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ABSTRACT

SPATTAL EVOLUTIONARY GAME THEORY: DETERMINISTIC
APPROXIMATIONS, DECOMPOSITIONS, AND
HIERARCHICAL MULTI-SCALE MODELS
SEPTEMBER 2011
SUNGHA HWANG, B.A., SEOUL NATIONAL UNIVERSITY
M.A., SEOUL NATIONAL UNIVERSITY

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Luc Rey-Bellet

Evolutionary game theory has recently emerged as a key paradigm in various
behavioral science disciplines. In particular it provides powerful tools and a concep-
tual framework for the analysis of the time evolution of strategic interdependence
among players and its consequences, especially when the players are spatially dis-
tributed and linked in a complex social network. We develop various evolutionary
game models, analyze these models using appropriate techniques, and study their
applications to complex phenomena.

In the second chapter, we derive integro-differential equations as deterministic
approximations of the microscopic updating stochastic processes. These generalize

the known mean-field ordinary differential equations and provide powerful tools to

vi



investigate the spatial effects on the time evolutions of the agents’ strategy choices.
The deterministic equations allow us to identify many interesting features of the
evolution of strategy profiles in a population, such as standing and traveling waves,
and pattern formation, especially in replicator-type evolutions.

We introduce several methods of decomposition of two player normal form games
in the third chapter. Viewing the set of all games as a vector space, we exhibit ex-
plicit orthonormal bases for the subspaces of potential games, zero-sum games, and
their orthogonal complements which we call anti-potential games and anti-zero-
sum games, respectively. Perhaps surprisingly, every anti-potential game comes
either from Rock-paper-scissors type games (in the case of symmetric games) or
from Matching Pennies type games (in the case of asymmetric games). Using
these decompositions, we prove old (and some new) cycle criteria for potential and
zero-sum games (as orthogonality relations between subspaces).

We illustrate the usefulness of our decompositions by (a) analyzing the gener-
alized Rock-Paper-Scissors game, (b) completely characterizing the set of all null-
stable games, (c) providing a large class of strict stable games, (d) relating the
game decomposition to the Hodge decomposition of vector fields for the replicator
equations, (e) constructing Lyapunov functions for some replicator dynamics, (f)
constructing Zeeman games - games with an interior asymptotically stable Nash
equilibrium and a pure strategy ESS.

The hierarchical modeling of evolutionary games provides flexibility in address-
ing the complex nature of social interactions as well as systematic frameworks in
which one can keep track of the interplay of within-group dynamics and between-
group competitions. For example, it can model husbands and wives’ interactions,
playing an asymmetric game with each other, while engaging coordination prob-

lems with the likes in other families. In the fourth chapter, we provide hierarchical

vil



stochastic models of evolutionary games and approximations of these processes,

and study their applications
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CHAPTER 1

INTRODUCTION

1.1 Overview

1.1.1 Evolutionary game theory

Evolutionary game theory has recently emerged as a key paradigm in various
behavioral science disciplines. Originally evolutionary game theory, pioneered by
the biologist John Maynard Smith, was introduced to study the behaviors of ani-
mals, explaining sex ratio, animal distribution, and contest behavior and reciprocal
altruism among animals (Maynard Smith, 1982). In recent years, the key idea
that games are played among a large number of myopic agents has been adopted
by behavioral scientists and applied successfully in explaining the important social
phenomena.

Anthropologists and biologists have adopted evolutionary frameworks to explain
early human cooperation (Bowles, 2006; Boyd, Gintis, and Bowles, 2010; Boyd and
Mathew, 2007; Hauert, Trauslen, Brandt, and Nowak, 2007). Political scientists
have examined the role of norms in the context of evolutionary games. For example,
Robert Axelrod (1986) investigates the emergence and stability of behavioral norms
and shows that the employment of meta-norms — the willingness to punish someone

who did not enforce a norm — plays an important role in explaining the evolution



and stability of various social norms. In economics, since the seminal work by Young
(1993), evolutionary games have been applied frequently in explaining the evolution
of social institutions, conventions and contracts (See Young (1998); for evolutionary
game theory see Hofbauer and Sigmund (1998); Weibull (1995); Sandholm (2010b);
Gintis (2009); Cressman (2003); Nowak (2006); Hofbauer and Sigmund (2003);
Szabo (2007)).

Classical game theory supposes that each agent (or player) has a well-defined
utility function that she tries to maximize given her counterpart’s choice of a strat-
egy. The strategic interdependence among players typically arises from the fact
that one’s objective function is dependent on another’s choice as well as her own
choice. The Nash equilibrium of a game, introduced by John Nash, has an influen-
tial role in predicting the outcome of the game; every player plays a “best response”
to each other at equilibrium.

However, the justification of the Nash equilibrium concept — e.g., how players
know that a Nash equilibrium will be played — has been questioned on various
grounds. Binmore (1987, 1988) suggests that a very strong informational assump-
tion is made in the backward induction (deductive reasoning) argument in the
repeated games. The assumption that an agent can evaluate expected payoffs from
the complex interactions is also challenged on various empirical settings including
lap experiments (See Bowles, 2004). Agents typically have non-negligible cogni-
tive limitations and experience high costs of gathering information about possible
outcomes.

In contrast to classical game theory, evolutionary game theory addresses the
above limitation by relaxing the rationality assumptions substantially. In evolu-
tionary frameworks, an agent adopts an inductive method of reasoning typically

relying on trial-and-error methods. Departing from the assumption of highly in-



telligent and forward looking behaviors, evolutionary game theory explains the in-
teractions among myopic agents and their consequences in the complex situations.
In this way it provides successful and powerful tools for the analysis of strategic
interdependence among anonymous and heterogeneous agents who seek to improve

their payoffs.

1.1.2 Spatial stochastic processes

The importance of space and spatial interactions in explaining the social be-
haviors of agents has been well recognized. As early as 1930s, Hotelling (1929)
emphasized that a market, rather than being a unified entity, is divided into regions
in which sellers enjoy quasi-monopolistic positions owing to their spatial locations.
Thomas Schelling (1971) studied how the spatial segregation in residential areas
might arise even if most agents prefer to live in integrated neighborhoods. We study
spatial stochastic processes where individuals are located at the vertices of a graph
and update their strategies upon receiving a strategy revision opportunity. The
updating rules are flexible enough to encompass various behavioral assumptions,
ranging from imitative behaviors to perturbed best responses.

In the second chapter, we study the deterministic approximations of the stochas-
tic dynamics as a first step toward the understanding of the behavior of spatial
stochastic processes. Following methods developed in statistical physics, known as
scaling limit or meso-scopic limit approaches (Kipnis and Landim, 1999; Presutti,
2009), we show that the spatial strategy revision processes converge to determin-
istic limits under suitable scaling and deterministic limits satisfy non-local partial
differential equations (PDE), called integro-differential equations (IDE).

Equilibrium selection from among multiple Nash equilibria has been one of

the main topics in game theory. Using the derived deterministic equations, we



study the effect of spatial structures and individual decision rules on equilibrium
selection. Other interesting phenomena include spatial patterns of agents’ choice
of strategy. For example, the complete segregation of residential area even though
people prefer racial integration has posed intriguing questions to social scientists:
how do locally homogeneous behaviors lead to globally heterogeneous pattern?
The spatial differential equations provide natural and handy settings to study these
purely spatial phenomena and to explore the condition under which the segregation
of choices of strategy may develop and persist in spatial models. We investigate
such problems using the analytical and numerical analysis of the spatial differential
equations.

Conceptually, there are deep connections between evolutionary games and sta-
tistical mechanics. At the “microscopic” level game theory is an extremely powerful
tool to formulate and model simple rules with which individual agents interact. The
evolutionary (and population) version of game theory uses a dynamic and statistical
approach to connect individual interactions to “macroscopic”, global, and long-time
behavior of large populations.

The updating rules of agents in evolutionary games are related to the transition
rules of particles in interacting particle models. For example, perturbed best-
response dynamics in economics are related to (and generalizes) the Gibbs sampler
or Metropolis dynamics in statistical mechanics. Under this correspondence, the
Ising model can be regarded as a spatial evolutionary game where agents play a
two strategy coordination game (ferromagnetic case) or a Hawk-Dove game (anti-
ferromagnetic case).

Important techniques in analyzing the equilibrium state in statistical mechan-
ics often involve a special function, called a potential function or an energy func-

tion. The analysis of such functions provides the understanding of the important



properties of the dynamics, whether these be stochastic processes or determinis-
tic differential equations. In game theory it is well-known that a certain class of
games admits such a potential function in a properly defined dynamic, hence these
games are called potential games and have received growing attention among game
theorists (Monderer and Shapley, 1996; Sandholm, 2010a).

Based on these observations, in the third chapter, we first consider a method of
decomposing a given game into a potential game part and the remaining part, called
an “anti-potential” game. We characterize the set of all anti-potential games by a
special class of games, namely the Rock-paper-scissor games or the Matching pen-
nies games. Along with the first decomposition, we develop two additional methods
of decomposing games: (1) the decomposition of a game into a zero-sum game and
the remaining part, called “anti-zero” sum game and (2) the decomposition of a
game into a game with a dominant strategy and the remaining part.

In non-equilibrium statistical mechanics, the studies of irreversible systems and
stationary non-equilibrium states adopt concepts like entropy production, currents,
and flux. Lebowitz and Spohn (Lebowitz and Spohn, 1999) show that the sample
path entropy production has a large deviation principle and the rate function has a
symmetry of Gallavotti-Cohen type. At the stationary state of irreversible dynam-
ics, the entropy production rate is always positive; the system is reversible if and
only if the entropy production rate is zero (Jiang, Qian, and Qian, 2004). Spatial
stochastic processes whose underlying game are potential games and whose updat-
ing rules are specified by either Gibbs sampler or Metropolis dynamic are reversible.
Thus the developed methods of decomposition show that only anti-potential part
of a given game contributes to entropy production. Since the decomposition results
hold for a general normal form game (with more than two strategies and more than

two players), the same observation holds for various classes of interacting particle



models in the statistical mechanics (e.g., Currie Weiss Pott model and multi-body
interactions). In this way, we reveal the underlying source and structure of entropy
production in the classes of irreversible dynamics in statistical mechanics.

Another important aspect of social interactions is the complex interconnections
between different interactions at various levels. For example, interactions within
a group and interactions between groups are clearly related and mutually con-
straining. Important behavioral traits — such as altruistic behavior — may have
developed because they bring benefits at a group level, even though those adopt-
ing this behavior might do worse within a group than fellow group members who
behave differently. To address these important aspects of social interactions, we
develop hierarchical models of evolutionary games using coarse-graining methods
in the final chapter. Starting from the microscopic level, we define a coarse cell
containing microscopic sites. Here coarse cells can be regarded as groups. And then
we aggregate the microscopic stochastic process into a process defined at coarse cell
levels under appropriate conditions. In this way, we obtain group-level stochastic
processes.

The hierarchical modeling of evolutionary games provides flexibility in address-
ing the complex nature of social interactions. It also provides systematic frame-
works in which one can keep track the interplay of within-group dynamics and
between-group competitions. For example, it can model husbands and wives’ in-
teractions, playing an asymmetric game with each other, while engaging coordi-
nation problems with the likes in other families. The influence from the outside
members can be regarded as conformism effect or social norm propagation. In ad-
dition, the social phenomena usually involve variables evolving at multi-scales; the
propagation of social norm is extremely slow, whereas the individual’s updating of

the strategy may be relatively fast.



Using hierarchical models we consider a situation in which one group size is
relatively large to the other. We derive a coupled system of dynamics where the
large group dynamics are governed by deterministic evolutions, while the small

group dynamics are subject to stochastic randomness.

1.2 Main Results

1.2.1 Deterministic approximations of spatial stochastic processes

A normal form game consists of players, strategies, and payoff functions. When
there are two players and the payoffs of two players are symmetric, a given game is
succinctly described by a matrix whose dimension equals to the number of strate-
gies. For example, a matrix A specifies a game where player 1 obtains a payoff of
a(i,j) by playing strategy i against player 2’s strategy j. Here we denote by S the
set of all strategies, soi,7 € S.

In the second chapter, we study the deterministic approximations of the spatial
stochastic processes with focus on a local density function f(u,i), describing the
proportion of the population with strategy ¢ around spatial location u. The main
result is that local mean-field stochastic processes are approximated, on finite time
intervals and in the limit of infinite population, by equations of the following type:

0 . . . : .

aft(u,z) = kgsc(u, ki, fo) fe(u, k) — fi(u, 1) kezsc(u,z, k,f;) forieS. (1.1)
The term c(u, k, i, f) describes the rate at which agents at spatial location u switch
from strategy k to ¢. This rate depends on the strategies of agents at other spatial

locations and the explicit form varies with the behavioral rules of agents. A typical



example of the rate is

c(u ki, f) = FO_a(i,0T * f(u,1) = a(k,)T * f(u,1)),

les les

where J * f(u,i) : —/j(u—v)f(v,i)dv.

Here F' is a non negative and increasing function and J * f is the convolution
product of J with f. The function J(u) is a non-negative probability kernel
which describes the interaction strength between players whose relative distance is
u. When J is a constant function equation (1.1) reduces to ordinary differential
equations such as replicator dynamics, Brown-von Neumann-Nash dynamics, and
logit dynamics, which have been well-known to evolutionary game theorists. Note
that the rate of increases in f; at u depends on f;(v, ) for all v in the spatial domain
and that equation (1.1) is an integro-differential equation (IDE).

These non-local PDESs are similar to reaction diffusion equations known as Allen-
Cahn type PDEs (Cahn, Elliott, and Novik-Cohen, 1996) or Glauber IDEs (Pre-
sutti, 2009). For example, an IDE based on the updating rule of “Gibbs sampler”

yields a “logit dynamic”:

_ eXp(Zl a(l7l)j* ft<u>l))
Dopexp(Qyalk, )T * fi(u, 1))

When the number of strategies are two, (1.2) becomes the well-known Glauer meso-

0 . .
Eft(u,z) — fi(u, 1), (1.2)

scopic equation via the change of the variable, f +— 2f — 1 := u. When a(1,1) =
a(2,2) > 0 and a(1,2) = a(2,1) = 0, the existence of a unique standing wave
was proved and when a(1,1) # a(2,2), the existence of traveling wave was proved
(Orlandi and Triolo, 1997; Chen, 1997). By adopting various tools and techniques
such as linear stability analysis and numerical simulations, we study dynamics of
interfaces, the existence of traveling wave solutions, and pattern formations (see

figure 1).



Figure 1. Pattern formations in the replicator dynamics We consider
two player coordination game with payoffs, a;; = 2/3,a22 = 1/3, a1z =
az; = 0. Left and Middle panels show the time evolutions of popu-
lation densities using strategy 1 in the spatial domain T¢ = [—7, 7]2.
The heights of surfaces represent the densities at a given location u €
T?. The number of nodes is 64 for the simulation and the time step is
0.0175 which was determined by the stability analysis of the numer-
ical method. The initial conditions are 1/3 4 rand cos(x) cos(y) (upper
panel) and 1/3+rand cos(2z) cos(2y) (lower panel), where rand denotes
a realization of uniform random variable [0, 1] at each node. For the
interaction kernel, we use J(r) = exp (—bz?) / [ exp(—ba?)dz,b = 15. The
right panels show the contours of the densities at ¢t = 22.

1.2.2 Decompositions of normal form games and statistical mechanics

Special classes of games such as potential games, zero-sum games, and stable
games have received growing attention because of their respective analytical ad-
vantages. For instance, in potential games, every player’s motivation to choose or
deviate from a strategy can be described by a single function, called a potential
function. In the third chapter of the dissertation, we develop various methods of
decomposing normal form games, viewing the set of all games as a vector space and
exhibiting bases of important subspaces : e.g., the subspaces of potential games
and zero-sum games.

Given a game A, Nash equilibria are invariant with respect to the following

payoff transformation: the transformation that adds the same constants to any



column of A. This is because the transformation keeps the payoff difference between
two strategies of a player unchanged for a given strategy of her counterpart. Then
the invariance property induces equivalent classes in the space of normal form
games and we study potential games and zero-sum games defined on such equivalent
classes.

In particular, we show that every game A, up to this equivalence relation ~, can
be decomposed into a part belonging to potential games and another part belonging
to a special class of zero-sum games, namely zero-sum games whose row sums are

all zeros (called anti-potential games):
A~S+N, (1.3)

where S is a symmetric matrix (so a potential game) and N is an antisymmetric
matrix (so a zero-sum game) whose row sums are all zeros.

Then we proceed to show that when the number of strategies is three, the
Rock, Paper and Scissors game is the only anti-potential game. When the number
of strategies is more than three, every anti-potential game can be written as a
linear combination of the “extended” Rock, Paper, and Scissor games — a game
whose three strategies give the payoffs of the Rock, Paper, and Scissors games with
other strategies giving zero payoffs. We further decompose a potential game (e.g.,
S in (1.3)) into a game with a dominant strategy and its remaining part. And the
remaining parts turn out to be a special class of potential games - potential games
whose row sums are all zeros. In sum, a given game A can be decomposed, up
to equivalence, into three parts: a potential game whose row sums are all zeros, a

game with a dominant strategy, and a zero-sum game whose row sums are all zeros:
A~K+ D+ N, (1.4)

where K is a symmetric matrix whose row sums are all zeros (a special potential

10



game), D is a matrix whose elements in each row are constant (so has a dominant
strategy), and N is an anti-symmetric game whose row sums are all zeros (an

anti-potential game). For example, one can decompose

10 -5 3 9 0 0 0 -3 3 1 -2 0

4 13 -3 T low o|T]3 o -3|T|[1 -2 0

-2 1 12 0 0 12 -3 3 0 1 -2 0
9 0 0 0 -3 3

0 0 12 -3 3 0
S N
9 0 0 7 -4 -3 000 2 4 3
015 0] = |-4 9 —5|T|222[T]2 43
0 0 12 -3 -5 8 111 2 4 3
7 —4 -3 00 0
~ -4 9 5|72 2 2
~3 -5 8 111
K D

11



The decomposition in (1.4) immediately implies the decomposition of vector fields
of the replicator ordinary differential equations, since the replicator dynamics are

linear with respect to the matrix of a game:

Fi(z) = z((Kz); —2"K + z((Dx);—2"D + N

~
potential part monotonic part conservative part

©

where x denotes the population fractions of each strategy and F; denotes the ith

element of the replicator vector field. We also consider other applications in chapter

3.

1.2.3 Hierarchical multi-scale models: Coarse-grained Markov chains

In the final chapter, we derive coarse-grained Markov chains from the spatial
stochastic evolutionary models. The derived coarse-grained models generalize the
matrix models of evolutionary games with two groups of individuals introduced by
Taylor (1979). Of particular interest is a hybrid system which models interactions
among groups with different scales.

For example, we consider two populations of size N; and N, such that N; < N,
so the size of group 2, Ny, is much greater than that of group 1, Nj. In this case,
by considering the scaling limit, N, — oo, we obtain a hybrid system where the
dynamic of the group of size, N,, follows deterministic evolution, while that of the
group of size, Ny, remain a stochastic process.

More concretely, consider a two strategy game with 1 and p being the population

fractions using the first strategy of a game in each group, respectively. Then n takes

1 Nl
PNy N

a value from a discrete set, {0 , 1}, while p takes a value from a continuum

12



set, namely the unit interval. When the strategy revision rate is imitative, from
the coarse graining of the original microscopic system we obtain the birth-death

rates:

cr(n,p) = [B1(n— (1) + Balp — C2)]+ ;e p) = [B1(C —m) + Ba(Ce — P)h

where 3; > 0 and 0 < (; < 1. Then the coarse-grained stochastic processes yield

Lof(n) = (L=mnes(n, p)(fn+ w7) — Fm) +n(L = n)e—(n,p)(f(n — ) — F(0))

% = Bap(1 = p)(p— Cs) + Bap(1 = p)(n — C4)
(1.5)

where f is a function defined on {0, N%"'Nzlv:l’ 1}.

Note that if N3 — oo, (1.5) becomes the replicator ordinary differential equa-
tions accounting within-group and between-group interactions. This, in particular,
illustrates that the replicator ordinary differential equations may be a good approx-
imation when two group sizes are equally large, but would be a poor approximation
when the size of one group is relatively small to that of the other. Interesting social
interactions usually involve such asymmetry between the sizes of groups; a small
number of sellers competes for a large number of customers who are spatially lo-
cated (e.g., telecommunication providers). Thus, in those instances, the hybrid

model (1.5) provides the better approximation of the original stochastic process by

retaining the microscopic fluctuations of smaller group’s behavior.

1.3 Future Research Agendas

The future research agendas related to the dissertation projects include :

e The rigorous treatment of traveling wave solutions. One of widely

studied ordinary differential equations among game theorists and biologists
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is called the replicator dynamics, which can be derived from the imitative up-
dating rule. The spatial version of the replicator dynamics for a two strategy

game is given by

O h= (= DT« JBT * T =~ FO =T ABC T« )] (16)

where ( is a constant function such that 0 < ¢ < 1 and [t], = max{t,0}.
Unlike the logit dynamics, there is no existing rigorous result on the existence
of standing or traveling wave solutions, though we observe such phenomena

in the numerical simulations.

Pattern Formation and Meta-stability. In numerical simulations, we
frequently observe the formations of patterns or the metastable states where
both strategies coexist for a long run in the replicator dynamics. The metastable
behavior for scalar reaction-diffusion equations was studied by Carr and Pego
(1989)(See also Duncan, Grinfeld, and Stoleriu (2000); Otto and Reznikoff
(2007)). Similarly to questions on traveling wave solutions, there is no existing
rigorous study on the conditions for the pattern formations and metastability

of the replicator equations (equation (1.6)).

Large Deviation. Large deviation tools provide a powerful method to com-
pute asymptotically small probabilities on an exponential scale to study fluc-
tuation around deterministic path. To investigate the role of stochasticity in
the spatial stochastic processes, one can derive large deviation functionals for
the system and use Freidlin-Wentzell theory to account for stochasticity at

the meso-scopic level.

Stochastic PDE (SPDE) Approximation. SPDE approximation was

used to study phase transitions of interacting particle models such as the

14



long-range contact processes and voter processes (Durrett, 1999; Mueller and
Tribe, 1995). This approximation is better than the deterministic one in the
sense that it retains the stochastic fluctuations, still reducing the complexities

of the original system.
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CHAPTER 2

DETERMINISTIC EQUATIONS FOR SPATTAL

EVOLUTIONARY GAMES

2.1 Spatial Games and and Strategy-Revision Processes

In models of spatial evolutionary games, agents are located at the sites of a
graph and play a normal form game with their neighbors. The graph A is assumed
here to be a subset of the integer lattice Z%. We focus on a single population
playing a normal form game, but the generalization to multiple population games
is straightforward. A normal form game is specified by a finite set of strategies S
and a payoff function a(i, j) which gives the payoff for a player using strategy i € S
against strategy j € S.

The strategy of the agent at site x € A is o5 () € S, and we denote by o =
{oa(x) : x € A} the configuration of strategies for every agent in the population.
With these notations, the state space, i.e., the set of all possible configurations, is
SA. The subscript of o will be suppressed, whenever no confusion arises. As in
Young (1998, chapter 6), positive weights W(z — y) are assigned to any two sites x
and y to capture the importance or intensity of the interaction among neighbors.
Note that this assumes that these weights depend only on the relative location x —y

between the players (i.e., translation invariance). It is convenient to assume that
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total weight that site x attaches to all its neighbors is normalized to 1, i.e.,
ZW(m—y} ~ 1. (2.1)
yeEA

The site y is called a neighbor of  whenever W(x — y) > 0. An individual agent,

at site x with strategy ¢ given a configuration o, receives an average payoff

u(z,0,i) =Y W(z —yali,a(y)). (2.2)

yeA

If the weight WV is interpreted as the probability with which an agent samples his
neighbors, then u(z,0,1) is the expected payoff for an agent at x choosing strategy
1 if the population strategy profile is o. Or one may think that an agent receives an
instantaneous payoff flow from her interactions with other neighbors (Blume, 1993;
Young, 1998; Young and Burke, 2001). The specific examples of such weights are

as follows:

Example. The following weight specifies uniform interactions where agents

attach an equal weight to every interaction with their neighbors.

1
W(a:—y)zﬁforallx#y,

where n¢ is the total number of individuals in the system. When the weight are
given by the following formula
sq ifle—yll=1

2d

W(r —y) = :

0 otherwise

the interactions are called the nearest neighbor interactions in which interactions
only arise between nearest sites (Blume, 1995; Szabo, 2007).
In this chapter we concentrate on long range interactions where each agent in-

teracts with as many other agents as in the mean-field case, but the interaction is
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not uniform. This limit is known as “local mean field model” (Comets, 1987) or
“Kac potential” (Lebowitz and Penrose, 1966; DeMasi, Orlandi, Presutti, and Tri-
olo, 1994; Presutti, 2009). More specifically, let 7 (z) be a non-negative, compactly
supported, and integrable function such that [ J(z)dx = 1. We assume that W
has the form:

Wiz —y) =1 T (v(x —y)), (2.3)
and we will take the limit A~ Z? and v — 0 in such a way that v~¢ ~ |A| ~ n?.
Here n? is the size of the population and | | denotes the cardinality. Hence the
factor 44 is chosen in such a way that Y W(z—y) ~ [ J(x)dz =1, so W (z —y)
indeed represents the intensity of interactions. Note that in (2.3) the interaction

Lif J is supported on the ball of radius R. So as

vanishes when ||z —y|| > Ry~
v — 0, an agent interacts very weakly but with a growing number of neighbors in
the population.

The time evolution of the system is given by a continuous time Markov process
{0, } with state space S*, in which each agent receives, independently of all the other
agents, a strategy revision opportunity in response to his own exponential “alarm
clock” with rate 1, and then updates his strategy according to a rate c¢(x,0,k) —
the rate with which agent x switches to strategy & when the configuration is o.
This process is then characterized by a generator :

(Lg) (0) =Y clx,0,k) (9(c™*) — g(0)) (2.4)

z€EA keS

where g is a bounded function on S* and

oly) ify#ua

k ify==x

represents a configuration where the agent at site x switches from his current strat-

egy o(x) to a new strategy k.
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If the stochastic process can introduce a new strategy that is not currently used
in the population, this case is called innovative (Szabo, 2007). When a strategy
which is not present in the population does not appear under the dynamics, the
dynamics are called non-innovative. Furthermore if, upon switching, agents only
consider the payoff of the new strategy we call the dynamics targeting. In contrast,
when agents’ decision depends on the payoff difference between the current strategy
and the new strategy the dynamics are called comparing. To define the rate, let

us introduce

w(x, 0, k) = Z W(l’ - y)(S(O'(y), k)

yeA

where 0(i,7) = 1 if i = j and 0 otherwise; w(x, 0, k) can be interpreted as the
probability for an agent at site z to find a neighbor with strategy k, provided
the neighbors are sampled with the probability distribution W(x — ). Let also F
denote a non-negative and non-decreasing function. We have the following examples
of rates.

e Targeting and Innovative: This case arises if ¢(x,0,k) = F(u(x,0,k)) and
F > 0. For example,

cnp(x,0,k) =exp(Bu(zx,0,j))

where [ is a non-negative constant. If

B exp(fu(z, o, k))
TN = 5 exp(Bula. 1) 29

the rate is called “logit choice rule” in the game theory literature, and it is a
generalization of the “Gibbs sampler” in statistics and of the “Glauber dynamics
"of physics. Here the inverse of § captures the noisy level; § = 0 means the
uniform randomization of strategies, while the choice rule tends to the best response

rule as [ approaches the infinity. In particular, when the normal form game is a
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potential game, the corresponding Markov chain satisfies detailed balance and its
invariant distribution can be explicitly expressed as a Gibbs distribution. Next,
let BR(z,0) := argmax;esu(x,0,i) be the set of best response strategies for
individual z when the configuration is ¢. Then another version of perturbed best

response can be written as

c(x,o,k) = L5 1BH
ﬁl—é' if k ¢ BR(z,0)

e Comparing and Innovative: Therateis c¢(z,0,k) = F(u(x,0,k)—u(z,0,0(x)))

and is comparing and innovative provided F' > 0. When

c(z,0,k) =min {1,exp(8 [u(z, 0, k) — u(z,0,0(z))],)},

the rate corresponds to a generalization of the well-known Metropolis algorithm.
The Markov process, in this case too, satisfies the detailed balance for potential
games and has the same Gibbs invariant distribution as Glauber dynamics (Szabo,
2007). Here, the parameter [ plays the similar role to the logic choice rule. When
B = 0,the strategy revising agent is indifferent between his current strategy o(x)
and new strategy k regardless of the payoffs, while as § — 0 the importance of the

payoffs becomes significant. More generally, one can consider
c(z,0,j) = Glulz,0,j) —u(z,0,0(z)))

with

1 ift>0
Metropolis Gy (t) =

exp(pt) ift<0

1

Baker GB(t) = ]_—I—Tp(—ﬁt)
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Generalized e () = ooy (L2 (Gexp(=pt)") ift >0
Metropolis m (1+2(lexp(Bt))’) ift<0
for v > 1. We note that when v =1 G, (t) = Gy (t) and as vy — 00, G4(t) = Gp(?)
for t # 0.
e Comparing and Non-innovative: Suppose that when an individual receives
a revision opportunity, she chooses to switch strategies with a probability that is
linearly increasing in her neighbor’s payoff. For example, individuals might revise

when their neighbors’ payoffs reach a certain threshold (emulation) level. The

strategy revision rate (called the imitation of success) is
C(fE,O’,j) = w(x,a,j)F(u(x,a,j) - K)>

where K is some positive constant. Alternatively, one can consider has the following

imitation rate
c(x,0,k) =w(z,0,k)F(u(z,0,k) —u(z,o,0(x))). (2.6)

Here, the first factor w(x, o, k) is the probability for an agent at x to choose an
agent with strategy k and the second factor F(u(z,0,k) — u(x,o,0(x))) gives the
rate at which the new strategy k is adopted (Weibull, 1995; Benaim and Weibull,

2003; Hofbauer and Sigmund, 2003). The standard example is
(z,0,k) = w(z, o, k) [u(z, 0, k) — u(z,0, 0())], (2.7)

where [s], = max{s,0}. As a variant of (2.6), one can simply assume that the rate

+
of imitating is proportional to the current payoff difference between the imitating
person and the imitated person regardless whether doing so actually increases one’s
payoff or not. In this case the following strategy revision rule arises:

clx,0,k) =Y W(x —9)d(o(y), k) F(uly,o.k) = u(z,0,0(z)))  (2.8)

yeA
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The rate (2.7), in the mean-field case, gives rise to the famous replicator ODEs

as the deterministic approximation. More generally if F' in (2.6) satisfies
F(s)— F(-s) =s, (2.9)

then the corresponding mean field ODE is the replicator dynamics. Note that

[s] . satisfies condition (2.9). In the chapter we frequently use
1
F, (s) := —log(exp(krs) + 1) (2.10)
K

and it is easily seen that the function (2.10) satisfies (2.9) and converges uniformly

to [s], as kK — oo; hence (2.10) can serve as a smooth regularization of (2.7).

2.2 Meso-scopic Limits

2.2.1 Basic setup

We consider the limit v — 0 in equation (2.3); i.e., the interaction range %

becomes infinite and the agent at x interacts with a growing number of agents. In
order to obtain a limiting equation, we rescale space and take a continuum limit.
Let A € R? (meso-scopic domain) and A” := 4 ~'A N Z? (microscopic domain). If
A is a smooth region in RY, then A" contains v ¢|A| lattice sites and as v — 0,
~A"Y approximates A.

At the meso-scopic scale the state of the system is described by the strategy
profile function f;(u,i) — the density of agents with strategy ¢ at w. The bridge
between microscopic and meso-scopic scale is given by the empirical measure 7

defined as follows. For (v,j) € A x S, let d(, ;) denote the Dirac delta measure at

(0,J)-
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Definition 2.2.1 (Empirical measure) The empirical measure 77 : S*" — P(Ax
S) is the map given by

1
o) i= M Z 0 (va,0(2)) (2.11)

zeAY

where P(A x S) denotes the set of all probability measures on A x S.

In addition to the empirical measure, we define a measure m on A x S : for a

measurable function f,

f(u,0)dm(u,i) = Z fu,i)du

AxS icg JA
where du is the Lebegues measure on A. Our main result is to show that, under
suitable conditions,

7} — fym in probability, (2.12)

and f; satisfies an integro-differential equation. Since o, is the state of the mi-
croscopic system at time ¢, 7} is a random measure, while f; is a solution of a
deterministic equation. So (2.12) is in a sense a form of a time-dependent law of
large numbers. For this result to hold we need to assume that the initial distribution

for oy is sufficiently regular.

Definition 2.2.2 (Product measures with a slowly varying parameter) The
collection of measure {1, } is called a family of product measures with a slowly vary-

ing parameter if j, = @,y po on S* and there exists a profile f(u,i) such that
p. ({i}) = f(yz, i)
The following definition gives a bit more general initial distributions:

Definition 2.2.3 (Probability measure associated to an initial profile) A se-

quence {1"},~o of probability measures on S* is associated to an initial profile
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f € L>®(A x S) if for every continuous function g : A x S — Ry and for every

e > 0, we have

~¥—0

, 1 1 : : 4
lim 7 § o4, : Tl Z g(yx,on (7)) — Al /g(u,z)f(u,@)dudz >ep =0
T zeh,
(2.13)

where ., € Shy

Then from Proposition 0.4 in Kipnis and Landim (1999), a family of product
measures with a slowly varying parameter { ,uv}w satisfies (2.13). Furthermore, we
focus on two types of boundary conditions:

(a) Periodic Boundary Conditions. Let A = [0,1]? and suppose that A7 =
7y TANZY =0, %]dﬂZd. Then we extend periodically the profile fi(u,i) and the
configuration o4+ on R? and Z?. Equivalently we identify A with the torus T¢ and
similarly A” with the discrete torus T7.

(b) Fixed Boundary Conditions. In applications it is also useful to consider
the case where the configurations in some regions do not change with time. Let
A C T C R?be aregion. Then the “boundary region” is given by OA := I'\A where

agents do not revise their strategies. Since J is compactly supported, we can take,

for suitable r > 0

I:= U B(u,r),
ueA
where B denotes a ball centered at v with radius 7.

2.2.2 Main results

Consider first the case with periodic boundary conditions. The assumptions on
the interactions weights WY (z — y) are
(F) WY (z —y) =T (y(x — y)) where J is nonnegative, continuous with com-

pact support, and normalized, [ J(z)dz = 1.
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The meso-scopic strategy profiles are described by functions f € M(T? x S)

where
M(T?4 x ) := {f 10 < f(u,i) <1, Zf(u,z) =1forallue Td} :
Let {0/}, be the stochastic process with generator L7 given by

(Lg)o) = > > (x,0.k) (9(a™) - g(0)) (2.14)

zeTdy k€S

for g € L‘X’(STM). The assumptions on the strategy revision rate ¢?(x, o, k) are

that there exists a real-valued function
c(u,ik,m), ue T i,ke S, mecP(Tx5S)

such that

(C1) c(u,i, k,m) satisfies

lim sup |c'(z,0,k) —c(yz,0(x), k, 7)) =0,
v—0 Td,y
€T ,0€8 kesS

(C2) c(u,i, k,m) is uniformly bounded: i.e., there exists M such that

sup le(u, i, k,m)| < M,
ueTd i keS,meP(TexS)

(C3) c(u,i, k, fm) satisfies a Lipschitz condition with respect to f : i.e., there
exists L such that for all f;, fo € M(T? x S)
s c(u,i,k, fim) — c(u, i, k, fam)| < L[ f1 = follpr(paxs) -
Hereafter we abuse the notation by denoting c(u, 1, k, f) := c(u, i, k, fdu di) =
c(u,i,k,m) for a measure m that is absolutely continuous with respect m (so

m = fm for some measurable function f). In the section below we show that all
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the classes of rates given in the examples in Section 2.1 and several others satisfy
conditions C1—C3. For example, if ¢'(z,0,k) = F(u(z,0,k) —u(z,0,0(x))), with
u(x,o,i) =3, W (z—y)a(i,o(y)) and the weights W7 (z —y) satisfy condition F,
then

clu,i,k, f)=F (Z a(k, )T * f(u,l) —a(i,1)T * f(u,l)) (2.15)

les

satisfies condition C1 — C3 (recall that J x f(u,l) := [T (u —v)f(v,l)dv is
the convolution of J with f). A slight modification of (2.15) yields corresponding
expressions for each choice of ¢"(x, 0, k) previously given. Note that when f; and
fo are constant over T or there is no spatial dimension, f; and f, can be regarded
as points in the simplex A. In this case C3 reduces to the Lipschitz continuity
condition in Benaim and Weibull (2003, p.878) and, in this way, C3 generalizes
their conditions.

Theorem 2.2.4 shows that the stochastic process 77, has a deterministic limit.

Theorem 2.2.4 (Long Range Interaction and Periodic Boundary Condition)
Suppose the revision rate satisfies C1—C3. Let f € M(T9xS) and assume that the

wnitial distribution {,tﬂ}7 15 a family of measures with a slowly varying parameter

associated to the profile of f. Then for every T > 0
lim 7] = fym in probability
¥—0

uniformly for t € [0,T] and f, satisfies the following differential equation: for

ueTdies

SR = ek i )i k) = i) S ewik ) (216)

keS kesS

f0<u7 Z) = f(U, Z)
Next consider fixed boundary conditions. In this case, the stochastic process,
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{o+}+>0, is specified by the generator L7

(L7g)(or) = Y >z, om0, k)(g(or) — g(or)) (2.17)

zeNY k€S

for g € L>=(S""). Note that the summation in terms of z in (2.17) is taken over
A7, which represents the fact that only individuals in AY revise their strategies,
whereas the rate depends on the configuration in entire I'”. For a given f € M, its
restriction on A is defined by fa(u,i) : fa(u,i) = f(u,i) if u € A and fr(u,i) = 0

if u e A°.

Theorem 2.2.5 (Long Range Interaction and Fixed Boundary Condition)
Suppose the revision rate satisfies C1—C3. Let f € M(I'4x S) and assume that the
wmatial distribution {,zﬂ}V is a family of measures with a slowly varying parameter

associated to the profile of f. Then for every T > 0

1
}/i{)I%) Ty, = mft m in probability

uniformly for t € [0,T] and fi = far + forr satisfies the following differential
equation: foruel',i € S

D pwd) = X elu ki f)fas(uk) — Fao(ud) X c(uisk, f) (2.18)

ot kes kes

fo(u,i) = f(u,i)

Note that c(u, k,i, f) = c(u, k,i, fa+ faa) is given by the similar formula to
(2.15) with J*f(u) = [ J(u—v)f(v)dv for u € A; so the rates depend on fyy as

well as fj.

2.2.3 Heuristic derivation of the differential equations

In this section we justify, heuristically, the IDEs obtained in Theorems 2.2.4

and 2.2.5. For simplicity we assume periodic boundary conditions but the other
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case is similar. The differential equations (2.16) and (2.18) are examples of input-
output equations. In particular, by summing over the strategy set, it is easy to
see that ). o fi(u,7) is independent of ¢ and therefore if fy € M, then f;, € M
for all t. Also the space M can be thought of as a product over the space of
the standard strategy simplex A of game theory, i.e., M =[], .ra A. As shown
in evolutionary game theory textbooks (Weibull, 1995; Sandholm, 2010b) one can
derive heuristically the ODEs from corresponding stochastic processes. The main
assumption used there is that the rates depend only on the average proportion of
players with a given strategy. In this section a similar heuristic derivation from
microscopic processes in the case of the spatial IDE (2.16) is provided where global
average is replaced by spatially localized averages as expressed in the limit of the
empirical measure (2.11).

For microscopic sites x and y, let us denote by u = vx and v = vy the corre-
sponding spatial positions at the meso-scopic level. For the sake of exposition let

us suppose that ¢”(z, 0, k) is given by
A(x,0,k) = F(u(x,0,k) —u(z,0,0(z)).

For any continuous function g on T? x S, by the definition of the empirical measure

(2.11) we have the identity

1
T

> glmote) = [ gluidmyi).

x€TdY

Since |Td’7} ~ v~ and if we assume that 77 (o) — fdu di, we obtain

l 3" gt @)= [ g idm(ud. (219

zeTd: TIx5
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Using (2.19), we find

iy 3 47 (o= m)alkeol)) = [ alkDIw=0)f.Ddm(v.])
= > alk,)Txf(u,l).
les

Therefore if o(z) = i we then obtain
CV(.I,O',]{Z) = F(U(LC,O',]{?) —U($,07U(I)>

= F| Y T (w—walkoy)— > T (vz—)alo(x),0y))

— F <Z a(k, )T+ f(u,1) = > al(i,)T+f(u, l)) = c(u, i, k, f),
les les

and this gives equation (2.15). After having identified rates, we can now explain

how to derive the IDE (2.16). We write

(o= [ atwidry (fa)i= [ glwifuidnu.i),
TdxS TdxS
where we view (77, ¢) as a function of the configuration o. The action of the
generator on this function is

o) =X [ elwiohom) (g ) - o) o).

kesS

From the martingale representation theorem for Markov processes (for example see

Ethier and Kurtz, 1986) there exists a martingale M7 such that

(72, 9) = (1, 9)+ / s> / c(u, i, k,73.) (9(u, k) — g(u,)) dmy (u,i)+M{".
kes / TIxS
(2.20)
As v — 0, one proves that M7 — 0. Thus if 77, = f; m as v — 0, equation (2.20)

becomes

(o) = o)+ [ a3 [ etk ) ot h) = ousi) oo im )

kesS
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and upon differentiating with respect to time, we find

% = c(u,1 u, k) —g(u,i u,2)dm(u, i
<Gho>= X [ elwih ) (ot k) = glwi)) fluddmlui) (221

kes
which is the weak formulation of the IDE (2.16) obtained by integrating over u and
1. In the next section, we collect the existing results that are used in the proof of

Theorems 2.2.4 and 2.2.5.

2.3 Existing Results
Consider a bounded function F': R, x E — R

(1) F(-,z) is twice differentiable for each z in E
(2) There exists C' such that

sup |()2F)(s,z)| < C for j =1,2
(s,z)

Suppose that we have a continuous time Markov chain {X,} with a generator
L. We define M*(t), N¥(t) by
t
MY (t) = F(t,X;) — F(0,X,) —/ ds(0s + L)F (s, X;)
0
t
NE@) = (MP(1)? — / ds {LF (2, X)? - 2F(s, X.)LF (s, X,)}
0
Lemma 2.3.1 (Kipnis & Landim (1999) p.330) Denote by {F;, : t > 0} the

filtration induced by the Markov process. The processes MY (t) and NT(t) are

Fi—martingale.

Let E be a complete separable metric space. Then D([0,T], E)-valued ran-

dom variable (or random element) is a stochastic process with sample paths in
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D([0,T], E) (or E-valued stochastic process). Let {X,} be a family of stochastic
processes with sample paths in (or random elements taking values from) D([0, T, E).
Let {P,} C P(D([0,T], E)) be the family of associated probability distributions,
ie. Py(B) = P{w: X, € B} for all B in the Borel o-algebra of D([0,T], E). We
say that {X,} is relatively compact if { P,} is relatively compact; i.e. if the closure
of {P,} in P(D([0,T], E)) is compact. In our case, E = P(A x S), the set of all
probability measures on A x S. Because of the following theorem, it is enough we

consider the case £ = R.

Proposition 2.3.2 (Kipnis & Landim (1999) p.54) Let{gy : k > 1} be a dense
subfamily of C(A x S) with g1 = 1. A family of probability measures {P,} on
D([0,T],P(A x S)) is relatively compact if for every positive integer k the family

P.g." of probabilities on D([0,T],R) is relatively compact. Here P,g; " is defined

by
P.gi.'(A) = P, {m. € D : (m.,g1) € A} for all Borel sets A of D([0,T],R)
where (., gx) : [0, T] = R, t — (74, gx) -

Next we provide the Prohorov criteria for the relative compactness for {P,} on
D([0,T],R). First we define a modified modulus of continuity in D = D([0,T],R).

For x € D and T, C [0,T], put
wy(Ty) = sup {|x(s) — x(¢t)| : s,t € To}

and

we(8) = sup  wy[t,t+ I
0<t<T—5

For 0 <6 < T, put

"(8) = inf ti 1.t
w,(6) }g}gggﬁgwx[z 1, 1)
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where the infimum extends over the finite sets {¢;} of points satisfying
O=tg<t; < <t =1
ti—ti_1>(5, @':1,2,---,7‘

Then we see that lims_,ow!, (0) = 0 is necessary and sufficient for x to lie in D.

Theorem 2.3.3 (Prohorov; Billingsley (1968) p.125) The sequence {P,} is
relatively compact if and only if the following two conditions hold:

(i) For each positive n, there exists an a such that
P {x :suplz(t)] >a} <n, n>1
t

(ii) For each positive € and 1, there exist a 6, 0 < 0 < 1, and an integer ny such
that

P {z:wl (8) > €} <n, n>ng

For the condition (ii) in Theorem 2.3.3, we have the following sufficient condition
due to Aldous (1978). Let {7,,d,} be such that
(i) for each n, 7, is a stopping time on the process { X,,(t) : 0 < ¢ < T'} with respect
to the natural filtration

(ii) for each n, d, is a constant, 0 < 4, < T and d,, — 0 as n — oo.

Proposition 2.3.4 (Aldous (1978)) A sequence of probability measures { P,} on
D satisfies condition (ii) of Prohorov theorem if an associated sequence of random

elements { X, } satisfies
P{w: | Xp(Th+ 6n) — Xpn(Tn)| > €} — 0 for alle >0

for {Tn,d,} satisfying (i) and (ii)
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Note that we abuse notations by writing 7, + 0, = 7, + 0, AT, 7, = T, A
T. Finally we use the following proposition to conclude the theorem. We write
P, = P when P, converge weakly to P. Then P, = P implies P,h~! = Ph™!
when £ is continuous, where P,h7'(A) = P, {z : h(x) € A}. Let D}, be the set of

discontinuity of h. Then D, is measurable.

Theorem 2.3.5 (Billingsley (1968) p.30) If P, = P and P(Dy) = 0, then
P,h~' = Ph~!

The proof of Theorem 2.2.4 and Theorem 2.2.5, which we present in the next
section, is a variation on the proof given in Comets (1987), Kipnis and Landim
(1999), and Katsoulakis, Plechac, and Tsagkarogiannis (2005). Unlike these papers,
in the case of non-innovative dynamics studied here there is no detailed balance
condition, however the meso-scopic limit of the type (2.12) can still be carried out
in the Kac scaling (2.3). Using the martingale representation (2.20), we show that
{Q"} .+ & sequence of probability laws of {wgt}y, is relatively compact. We then
show that all the limit points are concentrated on the weak solutions of (2.18) and
on measures absolutely continuous with respect to Lebesgue measure. Finally we
demonstrate that the weak solutions of (2.18) are unique so that we conclude the

convergence of Q? to the Dirac measure concentrated on the solution of (2.18).

2.4 The proof of Theorem 2.2.4

We first show that condition C1—C3 are satisfied for the following strategy

revision rates:
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o " (x,0,k) =F (u(z,0,k))

C(uai’khf):F(Zla(ivl)j*f(u’l))

o ¢ (z,0,k)=F (u(z,0,k) —u(z,0,0(x)))

clu, ik, f)=F (> lak,l) —a(@,D)T = f (u,l))
o ¥ (z,0,k) =3, wx,y,0,k)F(u(z,o0,k))
clu,i,k, =T * f(u, k) F (>, a(k, 1) T * f (u,1))
o (x,0.k) =3, w(z,y,0,k)F(u(z,0,k)—u(z,0,0()))

c(u, i, k, f) = T * [ (u, k) F (3 [a (k1) —a (i, )]T  f (u,1))
oV (.I‘ o, ]{7) exp(u(z,o,k))

> exp(u(z,o,l))

exp(T* f (1,k))
c(u, ik, f) = 5= (o)

if F' satisfies the global Lipschitz condition: i.e., for all x,y € Dom (F), there
exists L > 0 such that |F(x) — F(y)] < L]z —y|. Note that the list above is
far from being exhaustive; one can easily invent various other rates which satisfy
C1—-C3. Since the verifications of the conditions are similar, we will check the
conditions for the following rate (2.22) in the periodic domain.

a,ok) = Y T,y (Zv (k,0(2)T (vy.72) — Y _ (o ))J(vme))

yeEMA, 2€Z4 2€Z4
{o(y)=k}
(2.22)

Lemma 2.4.1 The rate given by (2.22) satisfies C1 — C3.
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Proof. In the proof we set a;; := a(i, j).Let

Gy (u,v,i,k,0) Z Yok o (T (V,72) Z V002 T (U, 72))
z€74 2€74
G(u,v,i,k,m) + = F(|[ ar J (v, w)m(dwdl) — |T| ayJ (u, w)w(dwdl))
I'xS I'xsS
cluwsicbm) o =0 [ Glav.d b (. o)n(do, ()
r

First we show that

sup Z vdak,am(z)j(Vy,vZ) —|T] ar1J (ry, w)mFW (dwdl)| — 0
aryeejgrv €L s
kes

This follows from

> Vakor, T (w.2) = T | anT (ry, w)me (dwdl)| <

el I'xs

1t
> Vlakor, (T (W9, 72) — ] > hor (T (9,72)| <
v

zel'y zely

r
4 ’ | Z a'k,o'(z)j(,yyvfyz) <

’F’Y‘ ZEF»Y

|7* T = [T|| M — 0 uniformly in y, o, k

where M := sup a;;J (u,v). Next we have

i,ku,v

cy(z,0r,, k) = c(yz,or, (x), k, WUFV)

= Z ’ydj(’7$,7y)G7(’Y$,’)/’y,O'AWQT),/{Z,O'Av)—
yEAy {o(y)=k}

4mﬁﬂwmmwmwmemw%www

IN

Z Vdij? ryy) <G»7(’}/l’, VY, OA, (l’), k? O-A'y) - G(’Yma v,0r, (l’), k? 71—O'A,Y)>

yEAW,{U(y):k}
a I
T m Z j(’y%,’yy)G(fyx,U,O'rw (JI), k’ﬂ—ko)
T yehy fo(y)=k}

=I+1I
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It is easily seen that I/ — 0 uniformly in z,or_,k since G is uniformly bounded.

For the estimate of I, we have

‘Gv(anWLUAW(x)ak’aUAW) - G(’YZE,U,O'F,Y(ZE),]{?,WO-A’Y)‘ S

FOY A ko T (10,72) = > 70y @005 T (72,72))

2€7Z4 2€74

_F(’F|/ ak,lj(7y>w)7ra/\.y (dwdl) - ‘Fl/ aaAv(r),lj<7:E>w)7TUA.y (dwdl)
I'xS I'xsS

< LD A kor, (T (:72) = U | anT (g, w)me, (dwdl)| +
zel xS
X
LY Y0y @)or, 0T (v2,72) = [T Aoy ()1 (7T, W) 7o, (dwdl)
z€T, I'xs
< L osup | ke, 5T (v,72) = |T / kT (vy, W)y, (dwdl)| +
yehy | o1 I'xS
O'F,YGSF'Y K
keS
L I J(vz,vz) — |1 J( )Ty, (dwdl)
sup YV Qop, (z),0r, (2)J VL, Y Qop, ()1 VT, W)Toy AW
€A, sel I'xs
O'F,YGSF'Y v
kesS

— 0 uniformly in x,y,04.,k

by 1. Hence the result follows. C2 follows from the fact that G(u,v,i,k,m) is

uniformly bounded. For C3, we have

le(u, i, k, fidudi) — c(u, i, k, fadudi)| <

'm/ra(u,v,z’, B, fadudi) T (u,v) (0, k) — fo(v, k) dv| +

'[P| /F(G(u,v,i, k, fidudi) — G(u,v, i, k, fodudi))J (u,v) fao(v, k)dv

=I1+1I
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Since G is uniformly bounded,

I <C|fi = foll
Also

G (u,v,1, k, frdudi) — G(u,v,i, k, fodudi)| <

’F(|F[ apJ (v, w) fi(w, l)dwdl — |T| agJ (u, w) fi(w, l)dwdl)

I'xS I'xS

— F(|T| ap T (v, w) fo(w, l)dwdl — |T| ayJ (u,w) fo(w, l)dwdl)
I'xS I'xS

f; (j|’j1 - féHl}
using the Lipschitz condition for F. So we have [ < C'||f1 — fo|;1. ™

We use the following notations in the proof of Theorem 2.2.4 and Theorem 2.2.5.

e {3)} is the stochastic process taking values o, with generator L” given in equa-

tion (2.17) and the sample space D ([0,77],5").

e {II/} is the stochastic process for the empirical measure taking values m; with
the sample space D([0,T], P(A x S)) and we denote by Q7 the law of the process
{I1}} and by P the probability measure in the underlying probability space. The
stochastic process o, induces a measure-valued stochastic process ] := 7} for the
empirical given in equation (2.11). The proof of Theorems 2.2.4 and 2.2.5 are so
similar that we only prove Theorem 2.2.5.

For g € C'(T' x S) we set

h(o) = (71, g) | 7| Z g(vy,o (2.23)

yel™

We define M7, (M) as follows: for g € C(I" x .S)

MEY = (117, g)— (113, g) — / L7 (I, g) ds, (M) = / (LY (I, g)? — 2 (IT7, g) L (ITZ, g)] dis
(2.24)
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Since h is measurable, so M7 and (M;/") are F;—martingale with respect to P,
where F; is the filtration generated by {3;} (Ethier and Kurtz, 1986; Darling and
Norris, 2008).

Lemma 2.4.2 For g € C(I' x S) there exist C' such that
L7 (n7, g)| < C, |L7(x7,g)* = 2(n7,g) L" (x", g)| <~'C
Proof. For h in (2.23),we have
x,k 1
h(o™") = h(o) = ] (9(yz, k) — g(yz, 0(x))

and so we have equation (2.25) below. Now let ¢(c) := (77, g)*. Then

) = ale) = (3 ol ) = (3 alow o)
1 2
= x, k) — g(yx,o(x
P (g(yx, k) — g(yx,0(x)))
Y p (9(ya, k) — gy, 0(2)) Y 9(vy,0(y))
yeAY
Thus we have
L (x, g) = ﬁ S5 A o), k) (9w k) — 9w o(x)  (2.25)
keS xeAY

Z Z C7 flf U ( (’7‘7:7 k) - g(fyxuo-(x))Q

2
|I‘| keS zeAv

(2.26)
Therefore from C1 — C2, |[I7| ~ |T'|y~%and |A7| ~ |A]y~%, the results follow. m

We proceed by proving a series of lemmas. First we define M7 (M) as

follows: for g € C'(I' x 5)
t
MPT = (M)~ (Wg)— [ L (1) ds
0
t
a7y = [ [ g — 201 ) Ly (112.9)] ds
0
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Then h: Ry xI'y = R, (t,0) — h(o) = (17, g) = |r7| >_yer, 9(vy,0(y)) satisfies
the condition for lemma 2.3.1, so M} and (M;") are F,—Martingale with respect

to P7.
Lemma 2.4.3 Let g € C(I' x S). Then we have

L, (77, 9) = Z > eyl (9(yz, k) — g(vz, o(x)) (2.27)

keSmEA
L, <w,g>2—2<7rng>L (7", g) (2.28)
_ ¢, (x,0(2),k) (g(yz, k) — g(yz, o(x))*
|F | keS xeAy

Proof. Let h(o) := (77, 9) = ﬁ > zer, 9(y2,0(z)). Then

h(c®%) — h(o) =

2 2

™) —hio) = — [ 3 gm0 @) | — — [ 3 sl 0)

2
|F’Y| yEA“/

1
Sl (9(yz, k) — g (yx, 0(x)))

< (2 gy, o™ (W) + gy, k) — g(yz, 0(x))

yEN,
1 2
= E——— I, k - x;g X
TP (9(vz, k) — g(yz,0(x)))
+|F2\2 (9(r2, k) = g(vw,0(2))) 3 9(vy, o (v)
vy yeN,

Therefore equation (2.28) follows. =

Proposition 2.4.4 Let g € C(I' x S) and 77 and 6" such that
(1) 77 is a stopping time on the process {II] : 0 <t < T} with respect to the filtra-

tion F;.
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(2) 07 is a constant, 0 < § < T and 67 — 0 as v — 0.

Then for € > 0, there exists C' such that

‘cT 1o
(i) P {w: sup |MJP7| > e} < 762 and (i) P{w:|M% o — ME| > e} < 1 5

t€[0,7) €
> e} =0

Proof. We first show (iii). Let C' as in Lemma 2.4.2. Since 67 — 0, there exists

and there exists v, such that for v < v,

TY487
: / L7 (117, g) ds

~

(iii) P {w

7o such that 07 < 55 for v < 7. Then by Lemma 2.4.2

7—7+5"/
/ L7 (I, g) ds

~y

<57C'< , for v <.

For (i), let v be fixed first. Since (MJ7)? — (M) =0,P a.e. and (M{7)* — (M)
is F;—martingale, by martingale inequality and Lemma 2.4.2, we have,

VAOT

2

1 1
P {w : sup | M| > e} < EE [(Mjgﬂ)Q] =—E[(M7")] <

B =
t€[0,T] € €

For (ii), by Lemma 2.4.2, Chevyshev inequality, and Doob’s optional stopping, we

have

1 e 1 viC§7
Pw: | MEL, — ME| > ¢} < B (M2, — ME)?] = SB[(ME,,) — (M2)] < T
|

Next we prove an exponential estimate. We let rg(z) = e*l — 1 — 02| and

sg(z) = e’ — 1 — Ox for z, € R. We define

)= ) w0, k)ro(h(0™*)—=h(0)), ¥(o,0) =Y (x,0,k)sp(h(c™*)~h(0))

keS xeANY keS zeAY

Then, from Proposition 8.8 in Darling and Norris (2008), we have for M%” in (2.24)
Zgﬁf—exp{é’]\fg7 /1/127 6)d }
is a supermartingale for # € R. Now we let C, := 2sup |g(u, )|, C. :=sup|c’(z,0,k)|.
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Lemma 2.4.5 (Exponential Estimate) There ezist C' depends on Cy, C., S and

€0 such that for all e < eq we have

|A’7‘52
P {sup |[M77| > ep < 2e” TC

t<T

Proof. We choose ¢y < $ 15| CyC.T and let A = |m| S| C2Cee, 6 = 5. Then

since 7y is increasing in R,

ok 1 1 e A
ro (h(a™") — h(o)) <1 (ch §§ |A7|09 e\A\ for all o € S

where in the last line we used e* — 1 — 2 < 2 $ e® for all x > 0. Also for € < ¢,

190— 1 € 11|S]C§Cc<1<1
A0 VAT Y T A2 A T 2e
Thus
1 11 1
Y 202 V&Cg s - 2 2+ 2
/ o(X7,0)dt < |S||N| — |A| 2090 eI C T < <3 |S|OcheQT—2A6’T for all w €

So, since 1(a,0) < 6(a,0),

P{suthg’7>e} = P{SupZ‘”>exp6’e—/ (%], 0) dt}

t<T t<T

< P {Sup Z77 > explfe — —A92 ]}
t<T

‘Awl €
= e TC

< 3 APPT—0c

where we choose C' := 2|S| C}C.e. Since the same inequality holds for —M{7, we

obtain the desired result.

Lemma 2.4.6 (Relative Compactness) The sequence {Q7} in P (D ([0, T]; P(A x 5)))

15 relatively compact.
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Proof. By Proposition 1.7 in Kipnis and Landim (1999, p.54), we show that
{Q7g7'} is relatively compact in P (D([0,T];R)) for each g € C(A x S), where the

definition of Q¢! is as follows: for any Borel set A in D([0,7]; R)
Qg (A) == Q" {m. € D([0.T;P(A x 5)) : (m.,g) € A}

So, from Theorem 1 in Aldous (1978) and Prohorov Theorem in Billingsley (1968,
p.125), it is enough to show that

(i) for n > 0, there exists a such that

Qg { e D([0,T);R) : sup |z(t)] > } <nfory<i
t

(i)

P [(ILsp0) — (Thg)| > €} 0
for all € > 0, for (77,47) satisfying the condition (1) and (2) of Proposition 2.4.4.
For (i), since g is bounded, it is enough to choose a = 2sup |g(u, i)[; i.e., Q7g~H{z €
D ([0,T];R) : sup, |z(t)] > a} = Q' {~. : sup, |(m,9)| > a} = 0 since |(7.,9)| < a

for all 7. For (ii)

P{w: (I 5,9) = (I, 9)| > €}

< P {w | ME g — MEY| > E} +Pw: sup | M| > ¢
2 te[0.7) 2
de(;V
< 1 2 for v <y, chosen in Proposition 2.4.4

Let Q* be a limit point of {Q7} and choose a subsequence {Q"*} converging

weakly to Q*. Hereafter we denote the stochastic process defined on A” by {ZM}

42



and its restriction on I'” by {Zm} . With these notations, equation (2.24) becomes

(T, g) = (TI)", )+ / ds ) / e i, b, TIT) (g, k) — g, ) I (u, 1)+ MET
(2.29)

Let m € P(I" x S) and we define dmp := 1545 dm.

Lemma 2.4.7 (Characterization of Limit Points) For all ¢ > 0,

Q' {w. sup (mg) — (mavg) - | sy { [ ik m)laluk) - g(u,mdm,g} > } o,

t€[0,T) 0 s

i.e. the limiting process is concentrated on the weak solutions of the IDE (2.18).
Proof. First we define ® : D([0,7],P(A x S)) - R

T =

sup (rieg) = (o) = [ asS0[ [ ctwsibom ot k) — oo,

tel0,7 0 keS

Then @ is continuous, hence ®~1((¢,00)) is open. From the weak convergence of

{Q7} to Q,
Q {m.: ¥(7r.) > e} < lilrginf Q" {m.: O(m.) > €}

Also,

iCcT
Q' {m.:®(r.)>e} =P {w ; s[u% | M| > e} < 1 = (by Proposition 2.4.4) for v < v,
tefo,

The first equality follows from (2.29) and the following equality:

AV pe
Z 57062”( ) — |IW| Z (vz, 287 () — |IW|H

:cGF“/ﬁA zeANY

Lemma 2.4.8 (Absolutely Continuity) We have
Q*{m. : 7y is absolutely continuous with respect to m for allt € [0,T]} = 1.
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Proof. We define @ : D([0,T]; P(I' x S)) = R, 7. = sup,epo.r [(7, g)| - Then
® is continuous. Also

(77, 9)| %Z\gvxa I_Zl 7|Z|gvrf:l

:EGF’V les zel™

Thus

Sup|ﬂ-t7 |—Z|7|Z|ngl

t€[0.7] les zel

We write 7* be a trajectory on which all Q*’s are concentrated. Then II? 2, *
(convergence in distribution), so E (®(I17)) — E (®(x*)) . Also ﬁ Y ower lg(vz, )| —

Ji lg(u, 1) du for all I by the Riemann sum approximation. Thus,

sup [(m},¢)| = @(7") = lim E (®(I17)) < hmz ] 7| Z lg(yz, 1) / lg (u, )| dm(u,1)

te[0,T] 70 70 zely

Therefore, for all t € 0,77, for all g € C(T" x 5),

/ o(u, dr?| < / 19 (u, )] dm(u, )
I'xS I'xS

so for all t € [0, 7] 7} is absolutely continuous with respect to dm(u,i). ®

We also see that all limit points of the sequence {Q"} are concentrated on the
trajectories that equal to fOm at time 0, since

Q* {w. : ‘/g(u,i)dwo - ﬁ/g(u,i)fo(u,i)dm(u,i) > e}
< liminf Q™ {w. : ’/g(u,i)dﬁo - Fly/g(u,i)fo(u,i)dm(u,i) > e} =0,

where the definition of sequence of product measures with a slowly varying param-

eter implies the last equality by Proposition 0.4 Kipnis and Landim (1999, p.44).
So far we have shown that Q*’s are concentrated on the trajectories that
are the weak solutions of the integro-differential equations. Next we show the

uniqueness of weak solutions defined in the following way. Let A(f)(u,i) :=
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> owes C(u ki, ) fa(t,u, k) — falt,u, i) Y pegc(u, i, k, f). For an initial profile f° €
M, f € M is a weak solution of the Cauchy problem:

of

L= AU, fo=f° (2.30)

if for every function g € C(T' x S), for all t < T, {f, g) fo g) ds. Observe

that from C3 A satisfies the Lipschitz condition: there exists C' such that for all

(f) = Af) <c|f-f

L2(T'xS)

f.f € L= ([0.T]; L*(T x 5)),

L2(TxS)

Lemma 2.4.9 (Uniqueness of Weak Solutions) Weak solutions of the Cauchy
problem (2.30) which belong to

L>([0,T]; L*(T x S)) are unique.
Proof. Let f;, f; be two weak solutions and f; := f; — f;. Then, we have

(fe.9) = / (fs), >ds for all g € C(I" x 5)

We show that ¢ — ||ftHi2(FxS)

if |z] <1, :=0if |z] > 1, C' > 0is a constant such that [y, n(x)dz = 1. For € > 0,

is differentiable. Define a mollifier n(z) := C'exp (\xl%l)

set 1 (x) :== e %n(e 'x). For each u € T, i € S, define h{ ;(v, k) =1, (u—v) Lj—p
and
fe(u, i) == (v, k) — filv, k) hS (v, k)dm(v, k
ity [ (A0 ) = Flou) oo, R)dm{o, b
Then,
(Al = A b < HA(fs)—A(fs) e
< o lPill 2 < € sup. el

Since fy—f, € L ([0,T]; L*(T" x S)) and h¢,; € C(I'xS) for each u, 4, t — ff(u, i) is
differentiable and its derivative is f{'(u,i) = <.,4( f) — A(fo), b, Z> . Also, it follows
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that H finQ is differentiable with respect to ¢ and
d re r3 € re . .
Gl = [ 2( A0 = A He) FeCu iy,

b= [ (A - Adm frtidm | as
Then since ff — f, in || ||;. and f, € L= ([0,T]; L*(T x S)) for a given ¢, we
have | Hff”; - Hﬁ”; | — 0. Also because <.A(fs) — A(f.), hfm> — A(f)(u, 1) —

f_'te

SO‘

A(f)(u, i) for a.e.u, and all i,t, by the dominant convergence theorem we have

1 ellze = / E (AL = A(F). £.) ds.

SO H ﬁ”; is differentiable and

% 1l = (AU = AG). 1) < 2] At - AR

LAl < e IRl
Hence from Gronwell lemma, the uniqueness of the solutions follows. m

Lemma 2.4.10 (Convergence in Probability) We have

1
1) — |F—|ftm in probability .

Proof. So far we established Q” = Q* (converge weakly) and equivalently
17 — 7* in Skorohod topology (topology on D([0,T], P(T¢ x S))). If we show that
I} — 7 weakly in P (I'" x S) or equivalently II} A 77 in distribution for fixed

time ¢t < T, then we have
11; 5 77 in probability. (2.31)

Since II" — 7* in Skorohod topology implies IT] — 77 weakly for continuity points
of m* (p.112 Billingsley, 1968), it is enough to show that 7* : ¢ — 7} is continuous
for all t € [0, 7] to obtain (2.31). Let ¢, < T and {gx} a dense family in C(I" x 5).

Since

< (t —to) sup (A(my), gk)
s€[0,T

[ e, aas

to
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we choose § < min{1,e}. Then for |t —ty] < 4,

ft )s Gk ds‘ - 5sups€[0’T] (A(T%), gr) <5 SUPgeo,1) (A(5), gr)
1+ ft 1), gk) ds

so ||y _7Tto||7>(rxs) < eand 7 : ¢t — m is continuous, all ¢ € [0,7], thus all

€ [0,T] are continuity point of 7* m

From Lemma 2.4.10 we have, for ¢t <T

1
Hé\’y E) WfA’t m

So, from (2.20) we obtain

(o 9) = Uou g) / dsS / el |fs m(u,7) (g(u, k) — g(u, 3)) fasdm(u, i)

keS
Since [[7|TIF" = [AY|TIM + [A I, DT 5 fym, |A|TIA 5 faym, and

|Ac| TT)™" LN faem, we have fy = fa, + fae for all .

2.5 Spatially uniform interactions: Mean-field Dynamics

The goal of this section is to show that under the assumption of uniform interac-
tions the spatially aggregated process is still a Markov chain (such process is called
lumpable). Furthermore our IDEs reduce then to the usual ODEs of evolutionary
game theory, as it should be. The relationships between the various processes and
differential equations are illustrated in Figure 2. Let us take periodic boundary
conditions and uniform interactions, i.e., 7 = 1 on T¢. Let us further define the

aggregate variables

77’Y = ’Td,'y’ Z 5

xeTY

which counts the proportion of agents with strategy 4 in the entire domain T%7.

Note that this is obtained, equivalently, by integrating the empirical measure 77 (o)
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. approximate .
Macroscopic Proc. n, ——— Mean ODE p,(7)
Corollary4

aggregateTTheoremQ.S.l thggregate

approximate

Microscopic Proc. o Mesoscopic Equation f;(u, 1)

Theorem?2.2.4,2.2.5

Figure 2. The relationships between the stochastic processes and the
deterministic approximation.

over the spatial domain T¢. We observe that 17 depends on ~ only through the

d d _ 1 d

ie, n® = = and n

5 — o0 as v — 0. Furthermore since

size of the domain n
J = 1, the payoff u(z,0,k) depends on o only through the aggregated variable
n™(i). Indeed, we have
1 N oy
u(w,0.k) =~ > Y d(o(y). Dalk,1) = alk,i)n"(i)

yeTdn leS i€S

Thus for the strategy revision rates, if o(x) = j we define
MG k™) = (x,0,k),

since the right hand side is independent of z and depends only on ¢ through the
corresponding aggregate variable ™. Therefore 1} itself is a Markov process as we
will show in Theorem 2.5.1 below, and the state space for 7y is the discrete simplex
&= {r(iiesi S o) =1ty €. |

ic
To capture the transition induced by an agent’s strategy switching, we write

(i) if i # k, j

W) =q 06— & ifi=

n(i)+ -4 ifi=k

Thus 7/ is the state obtained from 7 if one agent switches his strategy from j to

k.

48



Theorem 2.5.1 Suppose the interaction is uniform, then n™ is a Markov chain
with state space A™ and generator
LMy () = nt(G)eli k) (g™ ) = g(n™)). (2.32)
keS jeSs

Proof. First, we define a reduction mapping, ¢ : S*" — A",

o= ¢(0), Plo

yGA"
For g € L®(A™R) we let f := go¢ € L®(S*";R), where f(c) = g(n). Then for

n = ¢(0), we have f(0™F) — f(o) = g(n°™*) — g(n) since

oe™)(0) = 3 3 B (1) + 2g0u({i}) = oo (D) = 740

yEA,

We check the case of imitative and comparing rates. Other cases can be treated as

a special case. By writing m”(k) := >, a(k,)n™(l), we find

Lof(o) = Y > n(k)F(m"(k) —m"(o(2)))(g(n”*) — g(n))

keS zeA,

- zz[z(smm)

keS jeS LxeA,

= Z Z nn(G)n(k)F(m" (k) —m"™(5)(9(n"*) — g(n))

keS jes

Co=3 Y M, g k) (g(F) — g(n))

keS jes

Thus we obtain
=3 0t (n, 4, k) (g(*) — g(n))
keS jes
and this makes {7,} a Markov chain and the rate is given by ¢ (n,j,k). =
The factor n? in (2.32) comes from the fact that in a time interval of size 1,
on average n? strategy switches take place, and among those, n9n™(j) are switches

from agents with type j. Theorem 2.5.1 shows that the stochastic process with
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uniform interactions coincides with multi-type birth and death process in popula-
tion dynamics (Blume, 1998; Benaim and Weibull, 2003). In addition, following
Kurtz (1970), Benaim and Weibull (2003), and Darling and Norris (2008), or as a
special case of our result (Corollary 2.5.2 below) we can obtain mean field ODEs.
Furthermore, at the meso-scopic level, the IDEs reduce to the usual ODEs of evo-

lutionary game theory as follows (See Figure 2). We note that when J = 1, we can

define
p(i) = /f(u,i)du =J * f(i)

so c(u, k, 1, f) is independent of v and this again allows to define
M (ki p) = c(u, ki, f) (2.33)

Thus, from the IDE (2.16) we obtain

dp;ii) = Mk, i, p)p, (k) — py(i) > M (i, k. p). (2.34)

keS keS

For example, in the case of the comparing and imitative rate we have
M (k,i,p) = p(i) F (Z a(i, D)p(l) =Y alk, l)p(l)) :
les les
If F(s) = +log(exp(ks)+1), then F(s) — F(—s) = s and (2.34) becomes the
(imitative) replicator dynamics. Other well-known mean field ODEs, such as logit
dynamics and Smith dynamics, are similarly derived by choosing appropriate F'.
Finally, as a consequence of Theorem 2.2.4 we have the following corollary which

is the continuous-time version of Benaim and Weibull (2003)’s result. To state the

result, we write ||n"||, = sup;eg [7"(9)] -

Corollary 2.5.2 (Uniform Interaction; Benaim and Weibull, 2003) Suppose

that the interaction is uniform and that the strategy revision rate satisfies C1 — C3.

20



Suppose there exists p € A such that the initial condition 0§ satisfies

lim ng = p in probability

n—o0

Then for every T' > 0

lim 0} (i) — p,(2) in probability (2.35)

n—oo

uniformly for t € [0,T] and p,(i) satisfies the following differential equation: for

1€ 8
—dpjiw = > M(ki.p)pi(k) — p,(i) > M (i k, p) (2.36)
kesS kes
poli) = p(i) (2.37)

where cM is given by (2.33). Moreover, there exist C' and €y such that for all

€ < €q, there exists ng such that for all n > ng
ndEQ
PLsuplit gl = e <2181 (2.39)
t<T

Proof. It is enough to prove the exponential estimate. From (2.20) we recall
that
t
(11}, 9) = (Mg, 9) +/ Z/ c(u, i, k, 11) (g(u, k) — g(u, 1)) dIL (u, i)ds + M7
0 kesS TdXS
for g € C(T9 x S). By taking g(u,i) = 1if i = [, g(u,i) = 0 otherwise, we find

t
7721 = 778,1 + nd/ [Z CM(@ [ U?)U?,l - Z CM(la k, 77?)77?,1
0

€S kes

ds + M}

We define 8(z) :=Y,cq ™ (i, 1, )x; — Y g €™ (1, k, x)z;. Thus we have
t t
n n d n l,n
My = Moy T 1 / Bi(ns)ds + M;™, pyy = poy +/ Bi(ps)ds
0 0

From Lemma 2.4.5, we have P {SUpth ‘Mtl" > 5} < 2¢™"'765 for each | and for

0 < dg, where we note that the choices of Cy and dy does not depend on g since

o1



nds?
|g(u,7)| <1 for all u,i. Thus, P {sup, || M|, > ¢} < 2]9| ¢~ . Therefore for

t < T, using the Lipschitz condition of 3 we obtain

t
sup 177 = pll, < llno — poll, + L/O sup [|[n2 — p.ll, ds + sup | M,

T<s t<

For €y in Lemma 2.4.5, we let § = e %T¢ for € < ¢, and define

W=

o= I = pll <, 0 = {wssup g, < 5}

Then when w € Q N Qy, we have sup. ¢ |77 — p, |, < 20" by Gronwell lemma.
Choose ng such that [|ng — pyll, < 0 for a.e. w for n > ny. Then for € < ¢ and

n2n07
Plswliz = pll 2 e} < P@)+P©) <P - ml. 2 6)

+P {w ssup || M), > (5}

t<T
ds2

_nZs% nde2
< 2|Sle T@ =2|S|e T

where C := 9C,e?'T. =
Estimates such as (2.38) describe the validity regimes of the approximation by
mean field models (2.36) in terms both of agent number n and the time window

0,T7.

2.6 Equilibrium Selection and Pattern Formations

In this section we illustrate the usefulness and the versatility of the IDE’s derived

in Section 2.2.2 by using a combination of linear analysis and numerical simulations.

(a) Logit/Glauber dynamics: If the rate is given by (2.5) we obtain the IDE

I (8> 1esali, DT * fi(u,1))
D kes D (B2 s alk, DT * fi(u,l)

gft(u, Z)
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which generalizes the well-known logit ODE of game theory.
(b) Imitative replicator equation: Let us suppose that the rates are given by
equation (2.6). Then we obtain

9 i) = Z[ﬂu,w*f(u,w (Zw,w—a(k,znj*ft(u,w)(z.s@))

kesS les

—f(u, )T * f(u, k)F <Z(a(k, 1) —a(i,1)J * ft(u,l)>]

les

Note that the equation depends explicitly on F'. This is to be contrasted with the
replicator ODE which is independent of ' whenever F' satisfies the relation F'(t) —
F(—t) =t. This is a purely spatial effect: indeed if we take f(u,7) independent of

u for all i then equation (2.39) reduces to the replicator ODE.

2.6.1 Linear stability analysis

As in ODE’s, the linearization around stationary solutions captures the local
behavior of solutions. For example if all eigenvalues for the linearized system have
negative real part then one can show that the stationary solution is a stable station-
ary solution for the nonlinear equations. Furthermore if the linearization around
the stationary solution is hyperbolic, i.e., no eigenvalues has 0 real part then one
can analyze the local behavior of the nonlinear equation around the stationary
solution by constructing stable and unstable mainfolds.

At a deeper level the linear stability analysis is a first step to understand the gen-
eration and propagation of spatial structures. For example traveling wave solutions
are constructed by joining two stable spatially homogeneous stationary solutions.
Linearization also allows to study bifurcations in the systems, i.e., to identify value
of the parameters when the nature of eigenvalues of the linearization changes. The

appearance of one or general eigenvalues with positive real part is the sign of an
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instability in the system. Such instability often makes the appearance of com-
plex spatial structure such as patterns. Several such examples are demonstrated
at length in Murray (1989) using mostly numerical tools. We will perform such
analysis below and indeed observe the formation of patterns for two strategy coor-
dination games. A rigorous proof of existence of patterns is a challenging problem
and will be considered elsewhere.

Let us consider the following general type of integro-differential equations:

U =o(T=ff) in Ax(0,T]

f0,2) = fOx)  on A x{0}
where A = R? or a periodic torus T? | f € L®(A; A(R™)).T*f = (T *f1, Txfo, -,

(2.40)

J * fis))T, and @ : RIS x RISI — RISI @ (r, s) is smooth in both argument, where r
and s are variables representing 7 x p and p, respectively. First, observe that if f
is spatially homogeneous, i.e., f(u,t) = f(t), then J % f = f(J x 1) = f, where 1
denotes the constant function 1 on A. Thus the IDE (2.40) reduces to the ODE

of _
ot

(f, f).

This ODE, in turn, is exactly the ODE obtained if the interactions are uniform
J = const. This shows that the spatially homogenous solutions of (2.40) are exactly
the stationary solutions of the corresponding mean-field ODE. In particular every

spatially homogenous stationary solution fy, satisfies ®( fy, fo) = 0. We record this

observation in Lemma 2.6.1.

Lemma 2.6.1 (Space Independent Stationary Solutions) fy is a spatially in-

dependent stationary solution to (2.40) if and only if ®(fo, fo) = 0.

Next we study perturbations of such constant states by linearizing around a

spatially homogeneous stationary solution, fo: let f = fy + €Z where Z = Z(u,1)

o4



and substituting into (2.40), we obtain

oD

€5 = O(fo+eT xZ, fo+eZ). (2.41)

For small € we expand the right hand side of equation (2.41) around € = 0, we find

oD
2
G—at = (I)(fo,fo) + (Moj*D+NOD)€+O<€ )
where

02, 9% ., 0™ 00, 9% ., 0™

ory org orn, 0s1 0so Osn

0y 0% |, 022 02y 0% ., 022

1o} 1o o 0. 1o] o]
MO — T1 T2 Tn , NO — S1 52 Sn

0P, 0Pn .. 0O%n 0Pn, 0%n .., 0%n

ory org orn, 0s1 0so Osn,

and each derivative is evaluated at (fy, fo). Therefore we obtain the variational

equation system:

%—I; = MJ+D+ ND. (2.42)

We solve (2.42) explicitly using Fourier transform. We suppose that A = T and

consider the following initial value problem with periodic boundary condition.

oD . md

SC=MJ+«D+ND in T x |0,0

o 0. 00) (2.43)
D=y on T x {0}

for g € L>°(T% A(R")). Applying Fourier transform to (2.43) elements by element,

we obtain
dD(k)
ot

for each k € Z% and D(k) € C". By solving the resulting ODE for each k, we obtain

= (MJ (k) + N)D(k)
Dik) = M0 k)
where §(k) € C. So D = (§e™I+M1)V and we find

D(z,t) = Z e(Mj(k)JrN)tg(k)eme-k
kezZ
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where eMI®+Nt s % n matrix, §(k) is n x 1 vector, and e2™@* is a scalar.
Therefore we obtain the dispersion relation:
A(k) = cigenvalue(M J (k) + N) (2.44)

We also expect that one of eigenvalues of M7 (k) + N is 0 by the invariance of

dynamics in the simplex.

2.6.2 Example: Two-strategy symmetric games

We consider two-strategy symmetric games with payoffs (2.2). We call a game
the coordination game if a > ¢ and d > b and a game the Hawk and Dove game if
a<candd<b. If p(u) := f(u,2), using that f(u,1) + f(u,2) = 1 we can write a

single equation for p(u) and obtain an equation of the form (2.40) with

Replicator IDE ®g(r,s) : = (1 —s)rF, (a(r—{)) — s(1 —r)F, (a(¢ {2:45)
Logit IDE Or(r,s) @ =lgla(r—C) —s (2.46)
where I (t) := m, and Fy(t) := < log (exp(kt) + 1) (recall equation (2.10)).

We refer to (2.45) at k = oo as a replicator IDE, while we also consider the
regularized replicator IDE (2.45) for k < oo, and refer to (2.46) as a logit IDE.
We will consider [—7r,7r]d for d = 1,2 as a domain with the periodic boundary
condition and [—1, 1]d for d = 1,2 as a domain with the fixed boundary condition.
In addition to the conditions for J stated in Section 2.3, we assume that 7 is
symmetric: J(z) = J(—x) for x € A. Frequently, in examples and simulations,
we consider localized Gaussian-like kernels 7 () o exp(—b ||z||°) for some b > 0.
More specifically, for the case of the periodic boundary, we will use

Ty — el

= forx € |—m,w d
o eean(—b Pz O €
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and for the case of the fixed boundary, we will use

cap(bllz]*) for x € [—1, 1]
j(l’) _ f[_1,1]d €xp(*b||ZH2)dZ { ’ ]
0 otherwise

Stationary solutions and their linear stability

To find spatially homogenous stationary solutions, we need to set ®x (p,p) =0
and &7, (p,p) = 0. Then, for the replicator case p = 0, 1, and ( are three stationary
solutions. In the case of the logit dynamics, using lg(z) = 3 + 3 tanh(8%) and
changing the variable, p +— 2p — 1 := u, the differential equation becomes

% — —u tanh(ﬁ%(j sut1—20)) (2.47)
which is the well-known Glauber meso-scopic equation (DeMasi, Orlandi, Presutti,
and Triolo, 1994; Katsoulakis and Souganidis, 1997; Presutti, 2009) with £ being
the inverse temperature. All known results for (2.47), such as the existence of
traveling wave solutions in one space dimension and the geometric evolution of
interfaces between homogeneous stationary states in higher dimensions, are directly
applicable to the logit dynamics. Because of this connection, we have the following
characterization of stationary solutions to the logit dynamics; the proof is the

consequence of (2.47) and the analysis of Glauber dynamics (Presutti, 2009) or it

can easily be done directly.

Lemma 2.6.2 (1) Suppose that the game is the coordination game. Then, there
exists Bo such that for B < B there exists one spatially homogenous stationary
solution, p1, and for B > [, there exist three spatially homogenous stationary
solutions, p1, pa, and ps.

(2) Suppose that the game is the Hawk and Dove game. Then there exist a unique

spatially homogenous stationary solution.
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Next we examine the linear stability of these stationary solutions. By differen-
tiating ®r, ¢, we find similarly to (2.44) the dispersion relations for the replicator
IDE:

p=0 Ap(k) = F.(—a¢) J (k) — Fy (a()
p=1 Agr(k —
p=C Ar(k)= (2 +aC(1-0)) T(k) - =2

Table 1. Dispersion relations for the replicator IDE

Note that by our assumptions of 7, J (k) is real-valued and |7 (k)| < 1 for all k.
Using this fact, we obtain the first part of Proposition 2.6.3. Since a—c+b—d <0
in the Hawk and Dove game, when 7 (k) > 0, Az (k) is negative for a sufficiently

large k.

Proposition 2.6.3 (Linear Stability for the Replicator IDE) (1)p =0,1 are
linearly stable for the replicator dynamics for coordination games. (2) p = C is lin-

early stable for the replicator dynamics for Hawk and Dove games when J (k) > 0.

Figure 3 shows one example of the dispersion relations for p = (. Observe
that A (k) > 0 for & = 0, 1, £2 and the solutions to linear equation (2.42) is

2mikr (see appendix). So, when k = 0, the corresponding solution is

of the form, e
constant along space and the eigenvalue A(0) is the eigenvalue for the linearized
equation of the mean-field ODE (2.36). Thus A(0) > 0 merely shows that ¢ is
unstable in mean-field ODE, and when k£ = 0 we do not expect to observe any non-
trivial spatial morphologies. At k = %1, the corresponding solution has a period 1,
involving cos(z), sin(z) or both and this solution may grow fast, dominating other
solutions with different frequencies. Note that the nonlinearity of the replicator

IDE implies a bound on the solutions, so that they remain in the simplex, at each

spatial location. An initially fast growing solution may be bounded due to the
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Figure 3. Dispersion relation. The figure shows the dispersion relation
Ar(k) at p = (. J(x) = exp (—bz?) / [exp (—ba?) dz, b =20, k=20, B =
3,(=3.
nonlinearity effects and, hence, may develop to a spatially heterogeneous solution.
This is how we obtain the pattern formation in Figure 1 (upper panels). For k =
+2, we expect a similar spatial phenomenon, but now the solution involves cos(2x)
or sin(2z). Hence, we anticipate a finer pattern and, indeed, observe this in the
numerical simulation of Figure 1 (lower panels).

In the case of the logit dynamics, we note that I5(t) = Bls(t) (1 — I5(t)), hence

we easily obtain the dispersion relation for any stationary solution, p:
A(k) = Ba(l —ppT (k) =1, ke Z° (2.48)

Proposition 2.6.4 (Linear Stability for the logit IDEs) Suppose that0 < J (k)
for all k.

(1) Suppose that the game is the coordination game. When B < Bq, the unique
stationary solution pg is linearly stable. When 8 > B, two stationary solutions,
p1, p3 are linearly stable where p3 < py < p1.

(2) If the game is a hawk-dove game, then the unique po is linearly stable.
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Proof. First we note that p; > (, p2,p3 < (,

Bla—c+d—=0b)(1—1s((a—c+d—=>b)(pi—Q))ls((a —c+d—=>b)(pi—()) < Llfori=13,

Bla—c+d—=0b)(1—Is((a—c+d—>b)(pi—()))ls((a —c+d—=0b)(pi—()) > 1fori=2.

Suppose that § > S~ and consider p;. Since lg((a — ¢ +d — b)(p1 — ()) = p1, we

have f(a — ¢ +d — b)(1 — py)py < 1. Then since J (k) < 1 for all k, we have
A(k) = Bla—c+d=b)(1=p)pJ (k) =1 < Bla—c+d=b)(L—p)p —1<0

Thus p; is linearly stable. Similar argument shows that ps is linearly stable. The
case for Hawk-dove games follows froma —c+d—-—b< 0 =

We note that the Gaussian kernel satisfies the hypothesis, 0 < J (k) for all k.

2.6.3 Traveling front solutions and equilibrium selection: Imitation versus Per-

turbed Best Responses

Suppose that the domain is a subset of R with the fixed boundary conditions
or the whole real line R. Then, this provides a natural setting to study traveling
front solutions. A solution is called a traveling front or wave solution if it moves at
a constant speed: i.e., a traveling front solution p(z,t) can be written as P(z — ct)
for some constant ¢ and some function P. The existence of traveling front solutions
for the logit dynamics is the direct consequences of known results for the Glauber
equations. When ( = %, the existence of a unique standing wave (i.e. ¢ = 0) was
proved and when there are three equilibrium states, the existence of traveling waves
was established (DalPasso and DeMottoni, 1991; DeMasi, T.Gobron, and Presutti,
1995; Orlandi and Triolo, 1997). Particularly, if ¢ < % one can find a solution

that satisfies P (—oc0) = 0 and P (00) = 1, and travels at a negative speed. Thus

the value of P (00) propagates to the whole real line and as ¢ — oo, the solution
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Figure 4. Comparison of standing waves. (a;; = as, Periodic BC).
The upper left panel shows the time evolution of the population den-
sity of strategy 1 in the replicator dynamic. The upper right panel
describes the case of the logit dynamic. The bottom panel shows
the shapes of standing waves in both cases at time 4. We consider
the replicator with x = co. N = 256. A = [—7,7]. dt = 0.001/(0.25N?),

ai1 =5, azs = 5, a2 = as; = 0. b= 2. The initial condition is 1[_%ﬂ7%ﬂ

becomes 1 everywhere; coordination to a state with the higher payoffs becomes a
dominating behavior. However, there is no existing rigorous result, so far, on the
replicator IDE, though we have observed this solution in numerical simulations.

To compare the traveling wave solutions for each meso-scopic dynamic, we first
study the shapes of the standing waves. This is because the shapes of the standing
waves may depend on how “diffusive” the system is and the diffusiveness of the sys-
tem may, in turn, determine the speed of traveling waves. As in the usual analysis
of Allen-Cahn type PDE and Glauber IDE, we believe that the sharpness of the
standing wave varies with the diffusion effect of the equations and the more “dif-
fusive” the system is, the faster interfaces move (Carr and Pego, 1989; Katsoulakis
and Souganidis, 1997).

As Figure 4 shows, the shape of the standing wave in the replicator dynamics

with kK = oo is much sharper than that of the logit dynamics. In other numerical
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simulations, we have observed that the shape of the regularized replicator dynamics
depend on k; as k become larger, the shape is getting sharper. Since F,(t) — [t],
as k — 00, as Kk increases marginal gains from switching to a different strategy
become higher in response to increases in the payoff of that strategy; in particular,
at k = 0o, this marginal gain becomes infinity. Thus in the replicator IDEs of high
payoffs, there is a zero probability for actions against the optimal choice, hence the
interface is very sharp. However, the players in the logit dynamics do not have zero
probabilities for doing such an action when an agent is right on the “interface”; i.e.,
there is a nonzero probability to select something not optimal. That creates the
“mushy” mixed region of a transition. From this observation we infer that the logit
dynamic is more “diffusive” than the replicator dynamic with x = oo; hence the
interfaces in the logit IDEs would move faster than those in the replicator IDEs.
This is numerically exhibited in Figure 5.

We note that in the coordination game used for Figure 5, the equilibrium of
coordination to strategy 1 is the one predicted by the existing equilibrium selection
theories (Harsanyi and Selton, 1988; Young, 1998; Hofbauer, Hutson, and Vick-
ers, 1997; Hofbauer, 1997). Particularly Hofbauer (1997) shows, under the best
response dynamics, the existence of a traveling wave solution which drives out the
equilibrium of strategy 2, and at the same time propagates the equilibrium of strat-
egy 1. Although we observe the existence of similar traveling wave solutions under
various dynamics, the speed of traveling varies dramatically. As Figure 9 shows the
transition is extremely slow in the replicator equation with x = oco. So, when the
society is characterized by imitative behaviors and marginal gains from switching
are high, our model predicts that the transition to a “better equilibrium” is very
slow and it takes a long time for equilibrium selection to occur.

Finally we present another comparison between the imitative behavior with the
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Figure 5. Comparison of traveling waves. (Fixed BC) The upper panels
show the time paths of the population densities for strategy 1 in
the replicator with x = 1 (left) and the one with x = oo (right).
The lower left panel shows the case of the logit dynamic. In the
bottom right panel we show the shapes of traveling waves at time 4.
The initial condition is 1y ;. N = 256. A = [—1,1], dt = 0.001/(0.05N?),
ayn = 20/3,a12 = az; = 0. b = 2 for the Gaussian kernel. 9A = [-3,,3]
U[-1,1] with the fixed boundary condition.

perturbed best response rule using unequal payoff coordination games (ay; > aso)
with the periodic boundary condition (Figure 6). Observe that the time evolution
of the replicator dynamic IDE in the left panel of Figure 6 corresponds to the
1-dimensional snap shot of the pattern formation in two dimensional replicator
systems in Figure 1. In Figure 6, the replicator system developed a spatial pattern;
in the logit dynamic all population coordinate to an equilibrium of strategy 1
exponentially fast. Thus, in a society where agents adopt strategies by imitating
their neighbors, the significant proportion of the population may spend a long time
in an inefficient equilibrium, whereas agents with perturbed best response rules
coordinate “better” to an efficient outcome.

Throughout numerical simulations, we frequently observed the development of

patterns in the replicator IDEs, while this is not the case for the logit IDEs, except
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Figure 6. Replicator versus Logit. (Periodic BC) The left panel shows
population density of strategy 1 for the replicator IDE with x =
o0, and the right panel depicts the population density in the logit
dynamics. N = 512. A = [—n, 7] with the periodic condition. dt =

0.001/(0.05N2), a1 = 20/3, a99 — 10/37 12 — a1 = 0. b = 10. for the

Gaussian kernel. The initial datum is % + %0 rand cos(2z),where rand

denotes a realization of the uniform random variable at each node.

for the equal payoff coordination games. We have also observed the similar pat-
tern formations in the regularized replicator IDEs for a reasonable range of x; the
regularized replicator IDEs with £ = 10 showed similar patterns to the replicator

IDEs.

2.6.4 PDE Approximations

If the interaction kernel J is highly concentrated at the origin, or equiva-
lently, the density f varies slowly with respect to space, we can consider J.(z) =
e % J(x/e) as an interaction kernel for small €. Then by a change of variables and

a Taylor expansion, we find
2
Tex [~ [+ EJQAJC

where we ignore smaller order terms like €3 and Af = (Af;, Afy, -+, Af)T Af) =

%%1 +- 4 %Qrgl, and J, = [, lw|* J (w)dw. Thus, by expanding F(f + %JQAJC, f)

in equation 2.40 around € ~ 0 again, we find the PDE approximations of IDEs:

0 1
O _ pp )+ 2ennmay (2.49)
ot 2

where (M), ; = gf]? , and the derivatives are evaluated at (f, f). Intuitively, the

coordinating behaviors imply that agents try to choose the same strategy as their
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neighbors, and this, in turn, means that the density of a given strategy tends to
diffuse toward locations where the coordination of that strategy is more likely. This
is how our original IDEs are related to the reaction diffusion equations in (2.49).

For specific PDE expressions, we find

Replicator % =6f(1—f)(f =)
FBFA=H+ A= HE B =Q)+ [E (B~ f))] ShAS

Logit 8 = 1B (f =)= f +BUBS — Q)= LB — )G RLAS
(2.50)

Both PDEs in (2.50) are reaction diffusion equations, whose reaction terms are
of the same functional form as the mean field reactions (term Sf(1 — f)(f — () in
the replicator and [(8 (f — ¢)) — f in the logit). The diffusion terms are nonlinear
as the coefficients of the terms A f depend on the strategy density f. In PDE that
Hutson and Vickers (1992), Vickers, Hutson, and Budd (1993), Hofbauer, Hutson,
and Vickers (1997), and Hofbauer (1997) have studied for the existence of travel-
ing wave solutions and pattern formation, the diffusion coefficients are constant,
implicitly modeling ‘fast’ diffusion of strategies between players at different lattice
sites in space at the microscopic level, in contrast to the ‘slow’ strategy updat-
ing dynamics; such derivations of reaction-diffusion PDE from interacting particle
systems with combined fast/slow mechanisms are discussed in Durrett (1999) and
references therein. However, in our long-range interaction models the diffusion
terms are concentration-dependent, induced by the nonlinearities in the logit and
replicator microscopic stochastic dynamics. In biology models, when the population
pressure tends to enhance dispersal as the population density increases, the den-
sity dependent reaction diffusion models have been used (Murray, 1989; Morishita,

1971; Shigesada, 1980).
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Overall the PDEs in (2.50) provide additional insights for the IDEs in (2.45)
and (2.46), and their corresponding microscopic stochastic dynamics. For example,
in the case of (2.45), when p is close to either 0 or 1 the diffusion term is weakest
and when p lies in the intermediate range, the effect becomes strong. This means
that the individuals playing strategy 1 diffuse fast, as p reaches =, because it is
more likely for them to play with 2-strategists, so more likely to be uncoordinated.
When it is highly likely to be coordinated, as in p = 0 or 1, the individuals with

the corresponding strategy do not diffuse at all.

Remark. Here we derive the numerical scheme that is used in simulations
for the equations with fixed boundary conditions (Figure 5). We suppose that

A =[-1,1],A° = [-3,—1] U1, 3] and would like to solve

(

% = F(L(p+ pac), L(q+ qac),p,q) in A x (0,7

8‘] — Fl(ﬁ(p+pAa>,£(q + ch)JPJ q)

p(0,z) = p°(z) on A x {0} (2.51)
q(0>aﬂ ::qO(x)
p(t,w) = pac(x), q(t, z) = qac(x) on A° x (0,T]

\
and we suppose that pa,(xz) = Sy for z € [1,3], pa.(x) = ag for x € [-3,—1],

qre (7)) = Be for x € [1,3] and gpe(z) = ag for x € [-3,—1] and

Fi(r1,m9,81,82) = (1 = s1)r1Bc(1 = Co)ra — s1(1 — 1) BeCo(l —12)
Fy(r1,72,51,82) = (1 = 82)12B5(1 — Cg)r1 — s2(1 — 12) BrCp(1 — 1)
Lp(t,x) = [1, T(x —y)p(t,y)de, Lq(t,x):= [, T(x—y)q(t,y)dx

Let h = 5. We approximate solutions for (2.51) by

pr(t.x) =Y a;(t)6;(z), an(t,x) =Y bi(t)p;(x) (2.52)

j=0 7=0

66



where ¢;() is jth order Chebyshev polynomial. So we would like to find a;(t), b;(t)
such that when we substitute (2.52) into (2.51), the resulting equation is satisfied

at N 4 1 collocation points:

k
xk:cos(%) for k=0,1,2,--- N

First from the boundary condition we have
N
pa(t.1) = Br = Y a;(1)¢;(1) = Br
§=0
N
put,—=1) = ar = Y a;(t)p;(—1) = ag
§=0

Since ¢;(1) =1 and ¢;(—1) = (=1) for all j, we obtain

aoft) () + Y as(06,() = Fi
aoft) — ax(t) + Y as(06,(-1) = an

wlt) = Baton) -2 GO +o(a®)  25)
1 1=
an(t) = 5 (Br—agr) — 3 (0;(1) — ¢;(—1))ay(t)
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Then we have for k=1,--- /N —1

pr(p,t) = Z@j(t)¢j(3?k)

7=0

=

N | —

(Br +ar) —

N[ —

(6;(1) + %(-U)%(ﬂ] Go(Tr)

N-1

<.
Il

N | —

(5}2 - OCR) -

mE
2

(9;(1) = %(—U)%(ﬂ] O (k)

Jj=1

=2

+

a;(t); ()

1

Br+ ar) do(xr) + (Br — ar) oy (k)]

.
Il

[

N | —
2 Y

# X (0 (o) = 5 [+ (-D)(an) + (1= (-1 ol

1

<.
Il

So we can write in the vector notation
. 1, .
ph(t) = §CR + Ma(t)

where (Ph), = pn(@k, 1), (Cr); = (Br + ar) ¢o(zr) + (Br — ar) on(a1), (M), ; =
¢ () — 5 [(1+ (=1)))do(ax) + (1 — (—1)7)dn(2x)] , (@), := ar. From this we have
dph, _y

E(t) = Ma'(t)

Similarly we have
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where (¢o), = (Bc + ac) ¢o(zr) + (Be — ac) pn(xy) Also for k=1,--- | N —1,

(Con+pa)) () = [ Tl =wmnltndy + [ T =)o)y

= Z‘”(” | T(@ = y)5(v)dy
= <1<ﬁ +@R>—1N_1<¢.<1>+¢< 1))a <t>> a
2 R 2j:1 7 J J 0

AC
_ ! [(Br + ar) aro + (Br — ar) a,n]

2
N-1 1 ' '
+ jzl aj(t) <ak,j — 5 [(1 -+ (_1)])(Ik,0 + (1 — (—1)7)6%’]\/])
+ /A I (@ — y)pac(y)dy
where ay,; == [, T (@ — y)¢;(y)dy. Therefore we can write

-— 1>
Lpp, = §dR + Na(t)

H —
where (Eph>k = (Lpn) (k). (dr)y = (Br + @r) ako+(Br — ar) apn+2 [ T (2r—
Y)pac(y)dy, (N); = ar; — 5 [(1+ (=1)7)aro + (1 = (=1))ar,n] . Also from the
initial condition we have py,(zy,0) = p° (z3), k=0, -+, N. So 1cr + Ma(0) = p°.

Again the similar computation shows
— 1- - 1. - -
th = Edc + Nb(t), 560 + Mb(O) =q

where (d¢);, = [(Be + ac) aro + (Be — ac) akn + 2 [y T (@1 — y)qac(y)dy]. There-
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fore our numerical scheme for (2.51) yields ODE:

( — - - d —
Ma'(t) = Fi(3dr + Na(t), 2dc + Nb(t), 1cr + Ma(t), séc + Mb(t))
MYV (t) = Fy(3dg + Na(t), Ldo + Nb(t), 1&g + Ma(t), Léo + Mb(t)) 2.54)

\

where (Z:ﬁ;(ﬁ,f’g,gl,@))k = Fi(r1 g, T2k, S1k, S2.6). We solve (2.54) and obtain
(ay(t), - ,an—1(t)) and (by(t), - ,by—1(t)). Then we can find ao(t), an(t),bo(t),
by(t) by using (2.53). Finally from (2.52) we obtain the numerical solution of
(2.51).
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CHAPTER 3

DECOMPOSITION OF NORMAL FORM GAMES:

POTENTIAL, ZERO-SUM, AND STABLE GAMES

3.1 Decompositions of the Space of Games into Orthogonal Sub-

spaces

3.1.1 Reduction of Games Modulo Payoff Transformation.

To illustrate the idea of our first decomposition, we decompose the well-known

generalized Rock-paper-scissors game by performing a simple calculation.

71 —a+7, b+
b+ v, 0+, —a+7; (3.1)
—a+7; b+, 73
Y1 Y2 3 011 0o -1 1
= |7 Y2 3 +%(b—a) 1 01 —|—%(b—|—a) 1 0 =11 @2

Y1 Y2 3 10 -1 1 0
NS ~~ NS ~~
Passive Game Potential Part Anti-potential Part

It is easy to see that the game (3.1) is a potential game if and only if « = —b and
is equivalent to the Rock-paper-scissors game if and only if @ = b. In this section

we show that such a decomposition as in (3.2) holds for any game.
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We start with symmetric games: let us denote the space of all [ x [ matrices by
L. Let us endow £ with the inner product, (A, B), = tr(A"B). A passive game
(in the terminology of Sandholm (2010b)) is a game in which players’ payoffs do

not depend on the choice of strategies. Let Ea(,j ) € £ be the matrix given by

, 1 iftk=y
ED (k1) =

0 otherwise
; le., Egj ) is a matrix which has 1’s in its jth column and 0’s at all other entries.
Then the set of all symmetric passive games is given by Z := span{Ey) b It is

well-known that the set of Nash equilibria for a symmetric game is left invariant

under the addition of a passive game to the payoff matrix.

3.1.2 Potential games and zero-sum games decompositions

To characterize the spaces of all potential games and all zero-sum games, we

define the following special matrices:

1st i-th j-th
i-th j-th 1st o - -1 .- 1
) i-th — | -1 1 N
i-th — | 1 0 -1
j-th — | 1 -1
jth—{-1 .-~ 1 ... 0

where all other elements in the matrices are zeros. Similarly, N is a game whose
restriction on the strategy set {1,4,j} x {1,4,7} is the Rock-Paper-Scissors game.

Monderer and Shapley (1996)
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Recall that a symmetric game A is a potential game (Monderer and Shapley
(1996)) if there exist a symmetric matrix S and a passive game ) _; ijSj ) € T such

that
A=S+ ) v,ED. (3.3)
J

We will use the word “exact ” to indicate that a game is a potential game with no
passive part, i.e., all 7; = 0, so exact potential games refers to full potential games
in Sandholm (2010b). We denote by M the linear subspace of all potential games
and we have the orthogonal decomposition £ = M @ M= with respect to the inner
product <,>,. We call a game in M+ an anti-potential game.

Note that the dimension of the subspace of £ consisting of all symmetric matri-
ces is %l (I + 1) and the dimension of the subspace of passive games is [. Since the
sum of all £, is an exact potential game, namely the game whose payoffs are all 1’s,
the dimension of the intersection between the subspace of all symmetric matrices
and 7 is at least 1. Conversely if a matrix belongs to this intersection, then the
entries of this matrices should be all the same (see also the discussion in Sandholm
(2010a, p.15)) and so the dimension of the intersection is exactly 1. Hence the

dimension of M is given by

dim(M) = d ; D) +l-1=0P- w. (3.4)

2

Note that the extended Rock-Paper-Scissors N is an anti-symmetric matrix

whose column sums and row sums are all 0’s. Thus, we have
(A, NW) =0,

for all A € M, because (S, N(ij)>ﬁ = 0 and (P, N(ij)>ﬁ = 0 for all symmetric
matrix S and all passive game P (See the appendix for the properties of ().). In

other words, N € M* for all 4,5. The set {N@ : j >4 i =2-.- 1—1}
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has W elements and they are linearly independent since since each N is
uniquely determined by the property of having 1 in its (7, j) th position. This set
forms a basis for M*. If a matrix B is antisymmetric and the sums of elements in
each column in B are all zeros, (S, B), = 0 for a symmetric matrix and (P, B), =0
for a passive game P. Therefore B € M*. On the other hand, if B € M+, B
can be written as a linear combination of N and hence B is antisymmetric and

the sums of elements in each column in B are all zeros.
Proposition 3.1.1 (Anti-potential games) We have
B € M* if and only if BT = —B and ZB(@',]’) = ZB(@',]’) =0.
j i

Moreover the set {N@) : j > i i=2--- 1} forms a basis for M*.

Proposition 3.1.1 shows that a basis for M~ can be obtained from the extended
Rock-Paper-Scissors. As a corollary of Proposition 3.1.1 we obtain immediately

the criterion for potential games given by Hofbauer and Sigmund (1998).
Corollary 3.1.2 (Potential games) A is a potential game if and only if
a(l,m)—a(k,m)+a(k,l)—a(m,l)+a(m,k)—a(l,k) =0 foralll,m,keS (3.5)

Proof. First note from Proposition 3.1.1 that we have A is a potential game if

and only if (A4, N(ij)>ﬂ = 0 for all 7, 7. Then notice that

a(l,m) —a(k,m) + a(k,l) —a(m,l) + a(m, k) —a(l,k) = (A, E),

where
k | m
k|10 1 -1
E = and all other entries in E are 0’s.
Il -1 0 1
m| 1l -1 0
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Then clearly (3.5) implies <A, N (ij)> . = 0 for all 7, j. Conversely, the matrix E is
anti-symmetric and its row sums and column sums are zero, so 2 € M*. Therefore
E can be uniquely written as N and thus (A4, N(ij)>£ = 0 for all 7, j implies (3.5).
|

We provide a similar decomposition starting with zero-sum games. We call an
anti-symmetric matrix A an ezact zero-sum game and call a game zero-sum if it
can be written as the sum of a antisymmetric matrix and a passive game. Let us

denote by N the subspace of all zero-sum games. The dimension of the subspace

=

5 and the dimension of the intersection between

all anti-symmetric matrices is
the subspace of anti-symmetric matrices and Z is 0 (the diagonal elements of anti-
symmetric matrices are all zeros and hence all off diagonal elements are again all

zeros if this game is also a passive game). Thus

dim(A) = LD (2D

5 5 (3.6)

We decompose the space of game as £ = N @ N1 and we call a game in N+ an
anti-zero-sum game. Note that K is a symmetric matrix whose row sums and

column sums are zeros, so K@) € N+, The set {K@ :j >, i=1,---,1} has

(1—-1)l
2

elements which are linearly independent since early independent since each

K1) is uniquely determined by having 1 in its (4, j)th entry. Thus we obtain
Proposition 3.1.3 (Anti-zero-sum games) We have

B e N* if and only if BT = B and ZB(Z}]‘):ZB(Z}J‘):O-

J

Moreover the set {K") :j>i i=1,--- 1 —1} forms a basis for N*.

Using this orthogonal decomposition we obtain a new criterion to identify a

zero-sum game similar to the criterion in Corollary 3.1.2.
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Corollary 3.1.4 (Zero-sum games) A is a zero-sum game if and only if
a(y,i) —a(i,i) +a(i,j) —a(j,j) =0 for all i,5 € S. (3.7)

Proof. If A € N then (A, K) = =0 which yields (3.7). =

3.1.3 Decompositions using the projection mapping I'

The subspaces of potential games and zero-sum games have a non-trivial inter-
section M N N. In order to understand this set let P = I — %11T where [ is the
identity matrix and 1 the constant vector with entries equal to 1. It is easy to see
that P is the orthogonal projection onto the subspace {z € R';>" x; = 0}, ie.,
onto the tangent space to the unit simplex {z € R';x; > 0, . 2; = 1}. Let us

define a linear transformation I' on £ by
' £L—L, A— PAP.

To characterize the kernel and the range of the map I', let us say that a game
is constant game if the player’s payoff does not depend on his opponent’s strategy,
that is the payoff matrix is constant on each row. The matrices Eéi) = (E»(f))T
form an orthonormal basis of the subspace of constant games. Note that Eff) has
a strictly dominant strategy.

Furthermore let us define for each i € {2,--- I}, 7 € {2,--- 1.}

j—th j4 1—th

E,(fj) =  i—th - -1 1 ... | where all other entries are 0’s.
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It is easy to see that

span{E", .-, EW EW ... 'EW} CkerT. (3.8)

n

Conversely, one can show that the left and right actions of the projection matrices

makes only this class belongs to kerI'.  Then note that

0 — 0

Z E’Y o Z En ’
so by throwing away one element from the spanning set (3.8), we may obtain the
independent spanning set, hence a basis for the kernel of I'. Concerning the range

of ', by counting the basis elements, we have dim(kerI') = 2/ — 1 and, thus,

dim(rangel’) = [* — (21 — 1) = (I — 1)*. Since 1E3) = 0 and E{7'1 = 0,
(BW) . j=1...1-1,j=1,---1—1}

provides a natural candidate for the basis of the range. These observations lead to

Proposition 3.1.5 whose formal proof is elementary but tedious.

Proposition 3.1.5 (Characterizations of ker(I') and range(I')) We have
(1) {Eff)}i# U {E,(Yj)}j form a basis for kerT.

(2){EW i=1,--- 1—1,j=1,---1—1} form a basis for range(T’).
Proof. (1) We first show that
kerT" = Span{Eél), . ,E7(71)7 Eﬂ(yl), . ’Efyl)}

Note that PEY) = O for all j. Then E{'P = (P(ES)T)T = O for all i. Thus
we have span {Eé”, e ,Ey), ESYI), e ,Ef(yl)} C kerI'. Conversely, let A such that
['(A) = O. Since

1

1
PAP = A — 711TA— z

1
A117 + 1—211TA11T,
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we have

1 1 1
A= 711TA + 7A11T — l—211TA11T

Then note the following properties of 117 :

1174 = (Z a1 : Zakg]. Ceee Zakll)
k k

k

i.e., the left action of 117 on A turns A into a matrix with the same elements
in each column. Since A117 = (117AT)T | the right action of 117 on A turns
A into a matrix with same elements in each column. Also it is easy to see that

1174117 =57, > g, 117, Thus A can be written as

A= L aE + L + (03 o) 3

So A € span{E\",--- BV EW ... EMY ThuskerT = span{E\", -, EY EM ...

Next note that

S T L

J7#1
thus

span{Ef]l),"' 7E7(7l)’E’(yl)7... ,E()} — span{E e ’E(l)’E(l)’_“ ,E§”}.

To show linear independency among {E,(f), e ,Eél),Ey), e ,Eg)}, consider the
linear combination of these matrices:
O = Z 771E(2 + ZvjEj@).
i#2 j
Then since E ) does not appear in the linear combination, we have v; = 0 for all
j and this implies n, = 0 for i # 2.

(2) Note because of 1E(7 = 0 and ES1 =0, F(E,(fj)) = PEY P = EY. So,
E' C range(I') for all 4,5 > 2
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and it is easy to see that EY7) are linearly independent. Finally by ’{E,(fj )}ij
(I —1)% and since dim(range(T")) = (I — 1)?, {Effj)}ij is a basis for range(T") =

Next, we study the relationship among these subspaces. First every game in
the subspace Nt is a symmetric matrix and thus a potential game. Similarly every
anti-potential game is a zero-sum game, so we have N+ € M and M+ c N. To

understand the relationship among these spaces further, note the following facts:

111 100 211
0O0O0l+]1 0O = 100
000 100 1 00
111 1 00 0 11
000l —-10O0| = -1 0 0
0 00 1 00 -1 0 0

From this clearly any game in ker(I") which is not a passive game is both a poten-
tial game and zero-sum game; i.e., every constant game can be transformed into
potential games and zero-sum games. As Proposition 3.1.6 illustrates, the direction
of implication goes the other as well: the games which are both anti-potential and

anti-zero-sum games are equivalent to a constant game.
Proposition 3.1.6 ker(I') = M N N and range(T') = M+ & N+,
Proof. First we show that ker(I') = M NN. Observe that for i > 2

% IAYA I\T W\T %
(EQ + ENT = (BT +(EMNT = EY + E

Thus (Ef,i)qLEy)) is symmetric and (Eff)qLEy))n =0, s0 ET(f) = (Eéi)—i—E,(f))T—Egi) o
M. Also

(B — EOY = (B9) — (B) = ~(E ~ E),
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so (ES) — EY) is anti-symmetric and E’ = —(EY) — EWNT 4+ EIY € N Therefore

kerI' € M NN. Conversely let A € M NN. Then

A=S+1cl and A = B + 1c] for a symmetric S and anti-symmetric B.

Thus B + 1c) — 1c] = BT + ¢y17 — ¢;17 and using the anti-symmetry of B, we
obtain

1
B = §(c21T —c17 +1cd —1c))

and so

1
A= §(C21T —c;1" +1c —1c!) + 1c! € ker T

Next we show that range(T") = span(M* UN*). Then, we have

span(M*UN"Y) = span({N} om0 U{HD Yoy U {K@}55}
= span({K 7} joing U{K @} jmp U{K Y50}

= span({K(ij)}izz,jzz} = range(I')

Proposition 3.1.6 provides the essential characterization of the relationship among
spaces. Since £ = ker(I") @ range(I"), from Proposition 3.1.6, we obtain the decom-
position of a given game into three parts; £ = M+ @ Nt @ ker(I'). Also since
NNO(MIUNT) = M, we will have AN range(T') = M- and this provide another
characterization of M as follows. From Proposition 3.1.1, we know that a game
is anti-potential if and only if it is an antisymmetric matrix whose row sums and
column sums are zeros. We know that all row sums and column sums of games
belonging to range(I") are zeros and the zero sum game is the sum of an antisym-
metric matrix and a passive game; thus we can show that M+ = AN range(T'). In

this way we obtain the following key result in the paper.
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Theorem 3.1.7 We have

(1) M = N+ @ ker(I') and M+ = N0 range(T)
(2) N = M+ @ ker(T) and N*- = Mn range(T)
(8) L=M" DN @ ker(D)

Proof. (1) From Proposition 3.1.6, we have Nt + ker(I') = span(N* U
ker(I')) = span((N+* U M) N (Nt UN)) = M. Since N L ker(T'), we have
M = N+t @ ker(T). From proposition 3.1.6, we have M+ C M+ @& N+ = range(T)
and see that M1 C NN range(T"). Conversely again from proposition 3.1.6, we

have
N Nrange(T) = N N (span(M*UN?)) D span(NA(MTUNT)) = M*.

By changing the roles of M and N, we obtain (2). (3) follows from £ = M"* &
M=M"dN*t @ker(l). m
Sandholm (2010a) provides a method of decomposing normal form games by

using the orthogonal projection P : for a given A

A= PAR + (I=P)AP+PA(I-P)+(I-P)AI-P).  (39)

J

-~

€ range(I") € ker(T")

The first term in (3.9) belongs to the range of I' and the remaining three terms
belong to the kernel of I'. Our decompositions (Proposition 3.1.6) show that PAP
can be further decomposed into games having nice properties — potential games
and zero-sum games — and every game in ker(I") is a game which is both a potential
and a zero-sum game and possesses (generically) a dominant strategy.

Theorem 3.1.7 also provides a convenient way to compute an anti-zero-sum part
(an anti-potential part, resp.) of the game when an anti-potential part (anti-zero-
sum part, resp.) is known. Suppose that A is a symmetric game and its anti-

potential part is Z. Then the part of A that belongs to ker(I') is A — PAP. Hence
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from (3) of Theorem 3.1.7, its anti-zero-sum part is given by A— 7 — (A— PAP) =
PAP—Z; in fact Theorem 3.1.7 shows that PAP—Z7 is a symmetric matrix in £

and its all row sums and column sums are zeros.

3.1.4 Decompositions of bimatrix games

In this section we prove a decomposition theorem for a general bimatrix game
and elucidate the relationship between the decompositions of symmetric games and
the bimatrix games. Here most of propositions are the bimatrix extension of the
corresponding proposition in section 2.2-2.3. We denote (with a slight abuse of
notation) by L the space of all [, x [, matrices and endow £ with the inner product
(A, B) . == tr(ATB). Without loss of generality we assume [, < .. The set of all
bimatrix games is £? := £ x £ and sometimes we will view a bimatrix game (A, B)

as a (I, +1.) x (I, + 1) matrix as follows:

O, A
(A, B) =

BT O,
where O, and O, are [, x [, and [, x [, zero matrices, respectively. The space £? is a
subspace of the set of all (I, +1.) x (I, +1.) matrices of dimension 2[,I.. We endow £?
with the inner product < -,+ >p2, where ((4, B), (C, D)) . := tr((A, B)'(C, D)).
The elementary properties of this scalar product are summarized as follows. First

we observe that
1. (A,B)T = (B, A)
2. (A, B) is symmetric in £? if A= B
3. (A, B) is anti-symmetric in £? if A = —B
4. (A, B) is a symmetric game if [, =[. and A = BT
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So, a bimatrix symmetric game is not necessarily a symmetric matrix in £2. We

endow £? with an inner product <, >,2 defined by:
(4, B),(C. D)) =1tr((A,B)"(C, D))
We provide some properties of ( ) .. and its relationship with ().
Lemma 3.1.8 For (I, x l.) matrices A, B,C, D , we have
(1) (A, B),(C, D)) = (A, C), +(B,D),
(2) (SA,B), = (A, SB), for a symmetric (I, x ) matriz S
(3) ((A,A),(B,=B)) =0
(4) For c € R and A such that A1, =0, <A, c1£>£ =0.
(5) Forc € R and A such that 17 A =0, (4,1,c™) . = 0.
Proof. (1) and (2) are obvious. (3) follows from
(A, A),(B,=B)) 2 = (A, B), = (A, B), = 0.

(4) follows from

(A, c1T) = tr(1,e74) = tr(c" AL,,) = 0

by the commutativity of trace and (5) follows from

(A1), =tr(c1fA) =0

The set of all bimatrix passive games T is given by

T = span({(EY, 0)}; U {(0, B)}).
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We say that a game (4, B) and a game (C, D) are equivalent if (A, B) —(C, D) €
In this case we write (A, B) ~ (C, D). The set of Nash equilibria for a bimatrix
game is invariant under this equivalence relation.

Notice that (E,(.fj ) —EY )) is a game whose restriction on the strategy set {i, i+
1} x {j,7 + 1} is the Matching Pennies game, and we call (E,(fj), —E,(.fj)) is an
extended Matching Pennies game.

From Monderer and Shapley (1996) we recall that (A, B) is a potential game if
there exist a matrix S and {v;}; , {n;}s such that

(A,B) =(S,8)+ > 7, (ED,0)+ Y n,(0,ED).
j i

Letting M be the subspace of all potential game, we similarly have the orthogonal
decomposition £2 = M @ M*. Note that the dimension of the subspace of all
exact potential games is [ x [, and the dimension of the subspace of all passive
games is [, + [.. Arguing as for symmetric games, one finds that the dimension of
M is given by

dim(M) = Lo+l + 1o — 1 = 20,1, — (I, — 1) (I, — 1). (3.10)

Also note that (B, —FE,)) is an anti-symmetric matrix as an element in £2
whose column sum and row sum are all 0’s, thus we have <(A, B), (B9, —En(i’j))>£2 =
0 for all (A, B) € M. In other words, (E,#), —E,#)) € M* for all 4,5 and the

number of such (E.(7) —E, @) is (I, — 1)(I. — 1). Hence

Proposition 3.1.9 (Anti-potential games) {(E.%"), —E, %)}, . form an or-

thonormal basis for M*.

Proof. From the discussion above, it is enough to show the linear independency

among (E,(J] ) —EY )). To do this, we consider the following linear combination:
Z /i(ij)E,(fj) —0.
0,
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Then, it is easy to see that x" = 0. This implies £ = 0 for all j which, in
turn, implies k) = 0 for all i. m

Proposition 3.1.9 shows that a basis for M~ can be obtained from the Matching
Pennies games and its extensions. From this, we say that (A, B) is an bimatrix anti-
potential game whenever (A, B) € M. Proposition 3.1.9 provide an alternative
and simple proof for the well-known criterion for the potential game by Monderer

and Shapley (1996):

Corollary 3.1.10 (Potential games) (A, B) is a potential game if and only if

for alli,i' € S,, j,j € S,
a(i/uj) - CL(Zuj) + b(ilaj/) - b(Z/7j) + a’(ivj/) - (Z(’i/7j/) + b(%]) - b(Z,j/> =0
Proof. It is enough to notice that

a(ilaj) - a(lhj) + b(i,ij) - b(zlvj) + a(ivj/) - a(i/aj,) + b(@,j) - b(zvjl)

— (1,1)53") _ g @i G357
= (A, B), (K00, 6065y

where (K03 — G0 is an extended Matching Pennies game whose re-
striction on {i,7'} x {j,j'} is a Matching Pennies game. m

Next we consider a decomposition using zero-sum games as in Section 2.2. We
call a game of the form (A, —A) an exact zero-sum game and say that a game is
a zero-sum game if it can be written as the sum of an exact zero-sum game and a
passive game. We denote by A/ the subspace of all bimatrix zero-sum games and
we have dim(N') = 21,l, — (I, — 1)(I. — 1). The similar argument as in Section 2.2

yields
Proposition 3.1.11 (Anti-zero-sum games) {(E,(fj), E;(gij))}izz‘jzz form an or-

thonormal basis for N'*-.
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Notice that in this case the extended Hawk-Dove games form a basis for anti-
zero-sum games. Again the following corollary is an immediate consequence of

orthogonality (See Exercise 11.2.9 in Hofbauer and Sigmund, 1998).

Corollary 3.1.12 (A, B) is a zero-sum game if and only if for all i,7' € S,, j, 7 €
SC7

a(i/hj) - CL(Z,]) - b(ilvj/) + b(2/7.7> + a’(ivjl) - CL(i/aj/) - b<Zvj> + b(ZL]I) =0.

To consider the decomposition in terms of the projection mapping onto the

tangent space as in Section 2.3, we first modify the definition of I":

1 1
I':£L—L, A— P.AP,, Pl:Il—Zl,,lf, PCZIC—71616T.

and define T' : £2— £2 by

po\[o A\([(pr O
(A,B) = P(A,B)P: =

O P, BT O O P,

Then analyzing similarly as in the symmetric games (Proposition 3.1.5), we obtain

the following characterizations for ker(I') and range (T'):
Proposition 3.1.13 We have

ker(I') = span({(E{", 0)}iz1 U{(EY,0)}; U{(0, E}))} UA(O, E)}inn)

n
range(T") = span({(EY7, 0)}is2 52 U{O0, E{?};55 j50)

Clearly results similar to Proposition 3.1.6, and Theorem 3.1.7 hold for £?
and the subspaces M, M+, N Nt ker(T'), and range(T'). To understand the

relationship between the decompositions of the symmetric games and the bimatrix
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games, note that the set of two player symmetric games is a special class of bimatrix

games when [ = [, = [, namely,
(A, B) is a symmetric game if A = B,

To avoid confusion, we denote by L, the set of all symmetric games which is
the subspace of £2 and write [A] = (4, AT) for a symmetric game A. Consider the

following example:

[E,(£12) . E}({Ql)] — (E(12), —E(12)) . (E(21)7 _E(21))

K K K K

0,0|-1,1|1-1 0,0 10,0 10,0 0,0 |-1,1]1,-1

= 100|1-1|-1,1|—|-1,1[1-1]0,0|=|1-1[00 |-1,1}

0,0 0,0 {0,0 1-1|-1,1 10,0 -1,1 {1 1-1 1 0,0

Thus [E,({u) — E,({Ql)] is the Rock-paper-scissors game; these examples show how one
can “symmetrize” the bimatrix games to obtain the symmetric version of them.
More generally, we obtain the orthonormal bases of anti-potential games and anti-
zero-sum symmetric games in symmetric games by restricting the bases of subspaces

of bimatrix games using the following lemma.

Lemma 3.1.14 Suppose that {(A®), AW}, ez U{(BW —BUWY}, ..z U{(CD, 0)}icz,U
{(0,(CNT)}iez, form a basis for K, a subspace of L? and {AWD}, ;U {B@)}, U
{CDY, are linearly independent. Then {{A™)+AUDY, icrnisaqU{[B™ —BUY, jer,npsiU

{[CO}iez, form a basis for K N Lgym.

Proof. First we show that Span({[A(ij)+A(ji)]}Z'Jel'lﬂ{jzi}u{[B(ij)_B(ji)]}i’j€I2ﬂ{j>i}U

{[CD}iez;) = K N Lgym. Obviously,

[A(ij) + A(ji)] — (A(ij) + AU, (A(ij))T + (A(ji))T) — (A(ij)7 A(ﬂ)) + (A(ji)7 A(ij))
— (A(ij)’A(ij)) + (A(ji)jA(ji)) € KN Laym
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Similarly we have {(B®), —B(ij))}i,j

(CD,0) + (0, (CNT) € KN Lgym. Conversely, let (F,

(E,F)

= EZN%VAW%AWU+-§:RQVB” By 4
’i,jGIl i,jEIQ

_ (i3) 4 (ig) (i3) (i) (1) ~(4)

= () myAD + Y wBD 4y wip o,
1,J€I1 1,j€ELy i€T3

(ij) (ZJ (i5) (@) (T

D RGAW =Y kG BY Y wi(C
1,7€11 1,J€Lo 1€13

Since E = FT, we have

> AT

i,j€I1 1,j€I2

(U
1)

(25)
(2

= > wA

1,J€I1

ij (@)
BW+Y ki C

i€Z3

Thus we obtain

D (x

i,j621

(i3)
€)

zg +Z

€13

Al) 4 Z (ZJ

7 ]GIQ

Then from the linear independency of { A}, U{ B},

that

(i) _

(JZ)
Rkay =

Ry

(m)
Ry =

(1)

—hg) and r<c(3)

Note that Hgi)) = ( for all 7. Thus we have

Z /@E’lj))(A(ij), A

€ KN Lyym. Also [CD]

= (C(z’), (C(i))T) =

F) € KN Lsym. Then

ZFL

i€13

)+ DR ’<¢<4>

i€Z3
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ivj GZZ

BU+Y " mi\C

1€Z3

CD =0 (3.11)

(3) (4)

U{C®}; in L, we conclude

gi)) for all ¢, j

INISVA
(i9) [ A (g ij (i5) ¢ A(i5 ij () AG i
= Z K (A6 A6 4 Z K (A6 AGI)Y 4 Z K (A6 AU
{7>i}nT, {i<iInTy {i=3}NT1
= Z KE;]))<A(ij)=A(ij))+ Z KEJI;)(A(ji)’A(ji))_i_ Z ,igzlz))(A(ii)’A(ii)>
{7>41NTs {i>i1nTy {(i,)}NT
_ (i9) (4G9 4 AGD A4G) 4 4G) L) g o p) 4G 4 g0
= D RO (AW AP A 4 AU B SRAD 4+ AW, AW 1 A1)
{5>i}nTy {(i,)}NT,
Z, 7 7 7, 1 (2 1) 1) 1) [
_ Z /f(]))((A + AUDAUD 4 AC ]) Z 5/{21))@4( )4 A A L 460
{7>i}nTh {(i,))}NTy
_ (i5) i 7 1 (13) i i
= > RE)[AW 4 A Y iy (A + AW
{7>i3nTy {(i,8)}¥nT,
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Similar manipulation yields

Z /@E;]))(B(ij), _B(ij))

1,J€L2

— Z RE;]))(B(ij), —BU@) 4 Z /{E;]))(B(ij), — BU@)
{7>i}NZ2 {j<i}NTs

_ Z RE;J))(B(M), _B(ij)) + Z &E;Z))(B(ji), _B(ji))
{j>i}NZ, {j>i}NZs

Y B - B0, g ) = Y (B -
{7>i}nZ2 {j>i}NT>

— (7) ij ji

- Z ,{6(21) [B(J) — BU )]
{7>i}nZ,

and finally

Z K (CD,0) + Z (e (e Z k() (CD (CO)T

Next we show that {[A®@) + AUD]}, ;U {[BW) — BUI}, U {[C

independent in £2. Suppose that

Z &ij[A(ij) + AU 4 Z 5ij[3(ij) — BUY| 4 Z%[C(i)]
I3

{52431 {j>i}NTs
Then we have
Z ;i (AW 4+ AUDY 4 Z Bi;(B @) — pUiy 4 Z%
{5>i3nTy {j>i}NT,

and note that we have

B(ji)7 BUD _

Z,{ O()

Therefore, we have span({[A®)+AU9]}, .U{[B@ —BUI}, ;U{[CD]})) = KN Leym.

@]}, are linearly

=0 in L?

=0in L

Z aij(A(ij)—i—A(j")) - Z aijA(ij)+ Z ajiA(ij)—i— Z ;A

{7>i}nTy {7>i¥nT, {i>jInTy
S BB B = 3 B0 3 8t
{j>i}NZ, {j>i}NZs {i>j}NZs

and since { A®) |3 U {B) }s ;U {Cc® }. are linearly independent in £, we conclude

that a,; = O,ﬁij =0,and vy, =0 for all i,j. m
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As an immediate consequence of the decomposition we obtain the alternative
proof for the following well-known characterization for potential games (Hofbauer
and Sigmund, 1998; Sandholm, 2010b). Notice that similar characterization for the

symmetric potential and zero-sum games are also readily available.

Proposition 3.1.15 The following conditions are equivalent:

(1) (A, B) is a potential game (a zero-sum game, respectively)

(2) P(A, B)P is a symmetric (I, +1.) x (I, + l.) matriz (an antisymmetric (I, +
le) x (I, + 1) matriz, respectively)

(3) (A, B) — (A, B)T € ker(T') ((A,B)+ (A, B)" € ker(T"), respectively.)

Proof. For a given (4, B), using range(T') = M+ @ N+ (Proposition 3.1.6) we
have

P(A,B)P = (V,V) + (N,—N) for some V and N € L.

Since (V, V) is a (I,+1.) x (I,+1.) symmetric matrix and (N, —N) is a (I,+1.) x (I, +1.)
anti-symmetric, so (1) < (2). For (2) < (3), we first note that (A, B)T = (B, A).
Thus (A+ B,B+ A) € ker(T'), if and only if P(A+ B, B+ A)P = O, if and only
if P(A, B)P = +P(B, A)P, if and only if P(A, B)P = +(P(A, B)P)". m

3.1.5 Decompositions of n-player normal form games.

In this section we will briefly discuss how one can generalize the decompositions
of previous sections into the case of n—player normal form games. For the simplicity
of exposition, we suppose that all n—players have the same strategy set S. We
denote by L,, the set of all n player games, by S the set of all strategy profiles and
by P the set of all players. First note that we have dim(£,) = nl". We use a ("

dimensional tensor A to denote a player’s payoffs and thus a normal form game is
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given by (Ap,, Ap,, -+, Ap,) for py € P. We introduce a similar inner product (),

in L, :
<(Ap17 T 7Apn)7 (Bpu Y 7Bpn>>£n = Z <pr Bpi>[; )
i=1,-n
where
(A Ble= D Gy, bigy iy,

(7;101 )t 7ipn)€S

Similarly we let M,, be the subspace of all potential games. Then we have the

following recursive formula for the dimension of M,,.
Proposition 3.1.16 We have dim(M,, 1)+ = (I — 1)*nl" ! + dim(M,,)*.

Proof. First note that dim(M,,) = " — 1 4+ nl" ' Using this, we factorize as

follows:
dim(Mpi)t = (n+ D" = (4 DI"+1
= (=1 P+ (n-D" 24+ +20+1)
= (I—1)*n"" + dim(M,,)".
|

In particular this recursive relation in Proposition 3.1.16 shows that a basis for
(M,1)* can be obtained from the existing basis of (M,,)* by adding (I —1)2n/"~1
additional elements. To illustrate this, we consider two strategy three player games.

From

1,1 101

My = span( ),
1-1|-1,1

we expand this basis to obtain an element of the basis set for M3 by making player

3 as a null player (See the first cubic in Figure 7) . That is,

-1,1,0 | 1,-1,0 || 0,0,0 | 0,0,0

M, = )
1-1,0 | -1,1,0 || 0,0,0 | 0,0,0
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Figure 7. A basis set for three-player anti-potential games. Each
vertex in each cube represents the strategy profile and the
arrows show the deviation motivations based on the payoffs
from the game.

Now we imagine that one of existing players, player 1 and player 2, is matched

with player 3 to play the Matching Pennies game.

Then since the null player,

either player lor player 2, can choose one strategy from the two strategies, there

are four possible situation in which two players play the Matching Pennies game

and one player plays the null player (See Figure 7). Thus we obtain the following

basis games.

-1,0,1 | 0,0,0 || 1,0,-1 | 0,0,0 0,0,0 | -1,0,1 || 0,0,0 | 1,0,-1
M2 = 7M3:

1,0-1 | 0,00 | -1,01] 0,00 0,0,0 | 1,0-1 |/ 0,0,0 | -1,0,1

0-1,1]0,1-11 0,1-1|0,-1,1 0,0,0 | 0,0,0 | 0,0,0 | 0,0,0
M4 - 7M5:

0,0,0 | 0,0,0 | 0,0,0 | 0,0,0 0-1,1]0,1-11 0,1,-1 |0,-1,1

It is easy to see that My, ---, M5 are independent and belong to Ms. Thus

{M, -, Ms} form a basis for M3. Here we verify Proposition 3.1.16 as follows:

dim(M3)t = (2 — 1)22 x 2% + dim(M,)*.
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Note that

0,0,0 | 0,0,0 || -1,1,0 | 1,-1,0

MGI
0,0,0 | 0,0,0 || 1-1,0 | -1,1,0

can be obtained by taking M; — (My — M3 — My + Ms). Next we characterize the
subspace of all zero-sum games. We call a game (A4,,,4,,, -, A,,) is an exact

zero-sum game if
(Apl)(ip17---’ipn) + -4 (Apn)(ipl,---,ipn) =0 for all (ipl, <. ,ipn) €S.
The following lemma reveals the structure of the subspace of all zero-sum games.

Lemma 3.1.17 A= (A,,, A,,. -, A,,) is an ezact zero-sum game if and only if

A can be written as a finite sum of tensors Z’s of the form:
7 = (07 7072101"07”' ’Oy_Zp“O’...)‘

Proof. “If part” is trivial. For “only if part”, we decompose A first into (" ten-

sors whose (iy,, -+, ip, )th element is the same as ((Ap, ) (i, ipn)s "7 (Apo ) (ipy e vipn))
and other elements are all 0’s.  Then since ((Ap, )iy, ipn)r """ s (Apn) (i sipn)) €
TA, and {(1,-1,0,---,0),(1,0,—1,---,0), ---,(1,0,0,---,—1)} form a basis

for TA,,, we have the desired representation. m
Now we extend our treatment a bit further. We will denote by S, S_,, and
S_pug the set of all strategy profiles, the set of all strategy profiles except player

p,and the set of all strategy profiles except player p and q ; i.e.,

S :{<ip17"'7ipn>:ip17"'7ipnes}
S*q : :{@pl?'”75(17"'>ipn):ip17"'7ipnes}
S*qUT‘ : :{(ipu"'72!17"'727‘"'7ipn):ip1v"'>ipnes}>
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where 7, means that we omit the gth element. Then it is easy to see that |S_,| =

["=1. Also for thUr € S_quy,

(Ap)7 o = (Ap) oy g s iy

can be written as an [ x [ matrix and for i_, € S_,, (A,,); can be written as a

1—q

[ x 1 vector. We also write
i g CJ if (ipyy - ko ip,) = Gprs= 2 Jgr- - +Jp,) for some k € S

for ;_q € S, and j € S. To define passive games, we define a tensor Ei‘q for

i_q € S_, as follows:
(E£579); =1 and 0’s in other positions (3.12)

where 1 denotes a [ x 1 vector consisting of 1’s. Then E.? in (3.12) is an tensor
that describes the payoffs of player ¢ and under this payoffs, given other players’
strategy profile (iy,--- 3, - ,i,) for any choice of ¢ player’s strategy, ¢ obtains

payoff 1. Then similarly we set

T = span({(E5™,0,---,0) Fes {(0, - ’E’iy—Pn)}?

—Pn es—pn)
where O denotes a ["— dimensional zero tensor. Then I is the set of all passive
games. We also define the following tensors: for i € S,

(B));=1liti=7.

Then Eg is a tensor which has 1 at the position i and 0’s at others. Then similarly
we set M = span({(Eg, e ,Eg)};es, I'}. Then we obtain Proposition 3.1.16. Next,

using Lemma 3.1.17, we define the subspace of all zero-sum games:

N = Sp&ﬂ({(O, B EZ? ) _EZ% T 7O)}(ip17“',ipn)ES,pmijP U Z)
ith jth
it J
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Then we have the following characterization for anti-zero-sum games. For the

strategy profile i = (pysipys -+ »ip,) such that i, > 2 for all p,we define

(E;)(ipl,im,l,---l) = E’gll,lQ)’ (E;>(ip1,ip2,ip3,”'1) — _E’gz1,12)’ cee
(Ei)(im’ipwips’__7%) — (_1)2n—1El(:‘1,i2)

and all other entries are zeros. An example of such tensors for 4 player 2 strategy

is given by

E(2222) _

Then we have the following proposition.

Proposition 3.1.18 {(E:, - - EZ)};E& 1,52 for all p JOTM @ basts for N=+. Thus dim(N+t) =
(=17

Proof. First since (Ei, e Ei) is a symmetric tensor, < (Ei, e E,i), N>£ =0

for every exact zero-sum game N. Also

<(E27 B, (0, Bl ..O)>Ln — <E,’:,E5*q>£ —0.

Thus span({(E,i, e Eg)}?es, ip>2 for allp) C N+. Now we show N* C

spamn ({(Ef; T Ei)}?es, ip>2 for ap) H(Ap, - Ap) € N*, thensinceall (O, -, Z,
-,—=Z,---,0) e N, (A, ,A,) = (V.---,V). We now show how to express

(V,---,V) in terms of {(EL,--- ,Ei)}k& iy>2 for all p 10 do this we use an induc-

tion. We suppose that {(EL, - -- Ei)};es, i)>2 for all p fOTM @ basis for the subspace

of anti-zero-sum games for n — 1 player games. Then for each i,, € S such that

ip, > 2 (the strategy of n th player), {(V), i, es can be viewed

tp1Htpos ’an)}lpl PRREY
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as {""! dimensional tensor and hence can be decomposed in terms of a basis of
{(Ei, e EZ)};E S, i,>2 for all p ©f 7 — 1 player games by the induction hypothesis. In
this way we obtain (I —1)"! coefficients of the basis elements for each 4,, > 2 and,

thus, in total (I/— 1)™ coefficients. We write this linear combination as follows:

B = Z /JEZ
Then we have
(V>(i1717ip27"'7ipn) = (B)(7';D1 ’ipzv"'vipn) fOI' ipn Z 2

by construction. Then it follows that (V') = (B) since

ip1 7ip27"':1) (ipl 7ip21"'71)

(V) (ipy gy, 1) = — Z(V>(ip1jp27m7j) =— Z(B)(ipbip%m’j) = (B)(ip, ipy,. 1)-

j=2 Jj=22

We illustrate the above proof by the following example. Suppose that p = 2 and
[ = 3. Suppose that a symmetric bimatrix game (A, A) is given; A = [a; : as : a].

Then we know that the basis for N+ is given by

-1 1 0 -1 1 0 -1 0 1 -1 0 1
1 -1 0,y 0 O Of-y 1 0 =110 0 O
0 0 0 1 -1 0 0 0 O 1 0 -1

If A€ Nt , A can be uniquely written as a linear combination of the above basis.
On the other hand, if A € N+, then as, ag € TA, so as, az can be uniquely written
as a linear combination of (1,—1,0)7, (1,0, —1)*. Clearly, the four coefficients that
we obtain in the second way also are the same as the coefficients of the basis

elements of N-t-.

3.1.6 Examples of Decompositions

From the previous Sections, we see that a game (A, B) € £? can be uniquely

decomposed into (i) a representative of equivalent classes of a potential game and
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Figure 8. Representation of the Rock-paper-scissors games

an anti-potential game, (ii) a representative of equivalent classes of a zero-sum game
and an anti-zero-sum game, or (iii) an anti-potential part, an anti-zero-sum part,
and an part belonging to ker(I"). Because of the simple structure of basis games in
the anti-potential subspace, we can associate a class of anti-potential games with
a set of graphs. To explain this we focus on the set of the symmetric games. First
observe that all basis elements in M=+, N@) have payoffs consisting 0, 1, and —1.
Thus we can assign a binary relation to (¢, 5): for given A, i > j if a(i,j) =1 (i is
better than j), i < j if a(i,j) = —1 (i is worse than j), and i ~ j if a(i,j) =0
(7 is as good as j). Since every anti-potential game is anti-symmetric, the relation
is symmetric; i.e., ¢ > j if and only if j < ¢. Therefore we can represent a given
basis element of anti-potential games in a diagram as in Figure 8.

For games with cyclic symmetry (Hofbauer and Sigmund, 1998, p.173) we have

the following decomposition.
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3 4

Figure 9. Games with cyclic symmetry.

0 a1 ay az ag 0 a1 +ays as+asz as+az ag+ay
ay 0 a; a2 as ay + aq 0 ay+aq4 ag+ az a + as
1
~ =
a3 a4 0 a1 as 2laz+as a3 +aq 0 a1 +ag4 az+as
as a3z ag 0 aq as +as az+az ai;+ag 0 a1+ ay
a1 ay ag a4 O a1 +ay4 as+as as+asz ap+ay 0
M
0 a] — a4 as —as —az+az3 —a;+ay
—a1 + aq 0 a1 — Qg a2 — asg —ag + as
1
+ | _ _ 0 _ _
2 az +as a1+ aq a1 — a4 az — as

as —as —az+az3 —ai;+ay 0 a] — a4
a1 — ay as —a3 —as+asz —ayp+ ay 0
ML

If a — ay = as — a3 — 1, then the anti-potential part of game can be represented in
Figure 9.

In case of 2-strategy bimatrix coordination games, we have the following de-
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composition of a 2-strategy.

a,b | 0,0 1 0,0 0,-b+d 1 1,1 —-1,—-1
~ 3 -I—g(a-l—b—l—c—l—d)
0,0 | ¢,d —a+c¢0| —a+c,—b+d —-1,—-1 1,1
ker(T) N

1 —-1,11,-1

+§(—a+b—c+d}
1,-1|-1,1
. -A;ll 7

Therefore, a 2 strategy coordination game is a potential game if and only if —a +
b—c+d =0 and a zero-sum game if and only if a + b+ ¢+ d = 0. In other words,
the coefficients of the anti-potential game and the anti-zero-sum game corresponds

to the condition for payoffs in four-cycle criteria as in Corollary 3.1.10 and 3.1.12.

3.2 Applications of Decompositions

3.2.1 Decompositions and Stable Games

In this section, we provide a characterization of stable games using decomposi-
tions (For properties of stable games see Hofbauer and Sandholm, 2009). We recall
the definition of stable games in terms of matrix notations in order to facilitate
the applications of our decompositions. A symmetric game [A] is a stable game if
(y — 2, Aly — x))g, <0 forall z,y € A;. A bimatrix game (A, B) is a stable game
if (y—x,(A,B)(y— x»RerC <0 forall z,y € A, x A;. A stable game which
satisfies the inequality by the equality is called a null-stable game.

Note that since [A] = (A4, AT), the condition for stable games can be written as

(y—x, (A, A" (y — $)>Rz+z <0 forall z,y € {(p,q) e Ay x Ay :p=gq} (3.13)
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So by comparing this to the condition for stable bimatrix games in the case of
l, = l., we see that the definition for a symmetric stable game requires that the
condition (3.13) holds for a smaller subset of R*. This opens the possibility that
more stable games arise in symmetric games, even though symmetric games belong
to the special class of bimatrix games. Note that using the projection operator in
Section 2 a symmetric game A is a stable game if and only if (z, PAPz) <0 for all
x € R; and a bimatrix game (A, B) is a stable game if and only if (x, P(A, B)Px) <0
for all z € Ry, 4;, (Hofbauer and Sandholm, 2009, Theorem 2.1).

We first characterize stable symmetric matrix games. To do this we define a
function V4 for a given symmetric game A, which will play an important role in
characterizing stable games: Vi(z) := 3 (z, Az). Then using the decomposition,

we obtain the following representation of Vjy.

Proposition 3.2.1 Suppose that A € L. Then for x € A and z € TA, there exists

a symmetric matrix S and a column vector ¢ such that S1 =0 and

Vale) = 3 (e, 5) + (), Vale) = 5 (2,52)

Moreover all eigenvectors v; for S such that v; # 1 belongs to TA and S =
Z?;ll AiS;  where S; is an orthogonal projection of R™ onto eigenspace of v; such

that v; # 1.
Proof. Let A € £. Then since A € N+ @ ker(I') & ML, we can write
A=S+clt +1cd + N
where S is symmetric, S1 =0, N is anti-symmetric and N1 = 0.Thus
1

1
Vi = 5 (x,Sz) + 5 (z,(c11" + 1))
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Then since (z,c;17z) = > ;i (z,c1) = (z,¢1) and (z,1cz) = 3, 2 (x,¢0) =

(x,co) , we have
1 T T
5 (z, (11" + 1)) = (z,¢)  where ¢ = ¢1 + co.

The second representation, we note that S = PSP and (z,¢,172) = (z,1cl2) = 0.
Since S is symmetric, all eigenvectors are orthogonal and since 1 is an eigenvector
with corresponding eigenvalue A = 0, all other eigenvectors belongs to TA and the
representation of S follows from the spectral theorem. m

To characterize the stable games using Proposition 3.2.1, we let A € £ and

z € TA. Then

Va(z) = % (2,92) = % <me,52m> = %Zf?xi

%

where v; is orthonormal basis for TA consisting of eigenvectors of S. Thus A is null-
stable if A\; = 0 for all 7. Then since S is a symmetric matrix, S = O if and only if
all its eigenvalues are 0. Therefore A is null-stable game if and only if A € N. We
put this fact as Proposition 3.2.2 of which another direct proof is presented in the
Appendix. Similarly note that V4(z) < 0 for all z # 0 if and only if A\; < 0 for all
1. Thus a game is a strict stable game if and only if the eigenvalues for S, except

the one corresponding to 1, are all negative.
Proposition 3.2.2 (x, PAPz) =0 for all x € R! if and only if A € N.

Proof. ”If part” is obvious, so we let A € L such that (z, PAPz) = 0 for all

r € R'. From the decomposition we can write A as the following:

A= k(EWD +EI)+ N+C, N e (M), C €ker(T)
Jjzi=2
Since (x, PAPz) = 0 for all z € R', we have
Z k) (2, (BY) + BV z) = 0 for all 2 € R

J=i
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Let K@) .= 1( EW) 4 E,(ji)), Next by choosing appropriate z, we show that () = 0

for all j > . Then it follows that A € N;. To do this, observe that
(v, KWz) = —a? + vy2; + 2175 — 2325,

so whenever 1 = z; or z; = x;, (z, KWa) = 0.We first show that £ = 0 for all
i. For a given k(™™ we choose

mth
€r = (1717 7]-7 0 717”' 71)T
i.e., x is a vector that has 0 in nth element and 1 otherwise. Then all ¢ < m,
1 = x; = 1, so (x, K@z) = 0. Similarly for all i > m, ;1 = 2; = 1, so
(z, K{Wz) = 0. When ¢ = m, since j > i, z; = 21 = 1, thus (z, K@a) = 0. For
t=j=m,x; =1x; =050 <x, K(mm)x> = —1. Therefore we have —x("™"™ = 0,which

(mm)

implies & = 0. Next we show that £(#¥) = 0 for all i < j < [ using induction.

1-1,0)

We start from the highest index, i.e., & . For this case we set

where we assign an arbitrary value to z,,. Forall i < -1, z; = z; = 1, (&, K{Wz) =
0 and <x,K(l*1’l)x> = —1, so k=1 = 0. Next, we suppose that £(#) = 0 for all
i >m and j > n and show that ™" = 0. In this case, we set

m th n th T
l':(l,"',l, 0 71'”717 0 7xn+17'”7xl) .

where we assign arbitrary values to elements over nth position. Since n < I, z € R'.
For all © < m, x; = zq, <x,K(ij):v> = 0. When i = m and j < n, z; = 1, so again
(z, K{Dz) = 0. When i =m, j =n, z; = z; = 0. Thus (z, K#z) = —1 and we

conclude k() = 0. m
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As is well-known, the Hawk-Dove game provides the simplest possible strictly

stable game,

—1 1 Z1 9
(21, 29) = —(21 — 29)° <0, for (z1, 29) # (0,0).
1 -1 29

This observation can be generalized via the basis of the subspace of anti-zero-sum

games N+ .

Corollary 3.2.3 (I—strategy strictly stable games) Suppose that
Ae {Z QW ) o) > 0} 4 ker(T) + M*.
j>i

Then A is a strict stable game.

Proof. Recall that [A] is a strict stable game if (2, Az) < 0 for all z € TA

such that 2 # 0.Let A € S. Then we have (z, A2) = — > .. (¥ (2; — 2;)? < 0.Now

7>

suppose that — > . al¥)(z; — 2;)2 = 0. Then we have z; — z; = 0 for all j > i.

>
Since z € T'A, this implies that 2z = 0. =
In case of 3-strategy games, we can strengthen Corollary 3.2.3 so as to charac-

terize 3 strategy strict stable games completely, since the computation in 3-strategy

case is less demanding.
Corollary 3.2.4 (3-strategy strictly stable games) A 3—strateqy symmetric
game A is strictly stable if and only if

—a—0b a b
A€ a —a—c c :da+b+c>0, ab+ b+ ca > 0 p+ker(D)+M™*.

b c —-b—rc
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Proof. From proposition 3.2.1, we see that [A] is strictly stable if and only if
S, A’s part belonging to N7, is strictly stable and S has the following parameteri-

zation.

—a—> a b
S = a —a—c c
b c —b—c
We recall that (x, Sz) satisfying ), z; = 0 is negative if and only if its bordered
Hessians, given below, satisfies some sign condition as we will check below. In our

case, these conditions are

—a—>b a b 1
—a—2b a 1
a —a—c c 1
det a —a—c 11> 0, det < 0.
b c —b—c 1
1 1 0
1 1 1 0

Then by computing determinants we find that
4da+b+c>0and ab+ bc+ca >0

and obtain the desired result. m
First we note that when [ = 3 in Corollary 3.2.3 the condition for strictly stable
games is a special case of Corollary 3.2.4 by the choices of a,b > 0 and ¢ = 0. As

another important special case of Corollary 3.2.4, consider game B given by

0 Bia Bis
B = Bz 0 o
Bz Bag 0O

First note that B is a potential game, so there is no anti-potential part of B. Thus
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B can be decomposed into

—a—> a b
B = a —a — C c + C and
€ ker(T")
b c -b—c
1 1 1
a = 5(5512 - ﬁ13 - 523)7 b= 5(_512 + 5513 - 2523)7 C= 5(_512 - 513 + 5523)~

Then the conditions in Corollary 3.2.4 imply

Bia >0 and (815 + Byg + B13)° > 2(5%2 + 533 + 533) (3.14)

Recall that the generalized Rock-paper-scissors game can be decomposed as follows:

We see that the case when (15 = 843 = (15, B2 > 0 satisfies conditions in (3.14),
so using Corollary 3.2.4 we conclude that the generalized Rock-paper-scissors is
strictly stable if and only if w > [ (See the discussion in (See the discussion in
Hofbauer and Sandholm, 2009)). In the next section we will provide another useful
parametrization of 3-strategy anti-zero-sum games.

Next we characterize the bimatrix stable game. First we recall that for J given

by
O A

BT O
the characteristic polynomial p(\) = det(J — \I) satisfies p(\) = (—1)Flep(=N).
Hence if A is an eigenvalue, then —\ is also an eigenvalue. For a given bimatrix game
(A, B), we can write (A, B) ~ (V,V) + (C,D) + (N,—N) where (C, D) € ker(I").

Thus, P(A, B)P = P(V,V)P. Soif (A4, B) is a stable game, all its eigenvalues must
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have the same sign and, thus, they must be all zeros. Hence every stable bimatrix
game is always null-stable (Hofbauer and Sandholm, 2009, Theorem2.1). Then, as
the similar argument as Proposition 3.2.1 shows, every null-stable bimatrix game is
a zero-sum game. As a result, we provide the complete characterization of the set of
all stable bimatrix games; the set of all stable bimatrix games are the set of all zero-
sum games. Proposition 3.2.5 can be proved via either the straightforward extension
of Proposition 3.2.2 or the direct proof by use of the basis of decompositions. We
provide the direct proof in the Appendix.

Proposition 3.2.5 (w,P(A, B)Pw) = 0 for all w € Ry, 4y, if and only if (A, B) €

N.

Proof. Again "If part” is obvious, so we let (A4, B) € £? such that (w, P(A, B)Pw) =
0 for all w € Ry, 4,,. From corollary 3.1.7 (3), we can write (A, B) as

(A,B)= Y KW(EWD EWD)+ (N, —N)+ (C1,Cy),

i>2,j>2
where (N, —N) € M*,(Cy,C,) € ker(T'). Since (w,P(A, B)Pw) = 0 for all w €
R;, 4., we have

> #Py (B x), + (o, Bfy) ) =0 for all 2 € R”, y € R™,

i>2,j>2

Similarly to the previous section, by choosing appropriate x and y we show that
k) =0 for all i > 2,7 > 2. Then it follows that (A, B) € A. To do this, observe

that
1 . iy
§(<y, E,(.@ﬂ)@ﬁ + <37, E,(fj)3/>£) = —T1Y1 + Y1 + T1Y; — LY, (3.15)

so whenever z; = z; or y; = y;,(3.15) becomes zero. We choose the following
(2, y)):

ith . jth

x(i):(1717'”717 0717"'71)T7 y(J):(1717"'717 0717'”71)T'



Then for (k,m) such that k # i or m # j, we have either mgi) = a:,(f) or y](»j) = y%j).

Thus for all (k,m) such that k # ¢ or m # j,

(Y9, EEz0Y 4 (20 EEmy @) =

and

() p1) ,.(8) @) g6, 0\ — _9
<y BV >£—|—<x By >z; 2

From this we conclude that x) = 0. Thus, (A, B) € N. =

3.2.2 Decompositions and Deterministic Dynamics

Evolutionary dynamics based on the normal form games have been extensively
examined and their important properties are closely related to the underlying
games; for example, potential games yield the gradient like replicator dynamics
(Hofbauer and Sigmund, 1998). Moreover the replicator dynamics are linear with
respect to the underlying game matrix (or matrices), so our decompositions nat-
urally induce decompositions at the level of vector fields. We will consider the

replicator dynamics given by
One population:  4; = z;((Az); — 27 Az) for all i (3.16)

Two population: z; = z;((Ay); — 2" Ay), v, =y;((B"x); —y" B x)

When we have A ~ S + G + N, where S € N+, G € ker(T'), N € M, the
replicator dynamics can also be decomposed in three parts. First note that if
G=>, mE?(f), then (Gz); = n; and (z, Gx) =, n,2, so the vector field for the

replicator dynamics induced by G is given by

wiln = > ma)

1£1
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and the system monotonically moves towards the dominating strategy state. Also
when 2" Nz = 0 for N € M*. Thus, the replicator ordinary differential equation

for the matrix A can be decomposed into

filz) ~ i((Sx); — xTSx)J + xi(n; — mel) + z;Nx

I#1 :
potential part N , conservative part
-~

monotonic part

©

This decomposition of the vector field of the replicator ordinary differential equa-
tions coincides with the known Hodge decomposition which plays an important role
in understanding the underlying dynamics.

We recall that a function H: D — R is an integral of (3.16) on a region
D if H is continuous differentiable and H(x(t)) is constant along the solution of
(3.16);i.e., LH (x(t)) :== (VH(z(t)), f(z(t))) = 0 for a solution xz(¢). The orbits of a
conservative system must therefore lie on level curves of the integral H. A system
(3.16) is said to be conservative if it has an integral H. We again recall that a
function V: D — R is a strict Lyapunov function for C' C D if V' is continuous that
achieves its minimum at (', is non-increasing along the solutions and is decreasing
outside of C; i.e., LV (z) := (VV(x), f(z))) < 0 for z in D and LV (z) < 0 for
xé¢C.

It is well-known that the replicator dynamic for the Rock-paper-scissors games is
conservative and volume-preserving, the dynamics of the Matching Pennies games
can be transformed to Hamiltonian systems by change in velocity of solutions, and
all the bimatrix games preserve volume up to change in velocity of solutions (Hof-
bauer and Sigmund, 1998). As Proposition 3.2.6 shows, the class of anti-potential

games provides the dynamics which are volume-preserving without involving the
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change of time.

Proposition 3.2.6 (1) Suppose that [A] is an anti-potential game. Then (3.16) is
conservative and volume-preserving.

(2) Suppose (A, B) € range(T'). Then (A, B) is conservative.

(8) Suppose that (A, B) is an anti-potential game and l. = l,. Then (A, B) is

volume preserving.

Proof. (1) First we note that 27 Az =0 and A1 =0, so zy = (£,

S|

-,-)is a
rest point for (3.16). We consider H(z) := ) log(x;). Then LH = ) (Az); = 0,
thus H is an integral of (3.16). Thus (3.16) is conservative. To show the preserva-
tion of volume we first write 2 = (1—2:#1 Ty Lo, -

,x,) and whenz € A, Ax = Az

and (z, Az) = (2, Az) . Also we note that for k > 2,

0
a—xk(Al’) = —ap1 + aik
0
A (#,Az) = —(Ax); — (AT2); + (AT2), + (A2),

Thus

diVA fA = Z afk = Z(A.l")k — (l — 1 ZE Ax Zxkakl + Zxkakk

k#1 k#1 k#1 k#1
+(1 = z1)(Ax); + (1= 2)(A"2) = ) ap(AT2), — > aw(Ax)
k#£1 k#£1

_ Z(Ag;)k — I {x, Az) + Zxkakk - <37’AT3;>

k

If A is anti-potential, then Y, (Az), = (1, Az) = (AT1,2) = 0 and all diagonal
elements of A are zero. Thus diva f4 =0

(2) Recall that (A, B) € range(T) if and only if (17A,17B) = 0 and (A1l,, B1.) =
0.Thus (A, B) has an interior rest point, so from Hofbauer and Sigmund (1998)

(p.130) the result follows.
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(3) Similarly we have, for [, =: 1 > 2

0

3z, (&AY) = (Ay) = (Ay), and - <y,BT )= (B"z) — (B"x)1.

Thus

v fam = 3 0w g)+ 30 e y) = SO (A~ o, Av)) — (A~

i;él j#1 J i#1 i#1
+Z((BTx)i — (y,B"x)) Zy] (BT2); — (BTz)))
J#1 j#1
= Y (Ay)i — L (z, Ay) + > (B"z); — 1. (y.B"x).
i J

Then since (4, B) is anti-symmetric in £2, which implies (z, Ay)+(y, BTz) = 0,and
(A, B) € range(I"), the result follows. m

In the generalized Rock-paper-scissors game, it is easy to check that when b > a,
H(z) := Y, log(x;) is a strict Lyapunov function for (3, %, 3). Our decompositions
show that this observation generalizes to the bigger class of games that have the

similar structure to the generalized Rock-paper scissors game.

Proposition 3.2.7 Suppose
Ae{d DKo >0} + ME.
>
Then, H(xz) :=Y",log(z;) is a strict Lyapunov function for 1. And thus a unique

NE %1 15 evolutionarily stable.

Proof. Let A = S+ N, where S € {3.._.a®™K : ol > 0} and N € M*.

]>z

Note that for x # %1, we have

LH = ) ((Az); —2"Az) =) (Sz); — (z, Sz) + Z(Nx),-

) )

= —(z,Sz) =—(z,PSPx) = —(2,52) >0
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Next we explain how to obtain a game that has a pure strategy ESS and an
interior NE who is an attractor (called the Zeeman game) using the decomposition.
We consider a game A € N+ & M*. Then since A1 =0, %1 is NE. From the
previous discussion, the anti-zero-sum part S of A is completely determined by its
eigenvalues and (orthonormal) eigenvectors. Recall that S always has an eigenvec-
tor 1 with the corresponding eigenvalue 0 and other eigenvectors lie in the tangent
space. Thus when the number of strategies is 3, any two eigenvectors in the tangent
space can be obtain by rotating given reference orthogonal eigenvectors around the

axis (1,1,1). First we denote the matrix for the Rock paper scissors game by N :

Next, to express this parameterization of S we define a rotation matrix R, which

rotates a given vector in R? around the axis (1,1, 1), as follows:

1
R=1— P+ (cosbl + sinﬁﬁN)P. (3.17)

To explain the meaning of R, we first recall that the rotation matrix in R? acts as

follows:

cosf@ —sinf 0 —1
z =cosflz +sinf z.

sinff  cosf 1 0

Thus the rotation matrix map = to a linear combination of z itself and a vector
orthogonal to x, and the coefficients of the combination are parameterized by an

angle. Now note that (Nz,z) = 0 for all z. Thus when z € TA,

1
Rz =cosflz+sinf—=Nz

V3

and since Nz is orthogonal to 2z, R acts in the same way as the rotation in two-

dimension. Also clearly R1 = 0. When 2 € R?, x can be uniquely written as
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x = (I — P)x + Pz and R rotates the part belonging to range(P). Thus, R have
the representation in (3.17). Using the rotation matrix R, we can write a 3-strategy

game A as follows:

a+d -2 _q48 0 1 -1
A =Rl -2 % 2 \R'yn|l-1 0 1|,
—a+8 -2 a48 L =10
a+8 % 48 1 1 1 00 o)1 1
where _% % —% =11 0 -2 0 2a 0 1 0
—a+8 -2 a4l 1 -1 1 0 0 23/ \1 -1

Then the matrix A has the characteristic polynomial ¢(t) = t(t* — 2(a + )t +

4af + 3n?), so it has eigenvalues 0, a + 3 £ /(o — 8)2 — 3n? and the eigenvector
corresponding to 0 is 1. Note the eigenvalues for A does not depend on the choice

of #. We can also verify this as follows. From RN = NR, we have
A=REDE'R'4+nN =REDE 'R '+ nRNR ' = R(EDE™" +9N)R™,

where E denotes the matrix whose columns consist of orthogonal eigenvectors and
D denotes the diagonal matrix which has 0, 2a,and 25 on the diagonal. Since
R(EDE!' +nN)R™! has the same eigenvalues as EDE~! + nN, eigenvalues of A
do not depend on the particular choice of 6.

Since a%i(xTAx) = (Az); + (ATz);, by differentiating (3.16), we find that

dfi(x) dfi(x)
8xj al‘z

= $Z(CLZJ—(A$)]—(ATJI)J) for j # i,

(3.18)
So if we evaluate the expressions in (3.18) at x = %1, from A1 = 0, AT1 = 0,and

(Az); — 2ATx = 0, we find the following Jacobian matrix

ofi(z) 1

= —Clij.
8xj xz%l n
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Thus the eigenvalues for the linearized system around %1 are a nth of the eigenval-
ues of A with the same corresponding eigenvectors. Also we note that if (o —3)? <
312, then two non-zero eigenvalues are complex and in this case real parts of eigen-
values are negative (zero, positive, resp.) if and only if a+5 < 0 (a+5 =0,a+5 >

0,resp.). Now we set § = 0. Then

3a+ —26+4+3n —3a+p—3n
1
A=3] -28-3y 48 —28+ 3n
—3a+p+3n —28—3n 3a+

so it is easy to see that if —(a+ ) < n < 2a, then strategy 1 is a strict Nash
equilibrium, hence an evolutionary stable strategy. Thus we obtain the following

characterization of Zeeman games.

Proposition 3.2.8 Suppose that —(a + 3) < n < 2a, and (o — $)? < 3n?. Then
strategy 1 is an ESS and the interior fixed point is a sink (center, source, resp.) if

a+8<0 (a+5=0,a+ 5 > 0,resp.).

In Figure 10 we show how the vector field of the system changes when 6 varies.

To find 4-strategy Zeeman game we consider the following matrix using the similar

idea:
-1
1 1 1 1 00 0O 1 1 1 1 0 1 0
1 0 0 -3 0 o 0 O 1 0 0 -3 -1 0 1
A= +n
0o -2 1 00 p 0 1 0 -2 1 0O -1 0
-1 1 1 00 0 v 1 -1 1 1 1 0 -1

Then, it is easy to see that if —y < n <~ and v > 0, strategy 2 become a strict

Nash equilibrium, so an ESS. The characteristic polynomial for A is
1
P(t) =t(t® — (a+ B+7)* + (aB + By + ya + 4 )t — afy — 3(6a+25+ 4y)n?).
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Figure 10. Rotation of eigenvectors in the Zeeman games. Figures
are drawn using Dynamo: W. H. Sandholm, E. Doku-
maci, and F. Franchetti (2010). Dynamo: Diagrams for
Evolutionary Game Dynamics, version 0.2.5.

Figure 11. Four-strategy Zeeman game. o:-2.5 §:-25 v:2, n:1.9.

Thus from the Routh-Hurwitz criterion, we see that eigenvalues A\ for A all have

negative real parts (except 0 eigenvalue) if and only if

a+B4+v<0, af+ By +ya+4n® >0, 3a67+(6a+25+4’y)n2<0,

afy + %(60[ + 28+ 470 > (a+ B +7) (@B + By +a + 4i°).

Using these conditions we exhibit a 4 strategy Zeeman game in Figure 11.
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CHAPTER 4

HIERARCHICAL MULTI-SCALE MODELS

4.1 Coarse-Grained Stochastic Processes

4.1.1 Setup

We take A C Z? and define a coarse cell Cy, := [k1, k1 + 1) X [ko, ko +1) x -+ X
(kg kg + 1) for k € (ki, ko, -+ ,kq) € Z% We denote a coarse lattice by Ac C Z4
and identify each cell Cy with a site of A¢, so Cy ~ k. We suppose that |[A.| = M
There are () sites in each coarse cell C, and we set N := Zke Ao Q. We assume

that an interaction kernel in the microscopic space satisfies
W(z —y) =W (k1) for x € Cy,y € C) (4.1)

We will write W (0) := W (k, k) for all k € A¢, and interpret W(k,1) for k # 1
as a between-group interaction intensity and V_V(O) as a within-group interaction

intensity. Recall that the imitative comparing strategy revision rates: for s’ € S

c(z,0,s") way,as Glu(z,0™") — u(z,0)).

yEA

and

w(,y,0,5") = Win(z = y)do0)({s}).
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Note that the weight which determines the probability with which agent x imitate

y is not necessarily true. Similarly, we assume that W,,(z — y) satisfies

Win(x —y) = Wy, (k,1) for z € Cy,y € C

4.1.2 Dynamics

We recall that the state space of the microscopic stochastic process is = :=

{o:0(z) € S,z € A} and

o(x) ify#x

s ify==x

o (y) =

We define the current payoff of an individual at x when the configuration is o,
u(x,0), and the payoff of an individual at = adopting strategy s, u(z,o™%), as

follows:
u(, o) + =Y W(x—ya(o(z),0(z)). (4.2)
u(, o) =Y W(x —yla(c™(x),0"" (). (4.3)

yEA

Note that equation (4.3) can also be written as

u(z, o) = ZW(.T —y)a(s,o(y)) +W(0)a(s,s), for s € S

yeA
y#z

and the total utility u includes the self-interaction term (the second term) that
gives a payoff a(s, s) when an individual = chooses the strategy s. Note that this
term disappears when W(0) = 0 or a(s,s) = 0 for all s € S. Later, the addition of
the self-interaction term will ensure the detailed balance for the stochastic process
of the potential games.

Ly(o) =) > c(w.0,8)(9(c™) = g(0)) (4.4)

s'eS xeA
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for g € L™ (Z;R) . The goal of this section is to aggregate the microscopic generator
(4.4) at the coarse cell level and to obtain hierarchical stochastic processes which

can capture between group interactions and within group interactions.

4.1.3 Aggregation

First we define a new coarse variable 7 :
n, (k) == Z doz) ({s})
zeCl
and write n (k) := (n, (k) ,- - M| (k‘))T and n = (n (kW) -+, n(k™)))T. Hence
the state space is given by

XY= {77 : Z?]s (]{(l)) = Q, k’(l) S Ac}

seS

Sometimes we think elements in ¥ as |S| x M matrices. Next we define a transition
coarse variable nb®*
(1) if [#korl=Fk t#s,s
nt )= () =1 ifl=kit=s (4.5)
n,()+1 ifl=Fkt=s

de., % represent a new state induced by a strategy change of an individual

belonging to the coarse cell k£ from s to s’. Note that we have

neo (1) = () = 8({t)) + 0g({t}}  forl=k
(1) = (D) for [ # k

Next we define a reduction mapping ¢ which will connect the microscopic state

space to the coarse state space:

¢$:E—=%, ¢(0) (1) =) bo@ ({t}) forleA, tes

zeC)
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Then for h € L* (X : R), if we define g := ho ¢, then
9 € L (5R) and g (o) = h ()
In addition we have the following lemma.

Lemma 4.1.1 Forn= ¢ (o), z € Cy s € S, we have

!

g(0™) — g (o) = h(n*"") — h(n)

Proof. Let z € Cy, s' € S and 0®¥,0 € Z. Let s € S fixed. Then for | = k,

Sa™ ) (1) 1 =D Gpnry ({11 = Y batyy ({1) + 80 ({t3)

yeC; yeC

y#£T
= D bt ({t}) = Sow) ({11 + 09 ({t}) = 17 (1)
yelC;

and [ 7£ ka ¢(U$’S/)(t> l) = nt(l) u

Next we proceed to find group-level average payoffs.

Lemma 4.1.2 For x € C}, we have

=D D Wk Da(s,s) D (1) + Y W (0)a(s,s) b (k)
ZIG;{E\ICC seS seS

Proof. For x € (), we have

u <x, ox’sl) D= Z W(z —y)a(s',o(y)) + W(0)a(s', s")

= ZW(x—y) .o(y)) + W(0)a(s', s’ +ZZW r—y

yeCy, leEAc yeC,
Ik
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We compute I as follows:

I = Y W(0)a(s,o(y)) —W(0)a(s', o(x)) + W(0)a(s', ')

yeCy
= W(0)) a(s',s)n,(k) =W (0) D a(s', )00 ({s}) + W(0) Y als', 5)ds ({s})
seS ses ses
= W(0)) a(s',s) [n,(k) = b0y ({s}) + 00 ({s})]
s€S
= W) Y als’ )b (k).
seS

Similarly for 71, we find

11 = YWk Dals o) = 3 S0 SOW (kD als', )5, ({s))

leAc yeCy leAc yeCy s€S
Ik I#k
= > D Wk Dals',9) D oy {1 = D> Wk, D) als', s)n, (1)
leAc s€ES yeC leAc s€ES
£k £k

From lemma 4.1.2, we define aggregate utilities at the coarse-grained level, a
payoff derived from between group interactions U?,a payoff derived from within

group interactions A", a total payoff for a representative agent in a group U”:

UP(k,m,s') = =Y Wik a(s,s)n, (1)

lEAc ses

u" (k,n, s Zw 1, (k)
seS

Z/{ (k n, ) _Z/{W<k7n7 )+uB(k 7, )

Then lemma 4.1.2 shows that
u(z, 0™ =UT (k,n*@*" &Y and  u(x,0) =UT(k,n,0(s))

Next using lemma 4.1.1 and lemma 4.1.2, we derive a coarse grained generator for

the microscopic generator.
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Proposition 4.1.3 For h € L>* (3;R), g € L™ (E,R), the coarse grained gener-

ators for the innovative and imitative case are given by

Leh(n) = .Y (k) ce (k5,8 m) (™) = h(n))

keAc s’€S s€S

Lch(T}> = ZZZ (k)CC(k7878/777)

keAo s’€S seS

+ Z W(kv 5)775/ (l) Ns (k> Cc (k7 S, 3,7 77) X (h(nk7875/) —h (U))
leAc:l£k

where

cc (k,s,8',m) = GU" (k,n"*, ) U (k,n, 5)).

Proof. By noting ) . ¢ f(5)0,()({s}) = f(o (x)), we compute the following.

ZZU(J%OJE’S/) _ Z Z ZHT(k,T]k’U(Z)’SI,S,)

zeN s'eS keAc z€Cy, s'€S

= 20 2 Uk e ({5

k€Ac x€C s'€S s”€S

S 30 3) SLUCTEERT) SEAMIES)

keAc s'eS s'"eS z€Cy

= Z Z Z Z/_{T<k> 77’675//75/7 S/)ns”(k>

keAc s’€S s"eS

= DD > Uk (k)

k€Ag s'eS seS

Similarly we find

ZZu(xa ZZZUT]CT], ZZZUT}C% s)n(k).-

zEA s’€S keAc x€C) s’€S k€A s’€S s€S
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Then using the generator, we can treat h (nk"’(:”)’sl) similarly and we obtain the
desired result. For the imitative case, we consider the following term:

Z Z w(z,y,0,8) H (z,0,5)

zEN s’eS

= D> D D D W=y {sHH (z,0,5)

keAc z€Cy, s'€S yeA

= 222 Y Wm0 be (D H (@,0,5)

keAc x€C s'eS yeCl

+3 S ST S W kD) by ({SHH (2,0, 8))

keAc zeCy s'eS leAc yel
l#k

= 2. 22 WO H@o )+ Y, 3 ), > Wk H (0,5

k€Ac z€Cy, s'€S keAc z€Cy s'eS e
l#k

Hence we see that manipulation can be separated and obtain the desired result. m
Observe that when we set (), = 1 for all k, we have A¢ = A and there is only

self-interaction within group interaction. In this setting

Uks) = =3 D Wk Dals,s)n, (1) =YY Wz —y)als, ), )

lle;?]g ses Z;Eé/; seS
= > W(—yas,o(y))
ot
U (kyn,o(x)) = =Y W(0)alo(z),s) n,(k) =Y W(0)a(o(z), ). ({s})

uW(}f,nkg(g;) S/,S/) _ ZW k,o(x),s (k)
seS
= > W(0)a(s,s) (n, (k) = dow)({s}) + 60 ({s})
ses

and from this we have

U (k1m0 () = ulw,0), U (k,nto
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so we recover our original microscopic payoffs for sites. In this case also the gener-

ator for the innovative case

SOSTS 0 (k) G (ko 8~ UT (K, ))

keAc s’€S s€S

= DTS bt () G (> 8') = UT (K, 5))

zel s'eS seS

— Z Z G(u(z,0™) — u(z,0))

rel s'eS

so again reproduce the microscopic generator. On the other hand we consider the
case () = N for all k. In this case there is no between group effect and group level
payoff from within group interaction UY(k,n,s') = >, caW(0)a(s,s) n, (k)
becomes the average payoff using strategy <. In this case it is easy to see that
the coarse-grained generator become the same as the generator for the uniform
interaction case. When 1 < Q. < N, this model contains both within group effect
(uniform interaction) and between group effect (spatial interaction) and, hence
capture both locally homogenous interaction but globally heterogenous interaction.

Remark. When we take a(k,l,s,s") forz € Cy,y € C}, s € Sg, s € S¢ as an

underlying payoff instead of a(s, s’), the same computations still hold. In this case,

u(w,0) =S Wi = y)a(z,y, s, 0(y) + W(0)a(x, 2, s, 5).
yeEA
yF#x

Then group payoffs can be written:

UP(k,n,s') = = > Wik Dalk,1,s,s)n,(1)
llé;é\kc seS

U (ks o =Y Wk Kalk. ks’ s)n,(0)
s€S
Under this setting bimatrix asymmetric game can be regarded as the case where

A = {1,2} and a(1,1,5,s) = a(2,2,5,s) for all ¢ and s.In addition the matrix
model of evolutionary game with two groups is a special case of the Hierarchical

coarse-grained stochastic processes (See Cressman, 1995).
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4.1.4 Invariant Measures for the coarse-grained processes

Now we will find the expressions invariant measures for the coarse-grained pro-
cess when the detailed balance condition is satisfied. First we find an invariant
measure for the microscopic level when the detailed balance condition is satisfied.

To do we introduce an energy function H at the microscopic level:

1 1
=3 DY Wiy —2)a(o(y), o(2)) + SW(0) Y alo(y),oly)  (46)
z€A yeA yeEA
Then, we have the following lemma.
Lemma 4.1.4 Suppose that a is a symmetric matriz. Then for all x, k

H(o™") — H(o) = u(z,0™*) — u(z, o)

First note that for z # x and y # z, a(c®*(y),0%*(2)) = a(o(y),o(2)) and

a(c®*(y),o®*(y)) = a(o(y),o(y)). Thus we have
H(o"F) — H(0o)

= LYW 2)al0™H ), 0 () + W0 3 alo™H (), 07 ()

—% 33 Wiy - Jalo(w). o) — oWO) Y alow). o)
zEN yeA yeA
= Z W(x — 2)a(k,o™* -3 Z W(z — z)a(o(x),0(2))
ZGA JZFET ZGA ZFET
+% Z W(y — 2)a(c™"(y), k) — = Z W(y — z)a(o(y),o(x))
yeNy#x yeA y#T
FW(O)alk, k) - §w<o>a<a<x> () + W (0)alk, b §w<0>a<a<x>,o—<x>>
= Z W(x — Z W(z —y)a(o(z),o(y)) (by the symmetry of A)
yEA yF#x yeEA yF#x
= wu(z,0”") —u(z,0) (From the definition of u)

Next we find the expression for the equilibrium measure. Let dp be a uniform
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measure over a strategy set: i.e.,

1
p(a(m):k):E forall k € S, for all x € A

Then we define a prior measure over =, Py(do) : Py(do) = Q) p(do) and define a

ﬂteAn
Gibbs measure Pj :

Py(do) = %exp(ﬁH(a))Po(da) (4.7)

where Z := [, exp(8H(0))Py(do). We recall that the innovative and comparing
rate satisfies

c(z, 0% o(z))  Gu(z, (c®F)®7 @) —u(z, o™F)

c(r,o k) G(u(z,0™*) —u(x,0))

and suppose that
G(t)
G(—t)

= exp(ft).
Note we have (0%*)*7@) = 5. Thus from lemma 4.1.4 we have

Ps({o™*}) c(x, 0™* o (x))
Pﬁ({g}> C($’07 k)

= exp(B(H(o™*) — BH(0))) exp(B(u(z, 0) — u(z, ™))

=1

The the microscopic process is reversible with respect to P(do).

Next we will find the expressions for the invariant measures of the coarse-grained
processes; we will derive this first by the aggregation of (4.7) and then check the
obtained measures directly at the coarse level.

First by aggregating (4.6) under (4.1), we obtain

Ho) = 530 30 S S Wk D Ryals, o na () + 00) 30 3 als, ). (8)

leAc keAo s€S s’eS keAc s€S

= +H(n)

N | —

Thus Lemma 4.1.2 and 4.1.4 give
HO) = HO () =" (koo ) =" (ko).
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We also aggregate the prior measure Fy(do) and obtain

Q! 1

C _
rn =  Gomr ammrse
So we can define
P (dn) = e exp(BHC () FE (). (48)

Then (4.8) is the invariant measure for the coarse-grained process. In fact we can

verify this directly.

Proposition 4.1.5 Suppose that the innovative and comparing strategy revision
rates is given by cc(k, s,8',n) = n(k)GUT (k,n*>* s") —UT (k,n,s)) and G sat-
isfies G(t)/G(—t) = exp(Bt) Then the Markov process defined by

Leg(n) =Y > > colkys, s smg™*) —gm),  forge L(AV;R)

keAc s’€S s€S

1s reversible with respect to Pﬂc .

k,s,s’)

Proof. First we write a(n,n = cco(k,s,s',n). Then we need to show that

P§({n})a(n,n) = P§ ({'})a(y,n) for all n,7 € .

Let n,n" € X. If a(n,n’) = 0, then from the definition of «, we have a(n’,n) =0
and so we are done. So suppose that a(n,n’) > 0. Then again from the definition
of a, there exists s,s' € S and k € A¢ such that 7 = 7"** and n,(k) > 0 and

n’jss(k) > 0. So

ol ™) a( ™) ns(R)FUT (k0" s") —UT (k,n, )
ST T S~ R G e B )
n(k)  FU" (k") —U" (k,n,5))

F(_ (k n,s )_Z/_[T (k’nk’s’8,75))

exp(BU” (ko o) = U (k.,9)))

g (k) + 5
Qs (k)
ans (l{?) +1
Qs (k)

= Gt ep(B(H (o

/

) = H(n))
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Also
Pg({n})

— ex Clo _ 17C (. ks, P()C({n})
POF)) p(H™(n) — H"(n™**))

and
PO Qe (R)NQur™ (1)) (Qeny(k) = DY Qi) + 1)!
Py ({n*=+'}) (Qrns (k) (Qrny (k))! (Quns (k) (Qrny (K))!
Q}J}S/(k?)—l-l
Qrns(k)

Therefore we have
Py({n})  a(n,nt>*)
Pg({nk=5"}) a(nt**,n)

and obtain the desired result. m

=1

4.2 Deterministic Approximations of Hierarchical Stochastic Pro-

cesses

4.2.1 Approximations of Stochastic Processes

In this section we suppose that @, = Q; := @ for all k,] € A¢ and consider
deterministic approximations of hierarchical stochastic processes when and ) — oo,
N — oo. In this section we rescale the state space

Y= {77 : Zns (k:(l)) =1,k ¢ Ac}

ses

and rescale the time

Legn) = Y Y Y Qeclk, s, s m)(g(n***) — g (n)) (4.9)

keAo s’€S seS

The result follows from the well-known result of ODE approximations of the stochas-
tic processes. We will use the approximation theorems by Kurtz (1982). We will

provide heuristic explanations (see Kurtz (1982); Ethier and Kurtz (1986) for the
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detailed discussion and proofs; also see Gardiner (2004); Van Kampen (1981).)
We consider here the innovative and comparing case, however the similar compu-
tation holds for the imitative comparing case. First we represent the system more

succinctly by using the following notations. First we define a set 7
T:={lezt=7¥*"cl (s k)=—1, I(s',k) =1 for some s and s’ € S and some k € A¢c}.
For example, when S = {1,2} and A¢c = {k1,ka},

1 0 —1 0 0 1 0 —1
T =
-1 0 1 0 0 -1 0 1
Then |Z| = |S| x (|S] — 1) x |A¢|. Also for | € Z, there exists unique k, s, s’ such
that I(s, k) = —1 and I(s', k) = 1. Thus ** can be written as n*** = n + %l for

some [. So we can define

mwwzmwkdhaymwwume%mn+%aw—uﬂhm@>

and the generator for the coarse-grained process (4.9) can be written
1

Lf() =>_ BimQf(n+ gl — 1.

Then from Kurtz (1981), we have

N(®) = N0)+ 3 5(Q [ ai(s)ds

leT

where {Y;(t)}, are independent Poisson processes. We define the compensated
Poisson process Y(t) := Y;(t) — t and obtain
1 . t t
N(t) =N(0) + Z —lYl(Q/ B,(N(s))ds + Z l/ B,(N(s))ds. (4.10)
leT Q 0 ez /0
Then since limg o SUPth% ’Yl(Qt)’ = 0 as. for all 7 > 0. We obtain the

following ODE:
= I 0) = FOn(o). (4.11)

leT
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Also since \/L@Yl(@) = W(+) in distribution where W; is an independent standard

Brownian motion. This suggests approximating A by a solution of

No(t) =N(0)+ 3 51l / Bi(Ni(s)))ds + / F(Ni(s))ds

lez
Note from the time change, we have W( fo B, (Np(s \/ﬁl s))dB(s). Thus
we find the following diffusion approximation:

dNp = F(Np(t) dtﬁ—————j{jl\/ﬁleb )dB,, (4.12)

lEI

and this approximation is justified by the following theorem (Theorem 8.4 in Kurtz

(1982)).

Proposition 4.2.1 (Diffusion Approximation) Suppose that Np(t) satisfies (4.12).
Then

Q

Next, by subtracting ODE (4.11) from (4.12), we obtain

N@:NMU+OC%Q)

Noplt) = n(t) = +Z o / Bi(No(s)))ds + / F(No(s)) — F(n(s))ds

ZEZ

Q

> 5 / B0 + [ OFa(s))Wo(s) — n(s)is

lex

where OF is the Jacobian matrix of F. Thus we have

VOWND() — n(t) ~ / OF (1())VQWNi(s) — n(s))ds + 3 IWi( / B

leT
(4.13)

Since Np approximates N (t), we define

Vi=/QWN —n)

and expect that the limiting distribution of Vi would satisfy (4.13) (Theorem 8.2

in Kurtz (1982)).

128



Proposition 4.2.2 (Centeral Limit Theorem) Suppose that V is the solution

of

@ =Fn)

AV = OF(n()Vdt + ¥yer I/ BB
Then

VOWN =) = V.

These approximation methods provide a nice and succinct representation, how-
ever it does not show the specific forms of equations. To find the more concrete
expressions for the approximation equations, we proceed as follows. First, from a

martingale representation, we can approximate the Markov process N’ (1),
h(n(t)) = h(n(0) =

/mzzzw n. (k) co (k, s, 5',m) QUh(™*) = h(n))

keAc s'€S s€S

/mzzz§jkaw<mmewmmwm»

keAc s'€S se€S leAc:l#k
=1+1I

Note that this approximation is essentially the same as (4.10). Then we use an

evaluation map, h: ¥ — R, 1+ n, (m) for a given s” € S and m € Ac. Then we

WL S ST ST Wkl () () (k5. 5/.) QUi (m) — s ()

keAc s'€S s€S leAo:l#k

= X Y Walm by () ny (m)ec (m. ", m) (<1)

leAc:l#m s'eS

+ YD Wn(m, g (), (k) co (k, 5,8, m) (+1)

leAc:l#m seS

So by changing notations m — k, s” — s, and s — s’ the second part of ODE for

n, (k) is given by

DN Wk g () ng (K ee (ks s,m)— > > Wik, Dng (D), (k) cc (k, 5,5, n)

leAc:l#k s'€S leAc:l#k s'€S
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Similarly we find

Z W (k) Cc (ka S/a Svn)_zwm(o)ns’ (k) s (k) Cc (kﬂs’slan) :

s'eS s'eS

Thus we obtain the following ODE equations:

e Innovative and comparing case:

dns Z co(k, s s,m)ng (k)—n, (k) Z co (k,s,8',n) foreach k € A¢, s € S
s'eS s'eS
(4.14)
e Imitative and comparing case:
dn, (k)
s 4.15
o (4.15)
= Wp( Zc(;ks s,mng (k) — chk‘ss nng (k)
s'eS s'eS
+ > Wk, D, (D)) colk, s s,mng (k) = Wk, Dng (k) > colk,s,s',n)ny (1)
I#k s'eS I#k s'eS

where cc (k, s,8',n) = GUT (k,n,s") —UT (k,n,s)).

Also it is easy to see that (4.14) and (4.15) are the same ODEs as (4.11).
Next we will consider the diffusion approximation. Recall that the innovative
coarse-grained generator is given by

Loh(n) = 37 57 S, (k) co (k5. m) Qulh(™™) = h ().

keAc s’€S s€S

We expand h around 7 and obtain:

11

9 N2( ) : Vzh (e8’ - eS)

/ 1
h(n>™) = h(n) ~ 5 (es —e,) - Vih+ 5
2
where (7xh); = Oh/On;(k), (Vih)i; = 0°h/On;(k)On;(k), e is a |S| —dimensional
standard basis. So we define for f € L>(3;R)

= 3 3 S nleolhs s m)(eo—e ) it - (eo—e i (es—e.)

keAo s’€S seS
(4.16)
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Then the generator (4.16) defines an Ito diffusion process. To find the explicit
expression for this process, we define a coordinate map ¢, : Rl — R, ¢(a) = a(s).
Then for given k € A¢
0.3 Y nu(k)eolk, s, 8 n)es—ew)) = 3 nuk)ealk, ', s,m) 3 n,(K)ea(k, s, 5, n)
s'€S s"es s"es s'es
which gives us a drift term in the diffusion process (ODE part, (4.14) and (4.15)).
Our next goal is to find a |S| x |S| matrix M such that

/ 82
ZZU(S)Cc(k:,S,s,n)(eS/—e) Vif (ey — ZZ 555)7]—3]:7()

s'eS ses s’eS ses

(4.17)
First we show the following lemma.
Lemma 4.2.3 We have
02 f
(e —e0) - V2if (ey —e) = 33 ((ey — es)(ey — €,) )iy r—t——.
ics jes On; (k)on; (k)

Proof. We denote the dot product between a and b by (a, b) more explicitly.

We first note that for x = (ey — €,)T, (xx7T); ; = x;x;.Then we have
((ew — e, T2 (ew =€) = 303 ((ew — o), eiel(es — ) —d
5 3ni(k)377j(k‘)
S ((ew — )i few — eyl
< on; (k)om; (k)
S ((ew — )i few —euey) ot
P o, (k)on; (k)

_ ev — e.)(ew — e)T); 0
= 22 Mew eer = e g o )
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Thus by applying Lemma 4.2.3, for a(s, s') := n(s)cc(k, s, s',n), we have

SN als s)ew —e)  Vif(es —ey)

s'eS seS
) P T
= 2D ol ZZ el =) e g yom R

= a(s,s)((ey — e er—eT~-L
- ZZZZ (7 )(( s s)( s s) )%Jam<k)anj(k)

€S jES s'€S seS
02 f
- EX S S et oo | gt

€S jeS L 'eS seS i 8772(/{)877306)

Thus the matrix M in (4.17) is given by
= [Z 3 als, o) (es —e,)(ey - ef] .
s'eS seS i,j

To find an explicit expression for the matrix M, we define a similar coordinate

map @, ; : RISl x RISl 5 R, ¢; (M) = M;;. First note the diagonal elements of

(es — €;) - (es —e,)T are either 0 or 1 and the off-diagonal elements are either 0

or —1. Also
¢;:((es —e,)(ey —e,)T) =1 if and only if i=sori=s

and ¢, ;((ey —e;)(es —e,)T) = —1if and only if (i = s’and j = s) or (i = s and

i = s'). For example,

1 1 0 -1
0 (1 0 —1) =10 0 O
-1 -1 0 1

Then for k € A¢ and s = 3,

(M)ss = ¢4 Z Z N (K)eo(k, 8", s',n)(es —ew) - (g — ew)T)

s'eSs'’eS
/
= g ne (k)eo(k,s”,s,m) + E n.(k)co(k,s,s',n)
s"es s'es
s''#s s'#s
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For k € A¢ and s # 3,

(M)os = 65D Y no(k)cc(k,s",s',n)(ey —eu) - (ey — ex)T)

s'eS s'’eS

= —ns(k)cc(k,s,s,m) —n(k)ce(k, s, s5,m)

Note that the M (k) is symmetric, thus has an orthonormal basis of eigenvectors.
Also note that since My s(k) > 0 and [M, (k)| > >, |Msq (k)| for all s, from the
diagonally dominant condition (see for example Horn and Johnson (1985)), M (k)

is positive semi-definite. So we can write
M=VDV™!

and define | S| x |S| matrix, M2 (k) := VD2V L. Then we find the following explicit

formula for the Ito process.
e Variance Processes

ANp (k) = F(Np(k))dt + ——=M (k)2dB for each k € Ac (4.18)

1
VN2
where B is |S|—dimensional Brownian motion, and

(M)ss = Y nolk)cc(k,s",s,m) + Y nik)ec(k s, s'n)

s"eS s'eS
s";és S,;ﬁs
(M)8,§ = _n§(k)cc<kv 5,8, 77) - ns(k)CO(k: S, 8, 77)

Next we need to check whether the solution to (4.18) has the same law as the
solution to (4.12). To do this, we suppose that |[A¢| = 1. For example, when

|S| = 2, we have

1
S B m®)dB, = VerdBy, + VeudBy,

leT 1 -1

—4/C12 v C21 d3112
V€12  —y/C2a d3121
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where we set ¢; := (;(n). Then note that

C = _\/\Z_f _\f/c_; SN _11 (1 0>+@ 11 <0 1>,

and from this we have

—1 1
COT = ¢py <_1 1) + co1 (1 _1> =M. (4.19)
1 —1

Proposition 4.2.4 The solution to (4.12) has the same law as (4.18).

Proof. We first associate an ordered index to Z and denote this index i(l).
Recall that |Z| = |S|(|S| — 1).Then there exists |S| x |S| (|S| — 1) matrix C' such

that
dBy,

Z I/ By(n)dB, = C

lez
dBl\smsw—l)

So we need to show that CCT = M. Note that

C= Zl\/c_le?(‘l) where ¢; = /3,(n)

leT

Then since eg("l)ei(l/) =0 if I #1 and e;fl)ei(l,) =1 if I =1, we have

(3 valel)(3 vaew i) = Y all” =3 3 ales —e)(er — )T =Q

lex el leT s'eS ses
|

From this we also obtain the explicit expression for variance processes.

djd_gf) = F(n(k)) for each k € A¢

dV(k) = OF (n(k))Vdt + =M (k)zdB for cach k € Ac

where B is |S|—dimensional Brownian motion, and

(M)S,S = Z Us"(k)cc(k’ 8”7 S, 77) + Z 773</€)Cc(/€, S, 3I7 77)

s"es s'eS
S//¢S S/#S
(M)S,§ = _77§(k>CC(kv 5,8, 77) - ns(k)CC(kv s, S, 77)'

134



4.3 Hybrid Models: examples

4.3.1 Examples of Approximations

Here we will focus on two group dynamics with two strategy set where we call
two groups E and R. We suppose that the sizes of each group are N®) and N*)
and first suppose that N = N®&) = N®)_ We use 7 for the population fraction
using strategy 1 in the group « and p for the population fraction using strategy 2

in the group 8. We consider the following games for within group interactions and

between group interactions

Group Eta

Group Rho

e ODE approximations

In this setting the logit dynamics are given by

dn
dt
dp
dt

And because r,, (t)—71, (—t) = t and when no imitation between groups is considered

Group Eta

E E
Pa-cy o

0 A

R R
Fr1-C5") 0

0 B

Group Rho
By -¢5) o

0 B¢y
Wa-a) o

R) (R
oAb

= L.WoBY (11— ¢ + W85 (p — )y =

= L WoBYW (p— CiP) + Wen By (n—C8) — p

(i.e., Win(1,2) = W,(2,1) = 0), the replicator dynamics are

dn
dt
dp
dt

= W(mﬁ(ﬁ)n (1

e Diffusion approximations
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Next we find the diffusion approximation; we will derive three versions of it.
First focus on the case of innovative and group E. From 4.19 (or by directly veri-

fying) we see that the matrix M is given by

M = (771C(1a 2a 77) + 772C(27 17 77))

Then by noting that

T
1 -1 1 1 -1 1 I -1
-1 1 V2 -1 1 V2 -1 1
we find
dn, Fi(n, p) 1 1 s
_ dH\/_N 5 (me(1,2,m, p) + nye(2,1,1, p))
d772 FQ(na P) - ! dB2
(4.20)

Note equation 4.20 ensures the invariance of the simplex for the solution; 1, 4+n, = 1.

Thus we further reduce (4.20) and obtain the following expression for the logit

dynamics:
where F(n,p) = L. (Wo BE)(T] C +W12ﬁ3 (p— CB ))_77
and G(n,p) = nlWoBy (i) — )+ Waa 8y (5 = p)

L=l W83 (n = ) + Wa) 857 (0 — ¢57)).

Next we find the expressions for f; :

5(1,—1)(771a M) = Wzln(w(o)ﬁég)(m - Cég)) + V_V(l,2)ﬁ59E)(P1 - CE;E)))

Bianmn) = Ml (W) (CW —m) +Wae ﬁB (§3 5 — p1))-

136



In this case we have

dn, _ Fi(n, p) "

dn, Fy(n,p)

1 1 1 [ -1
+\/_N \//3(1,—1)(7717772)6131 + \/_N \/5(_1,1)(771,772)d32-

—1 1

Therefore we find the second SDE:

dn = F(n,p)dt+ —= \/ ndel——\/Gzndeg
where F(n,p) = L:WoB% (?7—CW)+W12 (P ¢ —n
Gi(n,p) = (1=n)lWoB (= W) + Waa 85 (0 — ¢57))

Ga(n,p) = 1lOWVoyBW (¢ —n) + Wan B8R (¢W — p)).

Finally observe that

Therefore we have

dm, Fi(n, p) 1 1
= dt + — c(1,2,n,p) +n,c(2,1,n, dB
\/N\/m (1,2,1,p) +15¢(2, 1,7, p))

dns Fy(n, p) —1

and we obtain:

dn = F(n,p)dt+ \/LN\/G(n,p)dB
where F(1,p) = L(WeBE 1 — B + Wua 8L (0 — ¢P)) —
and G(n,p) = nl.(WV 5W( —77)+W1253 (CE)—P))

+(1 = LWy B% (1 — ) + Wa 85 (0 — C§))-
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We can derive the similar expression for the replicator dynamics:

1
dnp = F(n,p)dt+ TNV G(n,p)dB
where F'(n,p) = W(o)ﬂgg)n (1—n)(n— Cég)) + VV(1,2)559E)7) (L=n)(p— CE;E))
and G(n,p) = (1 =) |[reWo Bl (0 — ) + Waa 85 (0 — ¢57)

+ M08 () = n) + Waz 857 (¢ — o)

e Variance Processes

To simplify the notation, we suppose that there is no between group interac-
tion, so W(lg) = 0 and W(g) = 1 and we will drop the index for groups. To
find variance processes, we need to find the Jacobian matrix for the vector

field of the ODE. In the case of the logit dynamic, this is given by

KB — Ole(1 = 1) — Lo —#BCL(1 = 1) + 1,
—kB(1 = Ole(1 = L) + Lo £BCL(1 — L) — L

oF =

Thus the variance process is given by

d‘/l Kﬁ(l - C)ln<1 - ln) - ln _"{Bcln(l - ln) + ln d‘/l dt
dVs —kB(1 = Ol(1 = 1L) + 1 KOCL(1 — 1) — s dVs
1 -1
+ \/ 5(1,71)(7717 n2)dB1 + \/ 5(71,1)(771, 12)dBs.
-1 1
Note that we have V; = —V5. Hence we can obtain the following scalar equa-
tions.

Similarly we find the following expression for the replicator equations:

dV = 28n(1 — ). Vdt + /n(1 — n)((r.(8(C —n)) + ra(B(n — ¢)))dB.
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