y, we know that (2.10) is true with &£ = 0.

Now we assume that (2.9) and (2.10) hold for all [ < k, where k is some
integer that satisfies & > 0. Then by (2.5), (2.6), the induction assumption
and (2.8), we have the following estimate

Sk Sk sk (e = &) | NShrall + 114kl]

stsy  sisy stsy, [EA
(L +co)nllgell _ 9Aan
- | gw| 410y,
I, MA20 1N N
< : A} <2 2.14
= 4\ 2 9 (An> 2 (2.14)

On the other hand, we can see from the definition of y; that Ay < jgi’; < A\,
k
It follows from this and (2.14) that

A sty A
égﬁig%+é (2.15)
k

Thus @y is well defined and (2.9) holds with & replaced by k + 1. Further,
it is not difficult to see that the deductions from (2.11) to (2.13) are still
available and hence (2.10) is true when the index k is replaced with &k + 1.
Therefore by induction, the relations (2.9) and (2.10) hold for all £ > 0.
Algorithm 2.1 is then well defined. g.e.d

In the case that (2.6) and (2.8) hold, we can see from Theorem 2.2 that
the inexact BB algorithm is well defined provided that the initial stepsize «y
satisfies the relation (2.9). Theorem 2.2 also tells us that to guarantee the
well-definition of the algorithm, the constant 1 need be less than the square
of the inverse of the condition number A, /\; of the matrix A. The following
theorem extends the R-linear convergence result in [13] of the BB method.
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Theorem 2.3 Consider the inexact BB algorithm, namely, Algorithm 2.1
under the conditions (2.6) and (2.8). There exists some positive constant
c3 < c1, which depends only on A\, A\, and the dimension n, such that if
n < c3, the algorithm either gives the solution in finite iterations or converges
to the solution R-linearly.

Proof To prove the theorem, we compare the inexact BB algorithm and
the (exact) BB method. At first, notice that the (exact) BB iterations are
uniquely decided by its starting point and initial stepsize. By Lemma 2.4 in
[13] and some slight modifications, we can see that there exists some positive
integer M, which depends only A\, A,, and the problem dimension n, such that
for any starting point zy € R" and initial stepsize 3y satisfying c¢; < Gy < cy
(cr, and ¢y are some fixed positive constants), the M-th point z), generated
by the (exact) BB method satisfies

IV £l < 5 IV o)l (216)

Let’s fix ¢, = 2/(A1+2),,) and ¢y = 2/)\; and take some M satisfying the
above statement. For any point x; and stepsize aj generated by Algorithm
2.1, we consider the (exact) BB iterations {zyy; [ > 0} with 2z, = x and
Ok = ay.. The gradient of f at zpy; is denoted by hgy;. It is easy to see that
hr = gr and for [ > 0,

T
il

hitivr = (I = Brss APy and - Gryrn = BT Ay

(2.17)

Further, we take the smallest integer m/ < M such that |[hgsne|l < 5[|7]l-
In this case, we have that

1
sl > S, for all =0, 1,... ;" = 1. (2.18)

We now consider the quantities ¢y = ||grr — hast|| and Yy = |Gy —
Br+1]- Using (2.4), (2.17), (2.6) and (2.10), we get that for [ >0

Grriv1 < (L = BreprA) gt — (I — 1) AGepa || + |Ep2ll + [[€xr2]]
< N = BrgtAll x| AN Grsa || Vgt +1(1 + c2)||Grgll

An B R
(/\—1 — 1)@rri + AnllGrrill s + 01+ c2) || Grsal] - (2.19)

IN



On the other hand, we have by direct calculations that

Tt + ||t ||? Orst

P = . - , 2.20
BT Ay [GE AT + Okt (2.20)
where
ot = [rill® Gei At — P At |Gl (2.21)
and
Okv1 = &;il§£+l(§k+l - §kz+l+1) . (2'22)

For 7;,;, we have the estimate
| Thert| < ‘§Z+1A§k+l[“hk+l||2 ~ N1gsall*] + NG (9541 At — hﬁrzAth]‘
< 38 AGera (il + 13kl + assel® At + Gl | @
< 22l Gk 2 (Wt =+ 11 Gr4l]) iy (2.23)

For 6y;, we have the estimate

(1 + CQ)()\l + 2)\n>

O] < 2

. A1y~
M gerill? < - Mgl (2.24)
2

Denote the constant ¢4, = %fr”‘") Using (2.21) and (2.24), we can get
from (2.20) that

200 [l Grt 1P N sl + 11w ll) Brsr + <500l || G I
M Al (G AGerr — 3 |G ])?]

2 (st | + 1Grsll) Grea + 25840 ||

Yryiy1 <

B 2| Py |2
AN 1rstll + 1 Prgall) Prera
< +can . 2.25
NI 0 (2.25)

It follows from (2.10) that |Gyl < cbllgrll. By (2:17), we can deduce that
| hrsi]l < cEllhg]l, where c5 = max{1, 3\\—’11 — 1} is constant. Since hy = g, we
have from (2.6) and 7 < ¢; < 5 that ||gx|| < 2||xl|. Using these analyses,
the relation (2.18), (2.25) and m’ < M, we can obtain the estimate

Uk |Grrill < cedrpr + canllgryiall, forl=0,1,...,m"' -2, (2.26)

9



where cg is the constant given by
O (9 + 8 )
B 4\

Since the first stepsize (3, is chosen to be aj, we have that ¢ = 0. In
addition, (2.6) implies that ¢ < n|/gx||. Thus we have from (2.19) that

co (2.27)

An ~ Any e
Ory1 < ()\—1 — 1)w +n(1 + c2) || gl < (2 + A_l)ankH : (2.28)

For [ € [1,m' — 1], we have by (2.19) and (2.26) (with [ replaced by | — 1)
and ||gr|| < (| gxl that
An
M
Notice that all the constants ¢y, ¢, ¢4, ¢5, ¢ and the integer M are de-
pendent only on A;, A, and possibly the dimension n. From ¢, < nl|gxl,
(2.28), (2.29) and ||gr11|| < ]| gk ll, we know that there exists some constant
c7, which depends only on A;, A, and the dimension n, such that

Dt < 7 || Gl (2.30)

Taking c3 = min{ﬁ&?, c1}, we obtain from (2.30), [|Aupnr|| < 3lRxll, [kl <
(1+mn)||g]| and n < cg that

Gktit1 < (+— — D)o + csMn@rri—1 + (1 + o + cadn)n|| Grvil] - (2.29)

(1+n)
2

To complete the proof, we define a subsequence {k;} with k; = 2 for
Algorithm 2.1. If k; has been decided, we choose k; ;1 = k; + m;, where
m; € [1, m] is so chosen that

. _ 2
Gk rm || < NPk | + Preemr < +C777] lgell < 5 gl (2:31)

_ 2

By the analysis in the previous paragraph, we know that this is possible. It
then follows that

- 21~
with k; = k1 + Zé;ll m; < ki + M(i — 1). Consequently, we have that
1 2
limsup |3, 1% < (5)7. (2.34)

From the above relation and (2.10), we know that ||gx|| and hence ||gx| con-
verges to zero R-linearly. q.e.d
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The importance of Theorems 2.2 and 2.3 is in that, to guarantee the
well-definition of Algorithm 2.1 and inherent the R-linear convergence of the
(exact) BB method, the calculation error of the gradient can be less than
some constant proportion of the gradient norm. The constant depends only
the dimension n and the minimal and maximal eigenvalues of the matrix A.
However, the current estimate to the constant 7 in the proof of Theorem 2.3
may be very small, since the integer M can be very large. In practice, the
choice of the value 7 is optimistic, as will be seen in our numerical experiments
of Section 4.

As one application of Theorem 2.3, we can show that the (exact) BB
method is locally R-linearly convergent for twice continuously differentiable
functions. Suppose that f(x) is the function to be minimized and z* is a
point at which V f(z*) and its Hessian H* is positive definite. Then at some
neighbourhood of x*, the (exact) BB method for the minization of f(z) can
be regarded as the inexact BB method for minimizing the following quadratic

o) = Fr) + 50— Y — ). (2.35)

In the case that f is twice continuously differentiable, it is not difficult to
establish the relation

IV (z) = V(@) = oIV (@)]]). (2.36)

Hence the condition (2.6) must be satisfied when zj tends to * and hence R-
linear convergence can be established. This remark weakens the assumption
that the objection function f is two times Lipschitz continuously differen-
tiable for the CBB method in [12], in which case the following relation holds

IVf(z) = Va(@)ll = O(IV f(2)]1*). (2.37)

3. Inexact BB method for saddle point problems

The Uzawa algorithm for the saddle point problem (1.1) requires the
solution of a linear system at each iteration (see Step 2 of Algorithm 1.1). In
practice, it is usually expensive to solve the subproblem exactly. Elman and
Golub [16] proposed to replace Step 2 of Algorithm 1.1 by

Augyr = f — B py + 6, (3.1)

11



where the vector d; is the residual of the approximation solution u;.; to
the system Av = f — BTp,. They suggested that a natural choice for the
magnitude of 9, is

[0kl < 7|Cpr—1 — Buy, + h|| . (3.2)

This is because the quantity Cpr_1 — Buy + h is the residual of the second
block row of (1.1) for the approximation solution pair (ug, px_1) and this
quantity has already been calculated for the update of p; in the previous
step.

If the subproblem at Step 1 of Algorithm 1.1 is exactly solved, we obtain
the exact residual to the system (1.3):

gr = Ap, —b=Cp, — BA™'(f — B"py) + h. (3.3)

When the subproblem is solved inexactly by (3.1), the inexact gradient gy
can be written as

g}k = Cpk. - Bukﬂ +h= gk — BAil(sk. (34)

From (3.2) and the first equality of (3.4) with k replaced by k£ — 1, the error
vector 0y, is required to satisfy

10kl < 7 [| g1l (3.5)

Combining the BB method and the inexact idea of Golub and Elman, we
give an inexact BB algorithm for saddle point problem (1.1).

Algorithm 3.1 (Inexact BB algorithm for saddle point problems)

Step 1. Initialize k = 0 and pg € R™. Choose some big constant p > 1 and
some initial stepsize &gy € [p~t, pl;

Step 2. Compute w4, such that Auyp, = f — BT py, + 6, with 6, satisfying

(8.2);
Step 3. Compute g, = Cpr — Bugy1+h, pri1 = pr — Qpgr and set k = k+1;
Step 4. Stop if some termination criterion is satisfied,
Step 5. Calculate sp_1 = pp — pr—1 and Yp—1 = Gr — Ge—1. Compute the next

o -1
stepsize &y by |max{p~", min{ =221 WV and goto Step 2.
k

S 71816_1
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The introduction of the constant p > 1 ensures that the stepsize day
and hence Algorithm 3.1 is well defined. The previous section considers
the inexact BB algorithm under the assumption (2.6). For Algorithm 3.1,
however, we have by (3.4) and (3.5) that

1€kl = lgk = gkll < 7|1 gr—1l; (3.6)

where 7] = 7||BA™!||. Since it is possible that ||g.|| can be arbitrarily smaller
than ||gr_1]| in the (exact) BB method and hence it is likely that ||gx| is
far smaller than ||gx_1]/, (3.6) does not imply (2.6) for any small constant
7. Therefore we cannot establish the R-linear convergence of Algorithm 3.1
directly from Theorem 2.3. At the same time, we can see that unlike (2.6), the
condition (3.6) cannot ensure the descent property of —gi at every iteration.

The above difficulties can be circumvented by noticing that if ||gx|| is
significantly less than ||gx_1||, then a good approximation g of the gradient
gr. has been obtained. On the other hand, it follows from (2.4), &, € [p™}, p]
and (3.6) that

gkl < A pllge-1ll + 71| Ge—2ll- (3.7)
Here and below we assume that p is a very large constant such that
2 A
p > max{—, A\, + —1} (3.8)
A 2

The above relation and A\; < A, implies that A,p > 2. From (3.6), we have

lgwll < 11gxll + 71| ge-all- (3.9)

The relations (3.7) and (3.9) hint us that, to establish the R-linear conver-
gence of Algorithm 3.2, we need to consider a subsequence of k; such that the
approximation gradients gy,_; and gx, have some properties simultaneously.

Theorem 3.2 Consider Algorithm 3.1 for saddle point problem (1.1) under
the conditions (2.6) and (2.8). Assume that p is a big constant that satisfies
(8.8). Then there exists some positive constant 11, which depends only on
A1, A and the dimension n, such that if (3.5) holds for all k and 7 < 1,
the algorithm either gives the solution in finite iterations or converges to the
solution R-linearly.

Proof Similarly to the proof of Theorem 2.3, we find some constant c3 €
(0, 1) and integer m which depend only on A;, A,, the dimension n and the

13



parameter p such that, if ||&;|| < 7||g,|| for all j and if n < ¢z, then for
any index k, there exists some integer m’ < M satistying || grrm || < 3||gs]/-
Denote M; = flog 2)‘”” | M. Then if ||&;| < 7]]|g]|| for all j and if n < ¢3, then
for any index k, there exists some integer m’ < M; such that

kel < (2) 16l < =19 (3.10)
Gt Il = 3 kIl = 2\,p '
Now we denote the constants
1
g = T = cacg|| BATH| 7L (3.11)

2Anp(Ap + 1T

and define a subsequence {k;} in the following way. Pick the least index k; >
1 such that ||, || > 2 [|gr,—1]|. If this is not possible, we have ||gk/| < 2 ||gr—1]]
for all k£ > 1 and {||gx||} is a @-linear convergence sequence. Assume that
for some 7 > 1, k; has been chosen with the property

. 2
1g:ll = 311Gk, 1l (3.12)

By this, (3.9) and 77 < % and using the induction principle, it is not difficult
to show that

forall [ > 1. (3.13)

Thus i [1, M;], we have by this, (3.13)
and the choice of ¢g that ||gr, || < #ﬂp“gki ||. If this is not the case, we have
N Gr,+ill = csl|Gr,i-1]] for i =1,..., M. It follows from this, (3.6) and (3.11)
that ||kl < e3l|gr,+i]| for & = 1,..., M;. By the statement in the first
paragraph of the proof and the choice of 7, we must have that ||gg, s, || <
ﬁH Jk: ||. Therefore there always exists some integer m’ € [1, M;] such that

13k 1ll < v+ 1)1l

i |- (3.14)

11l < 35

We then take k;; 1 to be the least integer that is not less than k; + m' + 1
and satisfies ||,y [| = 2)|Gkipi—1ll- If ki1 = 400, we know that {||gxl|} is
R-linearly convergent. Therefore we assume that the above-defined {k;} is
an infinite sequence.

14



If ki1 = ki +m/ 4+ 1, we have by (3.7), (3.14), (3.13), (3.11), m' < M,
and the definition of 7 that

1kl < Ao NGkt ]+ 7 1 G|

< o (g m1) + 7 0wp 17

N

1 C3
< .
<[5+ 5]l < S (3.15

The facts that c3 € (0, 1) and A\,p > 2 are also used for the last inequality.
If kiyq > ki +m/ + 1, we denote jo = k;jv1 — (ki +m’ + 1). The choice of
k;+1 implies that

N 2 - . :
Hgkier/Jer < (g )J"gkﬂrm'Ha for J = 17 <5 Jo - (316)

It follows by (3.7), (3.16), (3.11) and the fact that 37 < A,p that
Hgki+1 || < Ap Hgki-i-m'-i-jon +1 ||§ki+m'+jo—1||

, ) 9
)X 0 || G- | +n(§

JRRIE CN)
5 o ot < Gy Bla] - a7

Combining the two possible cases of k; 1 and noting that m’ < My, we
always have the following relation

2 -
< (3 [l

3

G (5
2
3

IN

< (

)max{O,k-

(3.18)

Denote the constant cq = (%)Mﬁl. Since M; > 1, we have that % < g < 1.

With the choice of ¢g, we can show by (3.18) that [|gx,, || < ot h
The recursion of this relation leads to

- Tijr1—Kk1 |~
Gk Il < g™ 1 Grall - (3.19)

In addition, by (3.13), the definition of k;4; and m’ < Mj, it is not difficult
to see that

i

max{|ge,+ll, - |Gk -all} < Qup+ DM g, (3.20)
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Therefore we know by (3.19) and (3.20) that

lim sup ||Gi||F < ¢o < 1, (3.21)
k—o00

which implies that {||gx||} and hence by (3.9), {||gx||} are R-linearly conver-
gent. q.e.d

Again, the proof to Theorem 3.2 provides a pessimistic estimate to the
largest admissible value to 7;. Nevertheless, the numerical experiments in
the next section show that 7 and hence 77 can be much larger.

4. Numerical Experiments

Our numerical experiments in this section are divided into two parts.
In the first part, we test Algorithm 2.1 with the inexactitude case (3.6)
for random symmetric and positive definite linear systems. Specifically, we
observe how the value of 77 in (3.6) influences the performance of the algorithm
and how its choice depends on the problem dimension n and the smallest
eigenvalue A; and the condition number s of the matrix A.

Problem 4.1. Consider the symmetric positive definite linear system Ax =
b, where x € R™*™. The coefficient matrix A is formed by

A= PDPT, where P = (1 —2wwl)(1 — 2wywl) (1 — 2wswl) (4.1)

and wi, we and wz are unit vectors generated by the uniform distribution in
R and D s a diagonal matriz. Given the smallest eigenvalue \i and the
condition number k, the i-th diagonal entry D, ; of the matriz D is set to

 — 1
! . log /i) : (4.2)

D;; = exp <log AL+
n —
To generate the right hand term b, we randomly generate a solution x* € R"
with xf € [—1, 1]. Then we set b = Ax*. The starting point is xo = 0.
Given tyin, tmax and some positive integer ny, we tested the inexact BB
method with the inexactitude case (3.6) using the following values for 7:

7_]]- = exp (log tmin + \/(] — 1)/(7%7 - 1) 1Og(tmax/tmin)) ) .7 = 17 R nT_]'

Since ||g—1|| is not available for the first iteration, we assumed that ||g_1| = 0,
which means that the exact gradient gy is used. The initial stepsize is set
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to be the Cauchy stepsize ag = gd go/g¢ Ago as in Step 1 of Algorithm 2.1.
For k > 1, to generate an approximation g, of the exact gradient g, we first
generate a random vector v, and then set

| Gr—1]|
vk ]

Gk = gk +1 V.
The above choice of g is such that the equality in the relation (3.6) holds.
Although the condition (3.6) cannot guarantee the descent property of —gy,
Theorem 3.2 tells us that the inexact BB method still converges and the
convergence rate is R-linear.

In our tests, we fix tmin = 1073, tmax = 0.5 and ny = 100 and observe the
influence of k, n and A;. For each value of k, n and \;, we do 100 tests and
use the stopping condition

lgell < 107" Yl goll, (4.3)

where the exact gradient is used for the purpose of comparison. All tests for
this part were done with MATLAB 6.5.0.

At first, to observe the influence of k, we fix n = 100 and A\; = 1 and
use the following three values for x: 10%, 10* and 10*. For j = 1,...,n;, we
denote by Iter(j) the average iteration numbers of the 100 tests required for
the inexactitude rule (3.6) with 7 = 7;. For the three different values of &,
Figure 4.1(a) plots the corresponding curves Iter(j)/Iter(1) vs 7;. Secondly,
we fix Kk = 10 and \; = 1 and vary the problem dimension n to be 102,
10% and 10*, respectively. Thirdly, we fix k = 10® and n = 10? and vary
the minimal eigenvalue A\; to be 0.1, 1 and 10, respectively. See Figures
4.1(b) and 4.1(c) for the corresponding curves. Considering the log scale of
the horizontal axis, we can see from the three figures that basically, as the
inexactness parameter 7 increases, the required average iteration number is
linearly increases and hence the R-linear factor of the inexact BB algorithm is
linearly decreasing. The decrement of the R-linear factor is strongly affected
by the condition number of the problem, but has little relation with the
problem dimension or the minimal eigenvalue of the coefficient matrix A.
In the numerical sense, this feature resembles to that of the inexact Uzawa
algorithm, whose Q-linear factor mainly depends on x and 7 (see Theorem
2.2 in [16]).

A comparison was also made between the inexact BB algorithm and the
inexact Uzawa algorithm. In this case, we fix n = 100, x = 103 and \; = 1.
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Figure 4.1(a) Figure 4.1(b)
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(Note: all the x axes in the above figures are corresponding to the
value of 7 = 7;. The y axes in Figures 4.1 (a) to (c) are correspond-
ing to the relative value of Iter(j) with respect to [ter(1); the y
axis in Figure 4.2 stand for the absolute value of Iter(j).)

Therefore the only difference between the two algorithms is the choice of
the stepsize aj. The inexact Uzawa algorithm uses (1.5), which means that
ar = 2/101, whereas the inexact BB algorithm decides the stepsize according
to the information at the most recent two points except the initial stepsize
is chosen to be the Cauchy stepsize. In Figure 4.2, we plot the curves of
the required average iteration numbers Iter(j) vs 7;. From the figure, we
can see that the inexact BB algorithm is far more efficient than the inexact
Uzawa algorithm. In the case when 7 = 7; = 1072, to reach the stopping
condition (4.3), the inexact BB algorithm and the inexact Uzawa algorithm
requires 242.6 and 5983.5 iterations on the average. From Figure 4.2, we can
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also see that the influence of the inexactness parameter 7 is similar to the
performance of the two algorithms.

In the second part of our numerical experiments we test Algorithm 3.1 on
saddle point problems arising from the finite element discretization of Stokes
equations.

Problem 4.2. This problem is related to the Stokes equations:

—ANu+vyp=f in Q=(0,1) x (0,1)
—dwu=h in €
u=20 on 0f)
Jop=0

We discretize (4.4) in the same way as that in [16]. More exactly, the dis-
cretization takes uniform triangular meshes on §2, use continuous piecewise
linear velocities on a mesh of width d, and use continuous piecewise linear
pressures on a mesh of width 2d (this discretization is called as Py(h)P;(2h)
in [16]). We are then led to the saddle point problem (1.1) withn = 2 (3 —1)?
andm = (%—1)2. For this problem, f is randomly generated with its elements

in [—1,1] and h is set to zero.

(4.4)

In this experiment, we vary 7 to see the influence of the inexactitude of
the subproblem on the performance of Algorithm 3.1. For each value of 7,
we generate 20 random experiments and observe the average performance of
Algorithm 3.1. Note that the purpose of this work mainly focuses on the
inexact BB method used for computing p,. For ease in coding, we simply
use the (exact) BB method with no preconditioner to solve the subproblem
for ugy1 (see Step 2 of Algorithm 3.1). It is certain that other methods
possibly with some preconditioner can be used to solve the subproblem, for
example conjugate gradient methods or other gradient methods. Considering
the special structure of A, some other effective iterative or direct methods
can be also found. When the (exact) BB method is used for the subproblem,
at least one step is computed. The maximal iteration number, INMAX say,
for the subproblem is set to 100. If this number is exceeded, the inner solver
exits with the point having the minimal residuals. Here we note that some
other values were also used for INMAX, for example, 250 and 400. However,
the difference between the numerical results is not significant.

The tests on Problem 4.2 and the next problem were done with Matlab
7.1.0. We list the numerical results on Problem 4.2 in Table 4.1, where
“# OUT” means the average number of outer iterations, “# In” stands for
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the average number of inner iterations per outer iteration and “time” is the
required average CPU time in second. Listed in the last column is the number
of outer iterations required by the inexact Uzawa algorithm with the same
value of 7 for the problem, which can be found in [16] (only the case d = 1/32
is available).

Table 4.1: Results of Algorithm 3.1 for Problem 4.2

‘ d ‘ T ‘#OUT‘#IN‘time‘Uzawa‘
1/16 | 1/64 89.0 78.9 | 0.995 -
1/16 | 1/16 99.4 68.4 | 0.993 -
1/16 | 1/4 105.3 56.5 | 0.911 -
1/16 1 146.4 43.7 | 1.113 -

1/32]1/64 ] 1945 | 99.1 | 9.832 ] (500)
1/32 [ 1/16 | 185.3 | 98.3 | 9.245 | 426
1/32] 1/4 | 1852 | 954 |8.915| 427
1/32] 1 | 1947 | 86.6 | 8.839 | 431

Table 4.1 indicates that as 7 increases, the average number of outer itera-
tions increases and the cost for inner iteration decreases. In this experiment,
the suggested value for 7 is 1/4. From the table, we also see that the inex-
act BB algorithm requires less than one half of the outer iterations by the
inexact Uzawa algorithm. This means that if the same solver is used for the
subproblem, the inexact BB algorithm, which does not need to estimate the
minimal and maximal eigenvalues of A, is even faster.

Problem 4.3. This problem comes from a different discretization of the
Stokes equations with nonzero diverse of velocity, namely, h # 0. Specifi-
cally, we discrete the velocity with continuous piecewise linear finite elements
on uniform triangular mesh of width d as before. However, for the pres-
sure function we use the elements suggested in [7] and [6]. More exactly, a

piecewise constant function on the adjacent blocks on uniform square mesh
of width d is used:

L, € (®i—1,2:), ¥y € (Yi-1,Yi)

bps = =1, z € (zi,Tiy1), ¥ € (Yi-1, i)
Y =1, x € (Ti-1, %), ¥ € (Y, Yir1)
L, z€ (@i Tit1), ¥ € (Y Yis1) -



The discretization leads to the saddle point problem (1.1) with n = 2(% —1)?
and m = (5 — 1)2.  To guarantee the positive definiteness of the matriz
C + BA™'BT, we choose C = d1I,, with I,, being the identity matriz in
Rmx™ Tt is easy to see that C tends to zero as d tends to zero. For this
problem, both f and g are randomly generated with their elments in [—1,1].

Table 4.2: Results of Algorithm 3.1 for Problem 4.3

d T | #O0OUT | #IN | time
1/8 | 1/16 | 36.4 9.7 | 0.103
1/8 | 1/8 34.4 9.6 | 0.097
1/8 | 1/4 | 352 | 9.3 | 0.102
1/8 | 1/2 | 378 | 9.2 | 0.111
1/16 | 1/16 | 41.9 | 9.8 | 0.494
1/16 | 1/8 42.9 9.7 | 0.503
1/16 | 1/4 | 422 | 95 | 0.490
1/16 | 1/2 | 440 | 94 | 0.516
1/32 | 1/16 | 76.7 9.9 | 4.953
1/32] 1/8 | 70.6 | 9.8 | 4.442
1/32] 1/4 | 725 | 9.7 | 4.588
1/32 | 1/2 78.3 9.7 | 5.075

1/64 | 1/16] 153.8 | 9.9 | 57.856
1/64 | 1/8 | 1443 | 9.9 |52.254
1/64 | 1/4 | 1572 | 9.9 | 59.388
1/64 | 1/2 | 150.9 | 9.8 | 55.596

For this problem, we vary the value of 7 to be 1/16, 1/8, 1/4 and 1/2.
The maximum for the inner iterations, INMAX, is set to 10. The results of
Algorithm 3.1 for Problem 4.3 are reported in Table 4.2. From the table, we
see that the choice of 7 = 1/8 is preferred, but the performance of Algorithm
3.1 is not sensitive to the parameter 7. However, we observed that the
performance of Algorithm 3.1 heavily depends on the choice of INMAX. In
the case of INMAX= 10, we see from the column # IN of Table 4.2 that the
the inner solver often reach INMAX iterations. We found that this is also
the case if INMAX= 50. Take d = 1/32 and 7 = 1/8 as an example. If we
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set INMAX= 50, the average number of inner iterations is 47.8, whereas the
algorithm still needs 68.2 outer iterations on the average. The total time is
8.016, about double of the one by choosing INMAX= 10.

The numerical experiments on Problems 4.2 and 4.3 suggest that the in-
exact BB algorithm is an efficient alternative to the inexact Uzawa algorithm.
On the other hand, due to its nonmonotonic feature, the BB algorithm might
not be a good option for the inner solver. Further numerical experiments are
still required to understand the behavior of the BB algorithm.

5. Conclusions and discussions

In this paper, we have analyzed the inexact BB method with the inexac-
titude rules (2.6) and (3.6). The analysis with the rule (2.6) could help us in
understanding the (exact) BB method for unconstrained optimization, since
the latter can be regarded as an inexact BB method for some quadratic func-
tion if 2, tends to z*. Consequently, we are able to prove that the (exact) BB
method is locally R-linearly convergent for twice continuously differentiable
functions, a result stronger than the one in [12] for the cyclic BB method.
Another interesting point with the BB method is that, in the previous anal-
ysis of the BB method, the nonmonoticity is introduced by the choice of
stepsize ay. Since the inexactitude rules (2.6) allows the possibility that — gy
is an uphill search direction, Theorem 3.2 tells us that it would be also fine to
introduce some suitable nonmonoticity in choosing search directions without
affecting the R-linear convergence.

To adapt the inexact BB algorithm for solving saddle point problems, we
also analyzed the rule (3.6) carefully and provide R-linear convergence result
in the case. These analyses are based on those with the inexact rule (2.6).
However, our theoretical analyses cannot provide a good estimate for either
the parameter 7 in (2.6) or the 77 in (3.6), although our numerical experiments
show that the latter one can be as large as the one in the inexact Uzawa
algorithm. It still remains under study how to estimate the parameters n and
7 theoretically. The good solution of this problem is related to the question
how to establish theoretical evidence showing that the (exact) BB method is
faster than the Uzawa algorithm or the steepest descent method in the any
dimension case. Some evidence in low dimensions has been established in [3]
and [11].

To solve the saddle point problems (1.1), the references [7], [9] and [2]
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introduce some preconditioner for the inexact Uzawa method:

upe1 = Q7' (f — BTp)

g (5.1)
Prt1 = pr + QN (Cpr — Bugy1 + h),

where Q and () are some approximation to A and A = BA™'BT 4+ C as
before. Some extensions are also made to the case when A, B and C are
nonlinear operators. Since the BB method does not need to estimate any
eigenvalue of the coefficient matrix and is far better than the Uzawa algorithm
or the steepest descent method, it might be worthwhile to study the above
issues with the inexact BB methods. As the referees commented, the use of
preconditioning is indepensible in building fast and pratical methods (here we
should note that the preconditioning technique was used to the BB method
first by Molina and Raydan [24]). On the other hand, there have been many
contenders of the BB stepsize (1.8), see [19] and [11] for example. Our future
work is then to establish an efficient inexact and preconditioning BB-like
method for saddle point problems.

Acknowledgements. The authors are very grateful to Professor Marcos
Raydan in Universida Central de Venezuela and two anonymous referees for
their useful comments and suggestions that improved the quality of this paper
greatly.
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