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ABSTRACT 

In this paper we present a numerical method for solving Riemann type problem for the fifth order improperly elliptic 
equation in complex plane .We reduce this problem to the boundary value problems for properly elliptic equations, and 
then solve those problems by the grid methods. 
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1. Introduction 

Let D be rectangle   , ,D x y a x b c y d      in a 
complex plane with boundary D   . 
In this paper, we consider the elliptic equation: 
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The number of roots of the characteristic equation cor- 
responding to Equation (1.1) in the upper half-plane and 
lower half plane are not equal therefore it is an improp- 
erly elliptic equation and general form of this kind of 
equations was investigated in [1] in the form of: *** 
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where   2 2
1 ,D x y x y  1  is a unit disk in a com- 

plex plane with boundary 1 . As all classical boundary 
conditions for improperly elliptic equations are not cor- 
rect [1]; so we take following boundary conditions for 
problem (1.1): 

D

2

0 1 2
, ,

u u
u f f f

N N


  
      

2 ,

,

(i.e. a function 

     (1.2) 

where             
0

2, 1,
1 2, ,f C f C f C       

with second order derivative 
2

0
2

d

d

f

s
 

satisfy Holder co ition on  , 1f  with first orde  
rivative satisfy H lder condition on   and 2f  satisfy 

nd r de-
o

0f  

Holder condition on  ) are give functions on n  . We 
are seeking the solution of (1.1), (1.2) in the class of 
functions        

operly elliptic equation”

presented in the 

5 2,C D D   . The problem 1.1), 
(1.2) known as “Riemann Dirichlet type problem for fifth 
order impr . The general form of 
this kind of problem was considered in [1] and the solv-
ability of non-homogeneous problem and general solu-
tion of corresponding homogeneous problem was dis-
cussed there. The number of corresponding linearly in-
dependent solution of homogeneous problem in our case 
is one (see [1]) therefore the problem is not uniquely 
solvable and on the other hand we are dealing with com- 
plex domain which makes more complicated obstacles in 
realizing ideas. Although there was a few limited efforts 
in the especial cases like first order improperly and sec- 
ond order properly elliptic equations to present as effect- 
tive finite difference method in [2] but generally speak- 
ing; there is not too much practical suitable methods for 
higher order improperly elliptic equations. So, in this 
paper, our strategy based on converting boundary value 
problem for elliptic equation with complex coefficients 
into real coefficients cases; which could be solve by 
many fast finite difference methods ([3,4]). 

2. Description of the Algorithm 

C  (

The general solution of (1.1)
 
can be re

form: 
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where  
0
, 1 4i i     are arbitrary analytic functions 
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in 
using Taylor’s expansion, we may replace: 

D . 
So, by 
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e solvability and smoothness of the solution of 
bl .2) follows from the general theory of elliptic 
pr s [5]. From the unique solution of Dirichlet 
pr

Th
em (2
oblem

pro- 

oblem for third harmonic equation (2.2) we have U on 
all mesh points and a formula for representing unique 
solution of above Dirichlet problem may be found in [6, 
p. 149]. 

Applying bi-harmonic operator 2  on real part of u  
in (2.1); we will get: ***  
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Solving these problems, we get: 
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which has a unique solution. 
Analogously, we get the same boundary problem: 
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So, during above argument we had proved that by us- 
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Here 0h  is bi-harmonic function and uniquely deter-
mined from problem (2.12). 

3. Numerical Solution 
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Let’s consider Dirichlet problem for tri-harmonic 
Equation (2.2). The tri-harmonic equation is a sixth order 
elliptic partial differential equation: 
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which is encountered in viscous flow problems. 
In the general case, poly-harmonic 
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equation kU f  , 
 applying a in the discrete setting, are usually solved by

Laplacian discretization repeatedly on a mesh, with the 
 the one 
ient and

cotangent formula being the most popular and
us iced in [7]. Although this formulation is eff  
particularly useful in interactive applications, it sup- 
ports only one particular way of specifying boundary 
conditions and the results often have significant mesh 
dependence. The convergent discretization based on a 
quadratic fitting scheme could be found in [8]. Anyway, 
Dang Q. A. [9] studied an iterative method for solving a 
BVP for a tri-harmonic type equation based on using 
boundary domain operator defined on pairs of boundary 
and domain functions in combination with parametric 
extrapolation technique and reduces the BVP for sixth 
order equation to a sequence of BVPs for Poisson equa- 
tion. 

Next, For finding numerical solution of Poincare prob-
lems (2.5) and (2.6); we solve it in domain with the 
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points . Because of simplicity and getting rid of com- 
plexity  the system , we may assume two points in (2.5) 
on the top left and down right corner of the bound-


 of

ary are fixed, i.e.:    0 0, ,x y a h d h   and 

   1 1, , ,x y b h c h    

so: 

   1 0 0, 0, , 0,u x y u u x y u     10 1 1 1 11

alu s of function 1u  in
y: 

 1 1 , , , 0, ,k j k j    

By
t
 den
s appr

ote the v  the mesh 
oximatel

N

an

e
poin

  j

k
u u

d from the grid boundary conditions:  

     1 11 1
j j

i i
u u




2 , , 1, 1
4

j

h h i
U i j N

h
     

on the sides of 

values of 

,

we will find the values in the grid points 
  parallel to OX axis. 
Finally, the  1

j

i
u

wi
 inside  and on the 

parallel to OY axis ll be found from the sys- 


sides   
tem of linear equation, main matrix of this system may 
be reduced to the tri-diagonal form : 

0 ..

0 0 0 0 ...

. ... 0

0 ... 0

0 ... 0

A B

B A B

B A B
T

A


 
 
 

 
     









whe






     

, 

re: 

2 2 2

2 2

2 2

1 1
0

1 4 1
0

1 4
0 0

,

4 1

1 1
0 0 0

0 0 0 ... 0 0

0 1 0 ... 0 0

0 0 1 ... 0 0
,

... ... ... ... ...

0 0 0 ... 1 0

0 0 0 ... 0 0

h h

h h h

h h

0

h h

h h

B

 
 
 

 
 
  
 

  
 
 
 

 
 
  
  

 
 
 
 

  
 
 
 
  

  

  

  

      
      

    

 



 

the matrix T is diagonally dominant, therefore this linear 
system is uniquely solvable; so considered modified 
Poincare problem is uniquely solvable too and then from 
maximum principle [10], we have unique solvability of 
this system. 

Next, we consider the problem (2.10). A fast solver for 
compact discretizations of the bi-harmonic problem was 
presented in [11-13], also Dang Q. A in [14,15] with the 
help of boundary or mixed boundary-domain operators 
introduced appropriately, constructed iterative methods 
for bi-harmonic and bi-harmonic type equations associ- 
ated with the Dirichlet, Neumann or simple type of 
mixed boundary conditions. 

By finite difference method, we find the values of the 
function 

A

H  in the mesh points approximately: 

 , , 1, , , 1, , .j
iH H i j i m j n     

we use the discrete analogue of the Laplace operator: 

 2 1
1 12

1
4 ,j j j j j

h h i i i i iH H H H H H
h

 
        1

and may discretisize biharmonic equation in (2.10) as 

 

 

 

 
  

1 14

1 1

20 8
4

8

j j j
h h h i i i

j j

H H H H
hh

H H

 

 

    

 

   

1 1 1 1
1 1 1 14

2 2
2 24

0 1

2

1
,

, .

j j j j
i i i i

j j j j
i i i i

h h hh

H H H H
h

H H H H
h

H f H f

   
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 

 

   

   
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   (3) 

Here forward divided diffe

4 i ih

rences for the operator 
N




  

tin (2.10) no ed by h  ,and    0 1,
hh

f f  are values of 
functions   ,0 1f f

 
 

n ob


scretizatio
in th s of esh. 

The di tain  in [1 , tends 
 is 

simpler, but there now exist standard fast numerical al- 
gorithms for this kind of boundary value problems t . In 
[17-19] for the two dimensional case, problem (2.10) has 

ast 
numerical algorithm is developed based on the con-
structed SKIE in [20]. 

The discrete problem (3.1) approximates the problem 
(2.10) (see [21]), therefore, from the stability of the 
problem (3.1), we have the convergence of the grid func- 

tion to 

e boundary point
ed here and also

m
6]

to symmetric matrices so the convergence analysis

oo

been reduced to second kind integral equations and a f

  ,i jH x y  [3, p. 30, Theorem 2.5]. From the last  

two equation of the (3.1); we find the values of the func- 

tion  in the points    , , 0,1, ,i jx y i j N hH  and if  

the values j
iH  are on interior nodes, we find them from 
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the linear system with symmetric pentadiagonal m
so from positive definiteness of this matrix, we may 
prove the stability of the (3.1) and an algorithm for the 
solution of the system can be found in [22]. 

Therefore the problem (1.1), (1.2) reduced to six 
uniquely solvable problems for properly elliptic
tions with real coefficients, which were solved b
methods. 
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