GLOBAL SOLUTIONS OF CERTAIN PLASMA FLUID MODELS IN 3D
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ABSTRACT. We consider several dispersive time-reversible plasma fluid models in 3 dimensions: the
Euler-Poisson 2-fluid model, the relativistic Euler—-Maxwell 1-fluid model, and the relativistic Euler—
Maxwell 2-fluid model. In all of these models, we prove global stability of the constant background
solutions, in the sense that small, smooth, and irrotational perturbations lead to smooth global solutions
that decay as t — oo.
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1. INTRODUCTION

A plasma is a collection of fast-moving charged particles. It is believed that more than 90% of the
matter in the universe is in the form of plasma, from sparse intergalactic plasma, to the interior of stars to
neon signs. In addition, understanding of the instability formation in plasma is one of the main challenges
for nuclear fusion, in which charged particles are accelerated at high speed to create energy. We refer to
[2, 9] for physics references in book form.

At high temperature and velocity, ions and electrons in a plasma tend to become two separate fluids
due to their different physical properties (inertia, charge). The dynamics of these charged particles can be
described by so-called “two-fluid models” in plasma physics, in which ions and electrons are governed by
two compressible Euler equations separately, while the electromagnetic field is governed by the Maxwell
system. Since the relaxation time is extremely long in the context of a plasma, the momentum relaxation
is usually ignored. These two-fluid models captures complex dynamics of a plasma due to electromagnetic
interactions. Even at the linear level, there are new ion-acoustic waves, Langmuir waves, as well as light
waves etc. At the nonlinear level, these two-fluid models form the origin of many well-known dispersive
PDE, such as KdV [20], KP [34, 38], Zakharov [41], Zakharov-Kuznetsov [34, 38] and NLS, which can be
derived from (1.2) and (1.3) via different scaling and asymptotic expansions. We also refer to [3, 10, 11]
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for a derivation of the cold-ion and quasi-neutral equations and to [5] for a study of a similar model for
semiconductors.

In this paper we consider the question of the dynamic stability of the flat neutral equilibrium. From a
PDE viewpoint, these two-fluid models can be classified as systems of nonlinear hyperbolic conservation
laws with no dissipation and no relazation effects'. It is well-known that shock waves (i.e., discontinuities)
will generically develop even from small smooth initial data (see e.g. John [30]). Even worse, a classical
result of Sideris [40] demonstrates that, for the compressible Euler equation for a neutral gas, shock waves
will develop even for smooth irrotational initial data with small amplitude. This shock formation was
recently further described in [8] (see also [1]). The result of blow-up of Sideris for the pure compressible
Euler equations [40] can be understood from the fact that small and irrotational perturbations of a
constant background for the pure compressible Euler equations obey a quasilinear wave equation without
null-structure of the form

(0 — A)a = Q(a, Va, VZa) (1.1)
where « is related to the unknown and the right-hand side denotes a quadratic nonlinearity in up to two
derivatives of a. This type of equation has slow decay of linear waves and strong resonances and therefore
blow-up or formation of shocks is expected.

On the other hand, it was observed [17] that the electromagnetic interaction in these two-fluid models
could create stronger dispersive effects, enhance linear decay rates and prevent formation of shock waves
with small amplitude®. Several positive results have been established in recent years along this direction,
for various nonlinear wave equations with null structure [7, 32, 33], dispersive scalar equations or systems
[14, 22, 23, ?], water waves [15, 16, 27] and one and two-fluid models, see [12, 13, 18, 19, 24, 25, 28, 29, 35].
In [18], global smooth solutions with small amplitude have been constructed for the “full®” Euler-Maxwell
system, which describes the dynamical evolution of electron (resp. ion) densities n.,n; : R® — R, electron
(resp. ion) velocities v, v; and electromagnetic field E, B : R? — R?,

One + div(neve) = 0,

Ve
NeMe [O1Ve + Ve - V| + Vpe = —nge [E + - X B} ,

On; + div(n;v;) = 0,

n; M; [0pv; + v; - Vil + Vp; = Znge [E + Yy B} , (2
8B +cV x E =0, ‘
OFE — ¢V x B = 47e [neve — Znv;],
together with the elliptic equations
div(B) =0, div(E) = 4me(Zn; — ne). (1.3)

These equations describe a plasma composed of electrons and one species of ions. The speed of light
is denoted by ¢, the electrons have charge —e, density n., mass m., velocity v., and pressure p., and
the ions have charge Ze, density n;, mass M;, velocity v;, and pressure p;. In addition, in [18], the
pressure laws were assumed quadratic. The two equations (1.3) are propagated by the dynamic flow,
provided that we assume that they are satisfied at the initial time. The absence of shock waves for such a
“master system” in the two-fluid models reveals an exciting and deep contrast between a neutral gas and
a charged plasma due to subtle dispersive effects. More importantly, a general and robust mathematical

IWWhen dissipation or relaxation is present, one expects stronger decay, even at the level of the L?-norm, see e.g. [5, 37]
and the references therein. In our case however, the evolution is time-reversible and we need a different mechanism of decay
based on dispersion.

2For large perturbations, formation of shock in expected, even with an electromagnetic field [21].

3In the sense that all the previous works addressed simplifications of (1.2)-(1.3).
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approach has been developed in [18] (see also the earlier work [25]) to construct global smooth solutions
for hyperbolic systems in the presence of different characteristic speeds.

The model (1.2)-(1.3) in the case of quadratic pressure laws studied in [18] is the simplest model which
contains all the key aspects in the theory of two-fluid plasma physics, at least for small perturbations.
The purpose of the present paper is to justify this assertion and complement the results in [18] by showing
i) how to consider more general pressure laws in (1.2)-(1.3) and more importantly i) how the analysis
developed can be adapted to apply to three different natural plasma fluid models.

One of the main motivation for the models we consider comes from the invariance properties of the
equation. The Euler-Maxwell two-fluid model couples classical fluid models which are Galilean-invariant
to the Maxwell equations which are Lorentz-invariant. The full system then loses both kind of invariances.
A way to restore Galilean invariance is to replace Maxwell theory by the electrostatic theory. This gives
the classical Euler-Poisson equation for 2 fluids, which is the first model we consider. If one instead wants
to keep the Lorentz invariance, one may replace the model of classical fluids by models of relativistic fluids.
This gives the (special) relativistic Euler-Maxwell model, which corresponds to the two other models we
study. More precisely, we start with the study of the one-fluid relativistic Euler-Maxwell system for
electrons and generalize this to the case of the two-fluid relativistic Euler-Maxwell system.

Let us however mention that the models we consider in this paper are also important in applications:
the Euler-Poisson model is used e.g. to study plasma extension between electrodes [6], while relativistic
plasmas are relevant in the study of strong laser-plasma interactions or in astrophysics e.g. in pulsars or
in the solar atmosphere [36, 42].

The analysis presented here extends the work [18] and our proof relies on some key estimates from
this paper. We also refer to the introduction of [18] for a more extensive presentation of the strategy and
more references about previous results on quasilinear dispersive equations and conservation laws.

In Section 2 we introduce our main models and state our global existence results for each of them. In
Section 3 we provide the proof of Theorem 2.3 which is the most difficult theorem.

2. THE MAIN MODELS

In this section we derive our three main models and state the main theorems.

2.1. The Euler-Poisson model. One of the basic fluid models for describing plasma dynamics is the
Euler—Poisson model, in which two compressible ion and electron fluids interact with their own self-
consistent electrostatic field. The system describes the dynamical evolution of the functions ne,n; :
R3? — R and v, v; : R? — R3, which evolve according to the quasi-linear coupled system,

One + div(neve) = 0,
NeMe [8tve + ve - V’Ue] + vpe = neev¢»
Ogn; + div(nv;) = 0, (2.1)
TLZMZ [8,51% + v; - V’U,L} + sz = oniquS,
—A¢ = 4dme(Zn; — ne).
These equations describe a plasma composed of electrons and ions. The electrons have charge —e, density
Ne, Mass M, velocity v, and pressure p., and the ions have charge Ze, density n;, mass M;, velocity v;,
and pressure p;. The two fluids interact through the self-consistent electric field £ = —V¢.
We will assume that the pressures p. and p; depend only on the densities n. and n; respectively, i.e.
Pe = pe(ne)a bi = pi(ni)'
The system corresponds to formally taking ¢ — oo, B = 0, E = —V¢ in the more general Euler—
Maxwell 2-fluid system, see for example [18, Section 1].
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2.1.1. Galilean invariance. The Euler—Poisson system is invariant under a Galilean change of unknowns.
More precisely, let V € R? be a fixed vector and let
r—a =x+Vt, t—t =t
! / ! !/ /
Ne = Mg i=MNey, Ve =V i=Ve—V, Ny —=n; =0 U —vU:=v,—-V, ¢—¢ =0,

then, we observe that (ne, ve, ni, vi, @)(x,t) solves (2.1) if and only if (n),v.,nt, v, ¢")(z',t') does.

er Ver 'Yy Yo

2.1.2. Normalizations. We will study our system in a neighborhood of the constant solution
(ne; Ve, Ny, Ui) - (TL(), Oa TL()/Z, 0)7

where ng € (0,00) is fixed. In order to state our main result, we normalize the Euler—Poisson system.
Assume that the pressure fields are given by the barotropic pressure laws

Vpe(z,t) = pl(ne(z,t))Vne(z, t),

Vpi(2,1) = pi(na(e, ) Vi (a, 1), (2.2)
where
P(y) =P.+ P! (y—no)+ (y —no)* - ce(y — no),
/y (2.3)
Pi(y)

= P+ P! (y—no/Z) + (y —no/Z)* - ci(y — no/Z),

for some constants P., P; € (0,00), P!, P! € R, and some sufficiently smooth functions c., ¢; defined in a
small neighborhood of the origin.

The Euler—Poisson system can be adimensionalized to depend only on two parameters at the linear
level: the ratio of the electron to ion masses (per charge)

€:=2Zm./M;,, (2.4)
and the ratio of the temperatures
T = Pe/P’i' (25)
More precisely, let
4me? dmngZe?
A= =y —
Pl b /B Ml b

and
ne(xz,t) =ng [n()\x,ﬂt) + 1], ni(x,t) = (no/Z) [p(/\a:,ﬂt) + 1],
ve(x,t) = (B/A)v(Az, Bt), vi(z,t) = (B/Nu(rz, Bt), (2.6)

d(xz,t) = (noPi/e)p(Ax, Bt).

The parameter ( is the ion plasma frequency and 3/ is the ion thermal velocity. In terms of n,v, p, u, 5
the system (2.1) becomes

On + div((n + 1)v) =0,

e (0w +v-Vv)+TVn — Vo + jDEnVn +n2¢,(n)Vn =0,
Op + div((p+ 1)u) =0, (2.7)

(Byu+u - Vu) + Vp+ Vo + ISEpr + %G (p)Vp =0,

—Aqg— p+n=0,
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where

~  nyTP} ngT ~  noP} n3

Plim " Gly) = " enoy), PLi= TOLE, Gly) = e cilnoy/ ).

2.1.3. The main theorem. We can now state the main result we prove concerning global stability of the
Euler—Poisson system in the case of irrotational perturbations.

Theorem 2.1. Assume ¢ <1073 and T € [1,100]. Let No = 10* and assume that

||(’I’LO,’UO, p07u07 ‘V‘_l(no - po))”HNO + H(novvovpoa uO’ |V|_1(’I’L0 - po))HZ =dp < 37

2.8
Vxo?=Vxu =0, 28)

where 6 > 0 is sufficiently small, and the Z norm is defined in Definition 3.2. Then there exists a unique
global solution (n,v, p,u) € C([0,00) : HN0) of the system (2.7) with initial data (n(0),v(0), p(0),u(0)) =

(n%,09, p°, uY). Moreover, for anyt € [0, ),

V xov(t) =V xu(t) =0, (irrotationality) (2.9)
and, for any t € [0,00) and any h(t) € {n(t), v(t), p(t), u(t), V|~  (n(t) — p(t))}
1R o + sup (1+6) 72 DEh(t) | = S bo- (2.10)

laf<4
where 3 :=1/100.

We note that, for initial data with n® — p € L*(R?), assumption (2.8) implies global neutrality

[ @) = @iz =0,
R3
This is consistent with usual properties of plasmas.

2.1.4. Derivation of the main dispersive system. The proof of this theorem is similar to the proof of the
main theorem in [18]. One starts by constructing local solutions, using the energy method and the higher
order energies

=S / 4e(n)|DInl? + (1 + m)| D20l + i (p)| DI + (14 p)|DIuf? + | DIV dr
[vIEN

where ¢. and ¢; are such that
[0%q. (@) = 2T + 2Ple + 207G (a),  q.(0) = T, ¢,(0) = F1/3,
[@%q:(2))" =2+ 2Ple +22%G(a),  (0) =1, q/(0) = P}/3.

Note that ¢.(z) > 0 and ¢;(z) > 0 for |z| < 1. A standard argument using these higher order energies
and integration by parts gives local existence of smooth solutions.
We also notice that

W[V xv]=Vxvx[Vxu]], W[V xul =V x[ux[Vxul.
This shows the consistency of the irrotationality assumption in Theorem 2.1, i.e. smooth solutions with

irrotational initial data remain irrotational for all time.
We can therefore write

Vo = Roh, o = Rag, or h:=—|V|'div(v), g := —|V| " div(u),
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where R, and |V| are defined by the Fourier multipliers R, (§) := i€, /|¢| and |V[(&) := |£|. The system
(2.7) becomes
Ogn — |V|h = =04 [nRu 1],
Op = |Vlg = =0« [pRag]
Oh+ V|7 H?n — e V|1 p = —(1/2)|V| [RahRuh] — e 1|V [(133/2)n2 + nQCe(n)] : (2.11)

Oug VIt + V| HEp = —(1/2)|9| [RagRag] — VI [(PL/2)67 + 72Cilp)]

where Hi and H. are given by the Fourier multipliers

Hi(&) := 1+, H.(&) := e V2 /1+TI¢2,

and C; and C, are smooth functions related to ¢; and ¢, by

1 (v, 1 (Y 5
Cely) = 7/ s%C,(s)ds, Ci(y) = 7/ s2¢;(s)ds.
0 Y= Jo
In particular, they satisfy that C.(0) = C;(0) = 0.
As in [18, Section 3], we make linear changes of variables to diagonalize the system (2.11). Let

A 1/2J (L4+e) — (T +a)A+ /(1 —2) — (T —2)A) +4e
e —¢€

2 | (2.12)
A, e/ (I4+¢e)—(T+e)A - \/((1 ) = (T—)A) +4e
2 )
such that
(A2 - H2)(H2—A2)=c),  AZ—HE= H?—AZ
Let

/A2 — H?
Ri= Rt (2.13)

A2-H?=H? - N =c"Y2?R,  H2-AN?=A?_H}!=cY2RL

and notice that

Let

1
Up = ————[—"/2|V|"'An + R|V|"'Aop — ie'/2h + iRg],
iz © VA . (2.14)

1
U= ———[e2R|V|"*Ain + |V| T Aip + ic/?Rh + ig].
Tl v VI 9]

Using the system (2.11) and the identities above, it is easy to check that the complex variables U, and
U; satisfy the identities
(at + Z.Ae)Uve = Ne +Ne/7

(O + iN)U; = N; + N, (2.15)



GLOBAL SOLUTIONS OF CERTAIN PLASMA FLUID MODELS IN 3D 7

where
A(ERC!
RNe) = Wit [51/2(”Rah) — R(pRayg)],
V| 1/2 -1/2p1..2 _ pl 2
SN,) = ———[e"?RohRah — R(RagRag) + e~ /2PIn* — PIR(p?)],
41+ R2 c !
AR, (2.16)
RN;) = Wit [51/2R(nRah) + pRag),
SN = 4\/% [81/2R(RahRah) + RagRag + E_I/Q}ER(TLQ) + 18;/’2],
and
) V|
=i AL [ Cun) — Rlp - Cilp)]|
e 2 € 1 b
2v1 J\FVJI% (2.17)
A SR I N Pl ¥ . el
'A[z Z2m |:E R[’I’L n Ce(n)] +p p Cl(p)} .

The nonlinear terms N, and N; are quadratic in the main variables n, p, h, g, while N7 and N are cubic
nonlinearities.

The system (2.15) can be analyzed as in [18]: the quadratic nonlinearities can be estimated as in the
proof of [18, Proposition 4.3] (see, in particular, the more general [18, Proposition 5.1]), while the cubic
nonlinearities fall under the scope of Proposition 3.6 below. The argument in [18, Section 4] can then be
easily adapted to complete the proof of Theorem 2.1.

2.2. The relativistic Euler—Maxwell 1-fluid model. We consider now relativistic models. As a
starter, we introduce a simple one-fluid relativistic Euler-Maxwell model, namely the model for the
electrons. This is the relativistic counterpart of the (classical) Euler-Maxwell model for electrons already
discussed in [12, 25].

We consider the Minkowski space (R, g,5) with goo = —1, gi; = &;; and goj = gjo = 0.% Its inverse

is denoted ¢g" where ¢°° = —1, g¥ = §;; and g% = 0 = ¢/°. We use the Einstein convention that
repeated up-down indices be summed and we raise and lower indices using the metric. Latin indices
i,j ... vary from 1 to 3, while greek indices p, v ... vary from 0 to 3.

We denote by 7¢(R!'*3) the set of contravariant d-tensors on the Minkowski space. We model the
electron fluid by a scalar function n € 7°(R'*3) and a velocity function u = (u*)p<a<3 € 7 (R'*3) that
satisfies the normalization

[e3

u®u, = —1. (2.18)

Below, we let 7, = u® so that u” = (7., v, v%,v%) with 7. = /1 + [v]2.

In addition, we also consider an electromagnetic field F' = {F"}o<, ,<3 € T*(R'*3). We assume
that this field is skew-symmetric, F** = —F"*. Finally, we also assume the presence of a uniform flat
positively charged background of density of charge nge and velocity d; = (1,0,0,0) € 71 (R*3).

We can introduce the energy-momentum tensor associated to the fluid under consideration:

T = nh(n)u*u” + p(n)g"” € T*(R'T3),

where p = p(n) is a smooth function and h = h(n), the specific enthalpy, is a function satisfying

h'(z) = M, h(ng) >0, h(ng)>0. (2.19)

x

41n this subsection, for simplicity, we set the speed of light ¢ equal to 1.
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where ng is the rest density. We can also consider the energy-momentum tensor of the electromagnetic
field,
1
EM = —(4m) | PP F gop + PP Fopgh| € T(RM),

The dynamics are then given by three equations: the Maxwell equations, the continuity of matter, and
the balance of energy-momentum. The Maxwell equations give

O, FM = ArJ”, OaFy + 0pF o + 0, Fop =0, (2.20)
where the total relativistic current is defined by
JV = enog0; —enu”. (2.21)
The continuity of matter gives
Oy (nu”) = 0. (2.22)

The balance of energy-momentum is then
0,T" = enuo .
After using (2.22), this reduces to
nu” 9, [hu"] + g"" 0,p = enuo FH. (2.23)
Projecting onto the direction of u (multiplying by u,) gives
—nu’0,h +u"0,p =0

which is always satisfied as a consequence of the definition (2.19). Therefore, (2.23) only contains three
nontrivial equations which can be obtained by projecting onto R3, the orthogonal of 9.

2.2.1. Lorentz Covariance. Consider a Lorentz-transformation L, i.e. a (fixed) 2-tensor L satisfying
LogL®" = 5% and define

(X)* =LXg, /(X)) =n(X), W)*X)=Lus(X), (F)PX')=L7LPF,X),
(I (X) = L J5(X).
Then, we see that (n,u, J, F') satisfy (2.20)—(2.23) if and only if (n/, v, J', F') satisfy the same equations.
2.2.2. Irrotational flows. We introduce the (generalized) vorticity defined by
Wag = On(hug) — 0g(huy) + eFap.
This is transported by the flow in the following sense:
U Owap = (Ouu” )wa, — (Opu” )way - (2.24)
Indeed, we may simply compute
u’Opwap = Op(u” 0y (hug)) — 0y (hug)du” — dp(u”dy (huy)) + 0y (huy)0gu” + eu” 0, Fop

=-0, (%351) — eu”Fgfy) + 85<%8ap — euVFM) —euw’(0aFpy + 0pFua)
— (00t )wyg — (0au”)0(huy) + e(Duu” ) Fog + (05U )wya + (0u”)0u (huy,) — e(Ogu” ) F,q
= e{0a (W Fg,) — 030 Fory) — U’ 0aFpy — U’ 0F o + (0au”)Fug — (0pu”)Foa}
— (Oau”)wyp + (Opu” )wya — {(9au”)0(huy) — (9pu”)0a(huy)}
= —(0qu")wyg + (Opu” )wyq.
Moreover, using (2.23),
nuwaeg = nu®0q (hug) — nu“0g(huy) + enu®Fog = (—0gp + enu® Fgo) + ndgh + enu®Fo3 = 0,
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so that
uwap = 0. (2.25)

Therefore initial data for which w;, = 0 at the initial time lead to solutions which remain irrotational,
i.e. wap = 0 as long as the solution remains smooth.

2.2.3. The main theorem. We are now ready to state our main theorem in this subsection.

Theorem 2.2. Assume h, ng, and e are fized as before and let Ny = 10*. Assume Vv is a vector-field
on R3, OF is an antisymmetric 2-tensor, and O'n is a real-valued function, satisfying

1 .
— ;O FI0 = g — Oy /1 4 |00)2, O F; = 0 (h(On) Ov;) — 0;(h(On)Oyy), (2.26)

4me

and
3

(D07, OF) | gz + 3 [1((1 = 8) 07, (1= 2)OFO)||z =y <,

1 j=1

M-

J
where € > 0 is sufficiently small, and the Z norm is defined in Definition 3.2. Then there exists a unique
global solution (n,u, F), satisfying u = (/1 + [v|2,v},v%,v3) and (n — ng,v, F) € C([0,00) : HNo+1) of
the system

O FH* = dm(eno0; — enu”), O0aFpy + 03F 0 + 04 Fop =0,

Oy (nu”) =0, (2.27)

nu”d, [hu*] + g" 0, p = enus FH,

with, initial data (n(0),v(0), F(0)) = (On, Oy, OF). Moreover, for any t > 0,
0,0 = g - (VI DR, eFu(t) = 0ulhtn(0)ry ()] — 0, [h(n(1) k(1)

and, with 8 =1/100,

sup [|(v(t), F(1)) || gno+s + sup sup (1+6)"7||(DLu(t), DEF ()| 1= < €o-
te[0,00) te[0,00) |p|<4

Note that the second constraint in (2.26) corresponds to a (generalized) irrotationality condition, while
the first implies that the plasma is neutral.

Qualitatively, the theorem states that small, smooth, localized, and irrotational perturbations of the
rest solution (n,v, F') = (ng,0,0) lead to global solutions that scatter.

2.2.4. Outline of the proof. The proof of the main theorem follows the same strategy as in [25]. Using
simple changes of variables, the system (2.27) can be rewritten as a quasi-linear evolution system. More
precisely, we consider the variables®

pl=hu!,  EI:=F0  BI.=_(1/2) &* By, (2.28)

for j € {1,2,3}. Notice that
Fik = — ikl B,

5This choice of variables is motivated from the choice of variables in the non-relativistic case, see [25].
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In terms of the new variables, the system (2.27) becomes

n
Ao (nve) + Ok (ﬁu’é) =0,
e €It (Ue)kBl

_ . O.h )

Ao (147 El 4+ —uF o =0

o(pl) + eB? + o +h%ue oty + e )
) . 4 J

O E7 — Ejkl OBy — 7T€hn,ue =0,

8()Bj+ eIkl OB =0,

9;B7 =0,

3jEj + 4mwe(nye — ng) = 0.
We make linear changes of variables to simplify this system:

x,t) = no(1l +n(Az, At)),
x7t) - h(’ﬁ,o)ﬁ()\l‘, )‘t)a

Arre?
A= ;(27;0, Z = Ah(no) = /4mnoh(ng).
0

Let also h(a) := W In terms of the new variables, the system becomes

I (L+7) 4\ _
(Y + 17y) +ak( ") i ) =0,
S E/~ ~k g ~j jkz~§
i+ B9+ W gy IO &7 By
gl Yh(n) Yh(n)
~. ) ~ 1+
8tE7— Ejkl oLB; — <j_7n)'u =0,
h(n)
6t§j+ Ejkl (‘ME =0,

together with the elliptic constraints
B =0, O;E+(F+05—1)=0.
The irrotationality assumption, at time ¢ = 0, in Theorem 2.2 is equivalent to
B/~ & gy = 0.

Notice also that

712
- 1+~|u|

h(w)?

)
I

(2.29)

(2.30)

(2.31)

(2.32)
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Therefore, using the second equation in (2.29),

L L L AP
hn)*  h(n)?
=R B W) o 5 4 PO
h(n)? gl Fh(m)
The first equation in (2.29) then gives

~kg i ~23 (5
11" O fi ] _ Al fi(n)atﬁ
h(n)?

ol - LERIIEHG)] | (170

Fh(i)? h(7) (2.33)
L nE (W @E ) - (R
Fh(n)? Ph? 72 h(i)*

This equation is equivalent to the first equation in the system (2.29).
We can define now (modified) higher order energy functionals,

Z/ |DIA + Gy DYF DY + |DIE|? + D2 BP da
[vI<N

for N > 0, where

P T [y - (LTI G))

Fh(i)?
A i
T b Wﬁ)?]

Using the formulas (2.29), (2.32), and (2.33), it is easy to verify that, if N > 4 and Ey(t) < 1, then

En(t) = RO F~ + 1RO + IEO I F~ + 1 B@OIFy,

and

d _ _ ~ ~

ZEn() S en(t)- Sap, 1(DEn(t), DEp(t), DEE(E), DEB(t))|| Loe -

pl<
In other words, the modified energy functionals £y are coercive, and their increment is controlled by the
W2 norm of the solution. The standard theory of quasi-linear symmetric hyperbolic systems (see [31])
applies to construct local smooth solutions of the system (2.29), (2.32); moreover the (elliptic) relations
(2.30) and (2.31) are propagated by the flow, provided that they are satisfied at the initial time.
To complete the proof of the main theorem it suffices to prove integrable decay in time of the

|[(m(t), m(t), E(t), B(t))|[w4~ norm. This is only possible in the case of irrotational flows, using dis-
persion. More precisely, assuming irrotationality, the dynamical equations in the system (2.29) become

= R~ (P

i+ 5 My BE)
7 127}72)]_ (2.34)

OET + O (0pi — 0;7F) — % —0,

h(n)
where 1 and 7 are defined (implicitly) by the formulas
25 (o = ~ |i?

HE +(Y+ny—-1)=0, 7= (2.35)
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Recall that h(0) = 1 and let T := /(0). The system (2.34) can be rewritten in the form
O’ + BV — TO;0,E* = N7,
OET + A — 0;0611" — W = N,

where
) T . T (17712
N = [h () _ T}ajakEk + ) E")aj(5+ 7y —n—1)- i)
v v 27h(m)
; 1+n ~
J __ -1 g
2 [h(ﬁ) }M
Let

Q=|V|tcurl, P=-V(-A)"ldiv, P*+Q?’=1d, PQ=QP=0, P’=P, Q@Q*=Q.
We define
A2 :=1-TA, A =1-A,
and introduce the dispersive unknowns
U.:= Pii—iAPE,  Uy:=Qji—iA'QE. (2.36)
These unknowns satisfy the system
(0 +iAe) Ue = PNy — iA PN,

2.37
(6t+iAb) U, = QN _Z-Ab_lQNQ. ( )

Notice also that the variables E and 1 can be expressed in terms of U, and Uy, more precisely
Pi=RU.), Qi=RU,), PE=-SA'U.), QFE=—S(A\Up).

The semilinear analysis is a direct adaptation of [25, Section 3 and 4], using also a variant of Proposition
3.6 below to deal with the contribution of cubic nonlinearities. We will not provide further details since
we are giving a complete proof in the more general 2-fluid model.

2.3. The relativistic Euler-Maxwell 2-fluid model. We are now ready to consider the full relativistic
Euler-Maxwell 2-fluid model. We consider again the standard Minkowski space (R'*2 g), as in the
previous section.

The main unknowns are two densities n; and n., two velocity fields v; and v, (both of which satisfy
(2.18)) and an electromagnetic field F. We are also given smooth pressure laws p; and p. and enthalpies
h; and h,. satisfying

h(z) = ’% h.(z) = p/ef), hi(no/Z) > 0, hi(no/Z) > 0, he(ng) > 0, h.(ng) >0,  (2.38)

where Z > 0. The Maxwell equations (2.20) remain essentially the same, with a new formula for the
relativistic current, i.e.

O F* =4nJ” = dn(Zen;u] — encuy), O0aFpy + 0pFy0 + 04 Fop = 0. (2.39)
Both species are independently conserved so that
Oy (nuy) =0 =0, (neuy), (2.40)

and we have two forms of balance of momentum:
niuy Oy [hiul'] + " Oupi = —Zen;(u;)o F,

2.41
neul Oy [heul] + g" 0ype = ene(ue) o FHe. ( )
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In particular, we recover the fact that the stress-energy tensor is divergence free,
o, [T! +TH + &M =0,

7

1
T! = nihaulul + pigh, T = neheubul +pegh”, M = —(4m)" |FFF gop + ZFaﬁFaﬁgW

Again, we have two naturally transported (generalized) vorticities:
Wap = Oa [hi(ui)s] — 05 [hi(ui)a] — ZeFap,
Wzﬂ = 0a [he(ue) ] — Op [he(ue)al + eFug,
which satisfy the identities
u?ang - - aau;, wzlz + 0 ull'j wli/ou
ua eﬁ _ (8 1/) eﬁ (aﬁ u) e (242)
Ue Vwocﬁ - _( aue)wuﬁ + ( Bue)w .

and

uwﬁ—O—u Wy - (2.43)
Therefore initial data for which w?k =0= wjk at the initial time lead to solutions which remain irrota-
tional, i.e. wfxﬁ = 0= w3 as long as the solution remains smooth.

2.3.1. The main theorem. We state now our main theorem in the paper.

Theorem 2.3. Assume h;, he, ng, Z, and e are fized as before and let Ny = 10%. Let

Zhe(no) Z2h/ (no) Z2he(n0)
£i= —, T:= —°—~, =5 2.44
i) Hoo/2) " nehi(no/2) (2.44)
and assume that
e<1073, T €[1,100], Cy > 6T. (2.45)

Assume (O)Ui,(o)ve are vector-fields on R3, OF is an antisymmetric 2-tensor, and (O)ni7(0)ne are real-
valued functions, satisfying

8;OF1 1 ame] — ZOniy /1 4 |©v; ]2 + Ongy /14 |0, )2] = 0, (2.46)

OBy, = Z7H0i[ha (Vi) (Dvi)i] = O [ha (Vi) (D)1}

2.47
= —0;[h e( ne)(( )Ue)k] + 8k[he((0)”6)((o)ve)j]7 ( )
and

||((0)nl — Zflno7 (O)'Ui, (O)ne — N, (O)Ue, (O)F)HHN0+2 (2 48)

+ (1= A)(On; — 27 ng, Oy, Ong —ng, Ove, OF) |z =2 <7, .
where € > 0 is sufficiently small, and the Z norm is defined in Definition 3.2. Then there exists a unique
global solution (n;,u;,ne, ue, F') of the system

O F* = 4n(Zen;ui — encuy), Oty + OpFyo + Oy Fap = 0,

0y (niuy) = 0y (neuy) =0, (2.49)
ul 0y [hiul'] + ¢" 0, hi = —Ze(u;) o FH, ul 0y [heul] + g"" Oy he = e(ue)a FHY,
satisfying

U ( 1+‘U,|2,Ul,vl,’l}?) Ue (V1+|U6| 7ve7vg’1}3)
(n; — Z  ng, vi,ne — no,ve, F) € C([0,00) : HY),
(ni,vi,ne,ve,F)(O) (( ) ( )Uz (O)nea(o)vey(O)F)-



14 YAN GUO, ALEXANDRU D. IONESCU, AND BENOIT PAUSADER

Moreover, for any t € [0, 00),
eFy.(t) = Z7{0;[hi(ni () (vi(£))&] — Ok [hi(ni(t)) (vi(t));]}
= —0jlhe(ne(t))(ve(t))] + Ok [he(ne(t))(ve(t));],
and, with 8 :=1/100,

1(ni(8) = Z™ 0, vi(t), ne(t) =m0, ve(t), F ()] mrvo

+ sup (1+ t)1+5/2\|D£[ni(t) — Z7 g, vi(t), ne(t) — no, ve(t), F®))llre < eo-
[p|<4

Once again, note that (2.47) correspond to (generalized) irrationality conditions.

3. PROOF OF THEOREM 2.3

3.1. New variables and local existence. In this section we prove Theorem 2.3. As before, we start
by defining the new variables

pl=hul,  pl=heul, B =F° B =—(1/2) &M Fy, (3-1)
for j € {1,2,3}. Notice that F/* = — ci* B,

Let v = u? = /1 + |v;]2 and 7. = u? = /1 + |v.|2. We can rewrite our evolution system (2.49) in
the form

O¢(nivi) + Ok (%uf) =0,
Ounee) + 0k (3ot) =0,

djhi N powpl  Ze €M ()i By

Oy (1) — ZeE? — =0
t(k7) e Vi hiyi hiyi ’
j o Ojhe  pEOgpl e &M ()i B
a J Elj J'%e e e € _ O
t(e) + e + Ve * heye * heve ’
OB — & 0By + dme[ 25 i — 2E ] =0,

6tB]+ Ejkl akEl = Oa
0;B =0,
6jEj +dme(=Zniyi + nevye) = 0.
We now set
H; = hi(no/Z), Pi:=Z2h(no/Z), He:=he(ng), P.:=hl(ng),

4mngZe? 4e?

8= 7 A= P W= \/noZFP;H;,

and
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We make linear changes of variables to further simplify the system. More precisely, we define new
functions p, p, ¥, n, N, Ve, hi, he and new vector-fields w, v, £/, B such that

vi(z,t) = Fi(Az, Bt),  ve(w,t) = TFe(Az, Bt),
ni(z,t)vi(@,t) = (no/Z)[p(Az, Bt) + 1] )Ve(,t) = no[n(Az, Bt) + 1],
ni(z,t) = (no/Z)[p(Az, Bt) + 1] ) = no[n(Az, Bt) + 1],
pi(z,t) = pu(Az, Bt), ) = (en/Z)v(Az, Bt),
)

) )

ne(x,t
) nE(xat
pre(z,t

E(z,t) = e "ngAP,E(\z, 8t),  B(z,t) = (Ze) " AuB(\z, Bt),
= i((no/Z)(a+ ) 5 he(no(a+1))
hila) = , he(a) = —————=.
= i n/2) @)= h o)
The new variables solve the normalized system
atp + ak k = 07
L2
1
3tn+ak[ +n k} =0,
e(n
P ~(ﬁ)8]p n ukakujiejkl By o,
hi(0)7i Yihi(p) (3.3)
k j ikl ,, 13
o) 4 B 4 Tfjé(n)?]n €v 8kz)~5—l— Gi uBr 0.
h..(0)7e Yehe (1)

1 14+n .
+p W — +~nv3} -0
hi(p) he ()
8tBj—|— eIk OB, =0,

O ET — G ej’“la B +[

together with the elliptic equations
8;B" =0, 9E +n—p=0. (3.4)

Moreover, the functions p,7;, 7, 7. can be expressed (implicitly) in terms of p, [u|?,n, |v|?,

~ 1 2 _ 1 2
AUy P U S AP i Y I (3.5)
Pl Co(hi(p))? n+l Co(he(n))?
Finally, the irrotationality condition in (2.47) is equivalent to
§j+ eIkl Opu; = Bi ¢ ekl O,v; = 0. (3.6)

Notice also that

1+p Uk ~ o~
—0Ok =0p = (p+ 1)07i +7i0p
[
and
J _ 2!
Y0V = v 28,51# — 7€|u|~ h’('?za 0
Cy(hi(p)) Cy(hi(p))

[ L M@0ip o) GUAGI
) BOF: Ak Cohi(p)?
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Therefore
[ — E‘“Fhﬁ(m(Hm] + o [Hp ] - cw/(1+7) [- 8+ /(mafﬁJr”ia’““j} —0. (37)
Co(hi(p))*i hi(p) Co(hi(p))*7: hi(0)%:  7ihi(p)
Similarly
T\ k J
Th(n)o;n L& Ov } —0. (38)

B0 Fehe(R)

271 (= ~ = j =

8tﬁhe _elolPhi(m)(1 —&—n)} k{l +~nvk} B UJ~(1—~|—n)~ [EJ
Co (i (7)) he(1) Co(he(n))*7e

Notice that the system (3.3)—(3.6) is similar to the Euler-Maxwell two-fluid system analyzed in [18

Theorem 1.1], at least up to linear and quadratic terms. The local existence theory is based on energy

estimates. For any N > 0 we define

= > / [F'|DYp]> + TF?|Dnf?
<N (3.9)
+ G DIw DYub + £G2, Do’ D)v* + |DJEP + b\D;E\Q] dz
where
P @7 G- el +zf>\~u|2h;<m} Gl %g +5) 51, - eutu? }
; (14 7)|v)2hL (7 (147 evkod .
2. ()[ ( ~)\~|3~()}7 @, = v~(~)[5kj }
h.(0) Co(hi(n))*Ye he (1) Chi2h(7)?
Notice that o o
v~ (pun v B B) Gy i [(pouno, BB < 1. (3.11)
The following proposition is our main local regularity result
Proposition 3.1. (i) There is §1 € (0,1] such that if
(3.12)

(%, u®,n%, 0, E°, BY) || s < &1
then there is a unique solution (p, u,n,v, E, E) € C([0,1] : H*) of the system (3.3) with
(p(0)7 u(0)7 n(O), U(O)v E(O)7 E(O)) = (,007 uO, nO, 'on an EO)

~( ))”H4 5 H(pO’uOvnOvvanO’EO)HH“'

Moreover, N
sup |[|(p(t), u(t),n(t),v(t), E(t), B(t
te[0,1]
(it) If N > 4 and (p°,u®,n%,2°, E°, B%) € HN satisfies (3.12) then (p,u,n,v, E,B) € C([0,1] : HY)
and ,
t
Ex(t) — En(D) < / A(s)En () ds (3.13)
t
for any t <t €10,1], where
(3.14)

= > 1DZlp(s), u(s),n(s), v(s), E(s), B(s)]]| o<
[vl<2
(#ii) If (po,uo,no,vo,EO,éo) € H* satisfies (3.12), and, in addition,
div(E®) +n° — p° =0, B =¢eV x0® = -V xu,
then, for any t € [0,1],
B(t) =V x v(t) = =V x u(t). (3.15)

div(E)(t) +n(t) — p(t) = 0,
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The proof of this proposition is very similar to the proof of the corresponding result in [18], namely
Proposition 2.1. For the local existence part, one can rewrite the system as a quasi-linear symmetric
hyperbolic system, and use the main theorems in [31]. The energy inequality (3.13) follows using the
equations and integration by parts. Finally, it is easy to see that the identities in (3.15) are transported
by the nonlinear flow.

3.2. The dispersive system and the main bootstrap argument. Given Proposition 3.1, the main
remaining step is to prove the global integrability of the function A appearing in (3.13). For this we
need to use the dispersive effect of the flow, and take advantage of the irrotationality assumption B (t) =
eV x v(t) = =V x u(t) in (3.15).

We proceed as in [18, Section 3]. For £ € R3 we define

IVI(€) = [€], R;(§) :=i&;/1€l, Qjx(§) =1 €k &i/[€],
Hy(&) := 1+, H.(¢) := e 2\/1+T|¢]2, Ay(€) =72\ /1 + e + Cy¢]2.

By a slight abuse of notation we also let |V|, R;, @, H1, H., A, denote the operators on R? defined by the
corresponding Fourier multipliers. Notice that

(3.16)

QR*=Q and QA = V|7V x A) for any vector-field A.

We define
Uy := M|V '\QB —iQ*E,  g:= —|V| Mdiv(u), hi= —|V|1div(v).
Let
A = 2A_1Re(U )4 gia) = M Gel@) = M
S R N

Recalling that B=eVxv=-Vxuand diV(E) = p — n, the functions Uy, h, g together with n, p allow
us to recover all the physical unknowns, i.e.

u; = jg—Aj, UjZth+€_1Aj,

. ~ (3.17)
—IVI7'Rj[p—n] = 2Im(Us);, B =|V|Q(A).
In terms of p, g,n, h, Uy the system (3.3)-(3.6) becomes
ep — Vg = =0; [u;0:(p)],
om — |VIh = —0;[v;qe(n)],
_ _ ul? RL(p)0;p
g~ V1w 91t = R[] oy [P0 ]
h(?) WO (318)
=
Och + |V H2n — e V| lp = R; [ﬂ} +—R[M—ajn},
Ryehe(n)* € "L hi(0)7e

0:(Us); + ibo(Us); = (1/2)(Q) e [4i(P)ur — ge(P)vi],

where the left-hand sides of the equations above are linear in the variables n, h, p, g, Up, and the right-hand
sides are at least quadratic.
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We make linear changes of variables to diagonalize this system. Let

A 1/2\l (1+e) - (T+e)A+ \/((1 —&)— (T —2)A)* + 4¢
o 2 )

(3.19)
2
. 5_1/2J (14e) = (T+2)A—/(1—e) = (T —2)A) +4¢
2 b)
such that
(A2 —HZ)(H?—-A})=¢"', AZ—Hf=H?-A} (3.20)
Let
A2
R = AZ’ (3.21)
and notice that
A2-H?=H? - AN =¢c"Y2R,  H2-AN?=A?_H}!=c"'V2RL
As in [18] let
1
Uy = ———[|V|" " Aip + ?R|V|" Ain + ig + ic'/>Rh],
ITTE [IV[~*Aip 4 g ] 522)
) .
= _[R|V| "Aep — £/2|V| " Aun + iRg — ie'/?h].
2\/1+7R2[ ‘ ‘ 4 V] g ]

Using the system (3.18) it is easy to check that the complex variables U, U; and U, satisfy the identities
(0r +iM)Us = N,
(0 + iM)Ue = N, (3.23)
(0 + M) (Up); = (M),

where

RN = 5 [y 7) + /2 R0, ).

aov B (0B B@0E N e o) | TR@E T,
RN [(2% F T A Cr R =)
RN = 52 [ = Rl )]+ <0507,

s - B a0 BEOE N e TR@E T,
W= s Fane  on ) " = o, )

R(Np); =0,

SN = (1/2)(Q%)k [ (P)ur — ge(R)vy] .-

(3.24)

The system (3.23) is our main dispersive system, which is diagonalized at the linear level. To analyze
it we have to express the nonlinearities N, N;, and N} in terms of the complex variables U,, U;, and U,,.
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Indeed, it follows from (3.22) that

p:\/%RQAi( i+ U;) \/%(%4—%),
='V1'%§fi<w+m>—'%< 4T,

= s U= V) — e (U~ T, (3:25)

h = —%(Ui—@)+\/j%we—lfe),

A=N"(U, +Ty).
The variables u,v can then be recovered using (3.17), and the remaining variables p,¥;,m,7. can be

recovered (implicitly) using (3.5).

3.2.1. The Z norm. To analyze the system (3.23) we use the Fourier transform method and a special norm
called the Z norm. We recall our main function spaces, used also in [25] and [18]. We fix ¢ : R — [0, 1] an
even smooth function supported in [-8/5,8/5] and equal to 1 in [-5/4,5/4]. For simplicity of notation,
we also let ¢ : RY — [0, 1] denote the corresponding radial function on R, d = 2,3. For d € {1,2,3} let

or(@) = o () (@) = o(l2]/2*) — @2l /2°71)  for any k € Z, z € RY,

pr = Z om for any I CR.
melnZ

Let
T =A{(k,j) €ZXZy : k+j >0}
For any (k,j) € J let
P(—o0,—k](T) ifk+j=0and k <0,
M) (z) = P(—00,0)(T) if j=0and k>0,
@;j(z) if k4+j>1andj> 1.

> F=1

52— min(k,0)

@)= Y dW.

J€I, (k,j)eT

and notice that, for any k € Z fixed,

For any interval I C R let

Let Py, k € Z, denote the operator on R? defined by the Fourier multiplier £ — ¢ (¢). Similarly, for
any I C R let P; denote the operator on R? defined by the Fourier multiplier £ — ¢7(€).

Definition 3.2. Let

B :=1/100, a:= /2, v = 3/2 —4p. (3.26)
We define
Z:={feL*®): |flz:= sw |3\ (2)- Puf(2)|p,, < oo}, (3.27)
(k,j)eT

where, with k := min(k,0) and ky := max(k,0),

lgllz., = it [lgillsy, + lo2llsz ). (3.28)
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Ihllgy | = (2°% +2'%%) [20F3 | h|| g2 + 207278 || B | o], (3.29)
and

IR]| g2 = 2101F (20K 4 210%) [9C0=B)d || 1o + ||| e + 277 sup R72|[R) Ly (5(go,ry) - (3:30)
A Re[2-7,2K], o eR3 ’

The Z norm is our main tool to prove L™ decay of solutions. In a slightly different form, it has been
introduced by two of the authors in [25], in the context of Klein—-Gordon system with different speeds.
Here we use the same Z norm as in [18].

The Z norm can be used to bound other norms, which is important in nonlinear estimates. The
following lemma, which is a consequence of Lemma A.5 in [18], summarizes some of these bounds.

Lemma 3.3. Assume ||f||z <1, t€R, (k,j) € J, and let k = min(k,0) and

Jrj = Pr_2k+2] [@;k) - Py f].

(i) Then
| fijllze S (20% 4+ 210%) 1 920kg= (=0 (3.31)
and
sup | DEFio s (€)] Spop (2% 4 210F) =1 2= (/2= Pkaleli, (3.32)
€
Moreover
> feillze S min(@tFA-e)k 9= 10k) (3.33)
Jjzmax(—Fk,0)
and, for any o € {i,e, b},
> € figll oo S min(20/27F7 0k 976k) (1 p ) 710 (3.34)

j>max(—k,0)
3.2.2. The main bootstrap proposition. We are now ready to state our main proposition.

Proposition 3.4. Assume Ny = 10, Ty > 0, and U = (U;,U,,Up) € C([0,Tp] : HN0) is a solution of
the system of equations (3.23)-(3.24). Assume that

sup  sup ||€itAan—(t)||HNomZ <6 <1 (3.35)
t€[0,To] o€{i,e,b}
Then

sup  sup e U (1) — Us (0)]2 S 67, (3.36)
te(0,To) o€{i,e,b}

where the implicit constant in (3.36) may depend only on the constants T, e, Cy.
A standard continuity argument, as in [18, Section 4], shows that the bootstrap estimate in Proposition
3.4 can be combined with the local existence theory in Proposition 3.1 and the energy increment bound

(3.13) to complete the proof of the global regularity result in Theorem 2.3. The only additional ingredient
that is needed is the dispersive bound

S @+ 2%) P fllpe S A+ )T Pfllz, o € {ie,b} tER,
kEZ

which follows from (3.34).
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3.3. Proof of Proposition 3.4. It remains to prove Proposition 3.4. For this we first decompose the
nonlinearities in (3.24) into their quadratic components and their cubic (and higher order) components.
More precisely, we consider the expansions around « = 0,

hi(e) = 1+ ;o + dya® /2 + hZ3(a), he(@) =1+ coar + dea®/2 + hZ3(a),
where ¢;, ¢, € (0,00), d;,d. € R, and hiz3, hZ3 are cubic remainders. Then
gi(a) = (L —c)atq?(a),  ge(a) = (1 - c)a+qZ?(a).
Notice that, as a consequence of (3.5) and (3.25),

_~—5M3+Cmewa) n—ﬁ—f@i+0mewJU)
pP—pP= 2Cb u iy Ves Ub)y _2Cb u isYersUb)-

We decompose

Ny =NZENZE N.=N2HNZ3, Ny = N2+ N3,
where
_ AR
21+ R?
07— (1 =Yt %) 1 v (1= DY s Tl
J(N”) 41 + R? [(( Cb>|u‘ +cip)+€ R(( Cb)|v| + 50&71)},

2 AeRj 1/2
ROV = 5 A= [~ (L= e)Rlouy) + (1 = c)e! o], (3.37)

o2 = I [a((1- ) L) -1 D)o+ Do)

RNG); =0,

SNV = (1/2)(@%)jk [(1 — i) pur, — (1 — ce)nuy].
The nonlinearities N7, N2, N are quadratic nonlinearities, while N7, V23, N;7? are cubic (in the main
variables U;, U, Up). We will estimate the contributions of the quadratic nonlinearities using the main

Proposition 5.1 in [18].
We turn now to the proof of Proposition 3.4. The equations (3.23) give

[0y +iMo (E)]Us (6,8) = Np(6,8), o € {i,e,b}. (3.38)

(1= ci)pu; + (1 — c)e 2 R(nwy)]

Let
Vy(t) := et Uy (1), o€ {i,e b}, t €0, Tp).
The equations (3.38) are equivalent to
d
dt
therefore, for any t € [0,Tp] and o € {i,e,b},

[V, (&,1)] = ™ ON (€, 1),

t
Vo(6,1) = Vo (£,0) = /0 AT (€, s)ds. (3.30)

The desired bound (3.36) is equivalent to proving that
IVa(t) = Va(0)]lz S &,
for any t € [0,Ty] and any o € {i,e, b}.
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The contributions of the quadratic nonlinearities N?, N2, N can be estimated using Proposition 5.1
n [18].° The bound for the cubic contributions follows from Proposition 3.5 below.

Proposition 3.5. For any t € [0,Tp] and any o € {i,¢e,b},
t —
|7t [ [ et i e - Mg oas] | < a2
0

To prove Proposition 3.5, given ¢ € [0,Tp], we fix a suitable decomposition of the function 1jy 4, i.e.
we fix functions qq,...,qr4+1 : R — [0,1], |L — logy(2 + t)| < 2, with the properties
L+1
> als) =1py(s),  suppgo € (0,2,  suppgri1 C[t—2,¢],  suppgm C [27 12",

m=0
t
qm € C'(R) and / g, (s)]ds <1 form=1,...,L.
0
(3.40)

For o, p,v € {i,e,b}, v, 0, € {—1,1}, and m € {0,1,..., L} we consider the trilinear operator T
defined by

fT’rng v f7 g’ / /3 5 qu 28[ a(8 )7A“(§7n)7AV(n70)]f(§ - 5)@\(77 - 97 S)E(ga S)dendaa
R3 xR

where Ku =, A, and Al, =, A,
We prove first the following trilinear estimate involving the operators T,7:*".

Lemma 3.6. Assume that f*, f* € C([0,Ty] : L?) satisfy

sup [/ () lgvonz + 17 ()l avonz] <1
s€[0,T0]

and decompose

=3 Puiawia@) Pery = > S

k'€Z j'>max(—k’,0) (k') eT
=Y Paapn@ ey = Y e
k'€Z j'>max(—k’,0) (k",3")eT
Assume that h € C([0,Tp] : L?) satisfies, for any s € [0,Ty] and any k € Z,
V() grvo—s + (1 + ) (8)ll et < 1. (3.41)
Then
3 (1428 2k 4 ohe) B0 p T [ fr P HBl <278m (3.42)

(k1,51),(k2,j2) €T k3 €Z

for any fixed
o,u,v € {ie b}, (k,j)eJ, me{0,...,L+1}.

Proof of Lemma 3.6. Step 1. As a consequence of Plancherel theorem, for any f,g,h € C([0,Ty] : H*)

1T 1 frgihllle 27 sup  min {[|f(s)]|2lle”"* g(s)[lL< |h(s) L,
se[2m—1,2m+4] (343)

e~ =8 £ ()l llg(s)ll = () o le ™M F ()l zoe e~ g(s) | IA(s)] 2}

SProposition 5.1 in [18], which is the main technical result in that paper, requires the hypothesis (2.45).
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This bound will be used repeatedly in the proof of the lemma. Moreover, as a consequence of Definition
3.2 and Lemma 3.3, for any (K, ') € J and s € [0, Tp],

”fléL',j’(S)”LQ + ‘lfli;//7j/(5)‘|L2 S/ (2ak' + 210k’),122ﬁk’27(175)j/’
Yo Oz + 1 (9)lz2] S min@UHFmr 9= (=D,
j'>max(—k’,0)

Yo e M Ol + e M f i (s)p] S min(20/2707 0K 97K (1 4 jg)) =170,
j’'>max(—k’,0)
(3.44)

Notice also that, as a consequence of Definition 3.2,

1857 - PoH |, | S 0% +210%) - 2% 200 2O 50 P ]|, (3.45)
»J

for any (k’,j') € J and H € L?. Therefore, using (3.41) and the last three bounds, the left-hand side of
(3.42) is dominated by

sz(l + 2]6)(204]6 + 210k) . 23]/22(1/2—5)’]; . 2—2m—5m2—(N0—4) max(k,O).
This suffices to prove (3.42) unless

where D > 0 is a large constant.
Assume now that (3.46) holds. We define three sets

S1 = {((k1,71), (k2,72),k3) € T x J X Z : max(ky, ke, ks) > 2j/No},
Sz = {((k1,41), (k2,j2), ks) € T x T x Z: min(ky, k2, ks) < =105},
Sz ={((k1,41), (k2,j2), ks) € T x T x Z : max(j, j2) > 10j}.
It is easy to see that one can also use the bounds (3.43)—(3.45) to show that if (3.46) holds, then

= o L,V v _ g4
Z 2max(k17k27k370)“@§k) - P T [f;;l,‘h’sz,jz;PkSh]HBéyj <2 prm (3.47)
((k1,71),(k2,j2),k3)ES,
forp=1,2,3.
Therefore, it suffices to prove that
max ~(k O,V v — B84 (mti
gma (k11k27k370)H<’D; ). P T [fll:l,jl’sz,jg;Pksh]HB;J < 9B (m+j) (3.48)

provided that
3]/2 2 m + (NQ - 20)]€+ + D, *10] S k‘l, kg, kg S 2j/N0, max(jl,jg) § 10] (349)
Step 2. The Cauchy-Schwarz inequality shows that, for any & € R3,

FRI"] ;i‘l,j1>f1?2,j2;Pk3h](§)‘ 5/Rqm(S)Ilf;’Jl,jl(8)||L2||f;?2,j2(8)||mHPkgh(S)HLoodS

S2mmexOk)g=bm o sup £ ()2l fE u (9)lle (3:50)
s€fam—1,2m+2]
< 9— max(0,k1,k2,k3) 9—Fmo—(1-F)(j1+72)
We first assume that
j+4k/3 < D. (3.51)
In this case, from (3.29), it suffices to prove that

guax(hsskeks 00k ()39 2 ERT TVl L fE s Pl goe S 2771009,
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which follows from (3.50). Given (3.51), this suffices to prove the desired inequality (3.48).
Assume now that

j+4k/3>D and j<m+D. (3.52)
Using again (3.43), (3.41), and (3.44), we have

gmexthukaks 0) g0k 4 910K 20003 || G- BT (1t 1 S iai Prab | 2
< 2max(k1,kz,k3,0)(2ak+210k) (1+ﬂ)m.2m2—m(2+2[3)2 (No—4) max(k,k1,k2,k3,0)

< 27hAm/2,
Moreover, using (3.50),

Zmax(kl,kg,kg,o)(2ozk + 210]@)2(1/27,8);5||]_-ij-v;rfl;u,u[flghjl’f}lc/27j2;Pk3h]||Loc 5 2*ﬁm211 max(k1,k2,k3,0).

Recalling (3.29) and the restrictions (3.49) and (3.52), the desired bound (3.48) follows in this case.
Assume now that

j+4k/3>D and j>m+D and j < 3min(jy,j2)/2+ D. (3.53)
Using again (3.43), (3.41), and (3.44), we have
max o ~(k 0 L,V v
gmax(l bk 0) (g . 10K\ G0 . p P (s Py
S AL L T P N P WP

< 211max(kl,k2,k3,0)2—ﬂm23(1+ﬂ) min(j1,ja)/22—(1—5)(j1+j2)
<27h,
Moreover, using (3.49) and (3.50),
2max(k1,k2,k3,0)(2ak + 210k)2(1/2_6)k||kaTT%;H7V[f£1,j1aflsz,jQ;PkSh]HLoc 5 9—Bigll max(lﬁ,kz,kg,o).

Recalling also the restrictions (3.49) and (3.52), the desired bound (3.48) follows in this case.
Finally, assume that

j+4k/3> D and j>m+D and j > 3min(ji,j2)/2 + D. (3.54)

Without loss of generality we may assume that j; < jo, therefore 3/2j; + D < j. Notice that

PTG [l f Py hl() = C/ /R%WXR% o ()17 18[00 (€)=K (6=~ Ko (n—0)]
%o €V L, 5, (€ = 1) TF, 1, (0 — 0,5) P (B, )dsdndode.
We use integration by parts in &, see Lemma A.2 in [18], and the bounds
sup Ingf;l(@) il (Qakl +210k1)7127(1/276)%\;2“"]‘17
HeR3
which follow directly from the definition of the Z norm (see Lemma 3.3). It follows that

G @) - PTG 1L o F g Prsh)(@)] S 271,

from which (3.47) follows easily. O

We can complete now the proof of Proposition 3.5.
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Proof of Proposition 3.5. The functions A;, Ae, He, Hy, |V, R satisfy standard symbol-type estimates
IDEA(E)| + [DEHL(E)] + |DEH1(§)] Sa (1+1€)" 1,
IDEA()] +DEIVIE)] S l€l'7,
IDER(E)] Sa (L4 [€)) 7271,

Moreover, the Z norm is stable under the action of Calderon-Zygmund operators, see Lemma A.1 in [18].
Therefore, using also the identities (3.25) and (3.17) and the bootstrap assumption (3.35), the functions
psn, g, h, Aj uj,v; can be written in the form

e MR + LT () + e f ) e fD () H e )+ (1), (3.55)
for certain functions f;", f;7, £, fo, flf , [, satisfying
0 0, 7@ 570 570,55 O f O)lanavs S 0 (3.56)

In passing from the full nonlinearities AV, to the quadratic nonlinearities N2 we replaced

ujgi(p)  with  u;(1—¢)p; vjge(n) with  v;(1 —ce)n;
(112 (a2 (1|2 (|2
OP) L ) O ey DR,
2fyihi(l?)’) 2 2'76}7/6(”) 2
nL(p)0;p . di 5 elu? . (7)d;7 _ de 5 ev]?
- 9, h i(=—p° — ; =19, th  9; — :
hi(0)7i % Wit 8J(20ip 2011)’ mop. J(2Cen 201,)

(3.57)

These substitutions are justified informally, by the definitions at the beginning of the subsection and by
the formulas (3.5).

To justify these substitutions rigorously we use first Lemma 3.3 and the representations (3.55)-(3.56)
to conclude that, for any ¢ € [0, Tp],

1o (t)s (8, (), v(E) | rrvo + (14 [E) 2 (p(8), n(E), ult), o(8)) wees S 61 (3.58)
Using standard algebra properties of the spaces HVo and W°°, it follows that
1F (p(8), n(8), u(t), o) mvo + (14 [E) P F(p(t), (), ult), v(t) [wees S b1 (3.59)
for any smooth function F' satisfying
F(0) =0, > ID*F(0)] < A4, (3.60)
|| <No+1

provided that 07 is sufficiently small relative to A. In particular, using (3.5),
1(A(), 2(t), 7s(t) = L,Ae(t) = Dl gvo + L+ [E)2(A(E), 7). 7i(8) = 1,7e(t) = Dllwees S 1. (3.61)

Let a denote generic functions satisfying the bounds

lalms + (14 )l < 61 (3.62)
Using the formulas (3.5) and the bounds above, we write
~ elu(®)]? ~ elu(t)?
(1) —1= 1 , e(t) —1= 1 ,
sw-1=L 00, sw-1-Lhara
oy _ Elu@®) elv(t)?

o) = 5(t) = TG0+ a) n(t)— () = (1 +a)
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Therefore, using also the algebra properties of the spaces HN° and W2,

_elu@®)

uy (0 (7(8)) = (0)as (p(6) ~ 50 (14 )

and

= u;(£)(1 = i) (p(t) - eu®F +a)) +u(8) (p(t) - eu®F +a>)2(m +a).

2C 2CY, 2
. 2 . 2
?J(\?i(t)Nl) _ 95(lu(@®)] )(1+a)’
2%i(t)hi(p(t)) 2
RPNOP) _ (Pl + /2P0t a)y () ol )
R (0)7: (1) ’ Ci 2C,
(4 Elu®)P , _elu®) d; elu(@®))? 2
- (1 56,0 +a))aj [p(t) 50, (1 a)+ 51 +a) (p(t) sc, (1 +a)) ]
imi inearities v > 0;(lv(®)[*) R (7(1)9;7(1)
Similar formulas hold for the nonlinearities v; (t)g. (7(¢)), (R () and ACEACE Therefore the

substitutions in (3.57) are justified, in the sense that the nonlinearities N, (t) — N2(¢) can be written as
finite sums of functions of the form I'1 gy (t) - T'2g2(¢) - T'sg3(t), where g1, g2 € {p, n, u1,us, us, v1,v2,v3}, g3
satisfies (3.62), and I'1, 9, I's € {I, 1,092,053} are such that at most one is a derivative. For Proposition
3.5 it suffices to prove that

H}—*l [/Of e*Ae© T g1 (s) - Taga(s) - Taga(s)] (€) ds] HZ <61

The Z norm is dominated by a suitable B} ; morm, see Definition 3.2, so the inequality above follows

using the representations (3.55)-(3.56). This completes the proof of the proposition. O
REFERENCES
[1] S. Alinhac, Temps de vie des solutions régulieres des équations d’Euler compressibles axisymétriques en dimension

(10]
(11]

[12]
(13]

(14]

deux. (French) [Life spans of the classical solutions of two-dimensional axisymmetric compressible Euler equations]
Invent. Math. 111 (1993), no. 3, 627-670.

J. A. Bittencourt Fundamentals of plasma physics, 3rd edition, 2004, Springer ISBN-13: 978-1441919304.

S. Cordier and E. Grenier. Quasineutral limit of an Euler-Poisson system arising from plasma physics. Comm. Partial
Differential Equations, 25 (5-6):1099-1113, 2000.

F. Chen, introduction to plasma physics, 1995, Springer, ISBN-13: 978-0306307553.

G.-Q. Chen, J. Jerome and D. Wang, Compressible Euler-Maxwell equations. Proceedings of the Fifth International
Workshop on Mathematical Aspects of Fluid and Plasma Dynamics (Maui, HI, 1998). Transport Theory Statist. Phys.
29 (2000), no. 3-5, 311-331.

P. Crispel, P. Degond and M. M.-H. Vignal, An asymptotic preserving scheme for the two-fluid Euler-Poisson model
in the quasi neutral limit, J. Comp. Phys. 223 (2007) 208-234.

D. Christodoulou, Global solutions of nonlinear hyperbolic equations for small initial data, Comm. Pure Appl. Math.
39 (1986), 267-282.

D. Christodoulou, The Formation of Shocks in 3-Dimensional Fluids, EMS Monographs in Mathematics, EMS Pub-
lishing House, 2007.

J.-L. Delcroix and A. Bers, Physique des plasmas, InterEditions/ CNRS Editions, Paris, 1994.

P. Degond, F. Deluzet and D. Savelief, Numerical approximation of the Euler-Maxwell model in the quasineutral limit,
J. Comput. Phys. 231 (2012), no. 4, 1917-1946.

D. Gérard-Varet, D. Han-Kwan and F. Rousset, Quasineutral limit of the Euler-Poisson system for ions in a domain
with boundaries, Indiana Univ. Math. J., to appear.

P. Germain and N. Masmoudi, Global existence for the Euler-Maxwell system, preprint arXiv:1107.1595

P. Germain, N. Masmoudi and B. Pausader, Non-neutral global solutions for the electron Euler-Poisson system in 3D.
SIAM J. Math. Anal., 45-1 (2013), 267-278.

P. Germain, N. Masmoudi, and J. Shatah, Global solutions for 3D quadratic Schrédinger equations, Int. Math. Res.
Not. (2009), 414-432.



(15]
[16]
[17]
(18]
(19]

20]
(21]

(22]
23]
[24]
[25]
[26]

27]
(28]

29]
(30]
(31]
(32]
33]
(34]
[35]
(36]
(37)

(38]
(39]

[40]

[41]
42]

GLOBAL SOLUTIONS OF CERTAIN PLASMA FLUID MODELS IN 3D 27

P. Germain, N. Masmoudi, and J. Shatah, Global solutions for the gravity water waves equation in dimension 3, Ann.
of Math., to appear.

P. Germain, N. Masmoudi and J. Shatah, Global existence for capillary water-waves, Comm. Pure. Appl. Math., to
appear.

Y. Guo, Smooth irrotational flows in the large to the Euler-Poisson system in R3T1. Comm. Math. Phys. 195 (1998),
no. 2, 249-265.

Y. Guo, A. D. Ionescu, and B. Pausader, Global solutions of the Euler—-Maxwell two-fluid system in 3D, preprint,
arXiv:1303.1060.

Y. Guo and B. Pausader, Global smooth ion dynamics in the Euler-Poisson system, Comm. Math. Phys. 303 (2011),
89-125.

Y. Guo and X. Pu, KdV limit of the Euler-Poisson system. arXiv:1202.1830.

Y. Guo and S. Tahvildar-Zadeh, Formation of Singularities in Relativistic Fluid Dynamics and in Spherically Symmetric
Plasma Dynamics, Contemporary Mathematics, Vol. 238, 151-161, (1999).

S. Gustafson, Stephen, K. Nakanishi, and T.-P. Tsai, Scattering theory for the Gross-Pitaevskii equation in three
dimensions, Commun. Contemp. Math. 11 (2009), 657-707.

Z. Hani, F. Pusateri, and J. Shatah, Scattering for the Zakharov system in 3 dimensions, Comm. Math. Phys. to
appear.

A. D. Ionescu and B. Pausader, The Euler-Poisson system in 2D: global stability of the constant equilibrium solution,
Int. Math. Res. Not., 2013 (2013), 761-826.

A. D. Ionescu and B. Pausader, Global solutions of quasilinear systems of Klein—-Gordon equations in 3D, J. Eur. Math.
Soc., to appear.

A. D. Ionescu and F. Pusateri, Nonlinear fractional Schrédinger equations in one dimensions, J. Funct. Anal., to appear,
arXiv:1209.4943.

A. D. Ionescu and F. Pusateri, Global solutions for the gravity water waves system in 2d, preprint arXiv:1303.5357.
J. Jang, The two-dimensional Euler-Poisson system with spherical symmetry. J. Math. Phys. 53 (2012), no. 2, 023701,
4 pp.

J. Jang, D. Li and X. Zhang, Smooth global solutions for the two dimensional Euler-Poisson system, Forum Mathe-
maticum, to appear.

F. John, Blow-up of solutions of nonlinear wave equations in three space dimensions, Manuscripta Math. 28 (1979),
235-268.

T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Rational Mech. Anal. 58 (1975),
181-205.

S. Klainerman, Global existence of small amplitude solutions to nonlinear Klein-Gordon equations in four space-time
dimensions, Comm. Pure Appl. Math. 38, 631-641 (1985).

S. Klainerman, The null condition and global existence to nonlinear wave equations. Nonlinear systems of partial
differential equations in applied mathematics, Part 1 (Santa Fe, N.M., 1984), 293—326, Lectures in Appl. Math. 23,
Amer. Math. Soc., Providence, RI, 1986.

D. Lannes, F. Linares, J.-C. Saut, The Cauchy problem for the Euler-Poisson system and derivation of the Zakharov-
Kuznetsov equation, “Perspectives in Phase Space Analysis of PDE’s” to appear in Birkh&user series “Progress in
Nonlinear Differential Equations and Their Applications”.

D. Li and Y. Wu, The Cauchy problem for the two dimensional Euler-Poisson system. arXiv:1109.5980

Y. Nejoh and H. Sanuki, Large amplitude Langmuir and ion?acoustic waves in a relativistic two-fluid plasma, Phys.
Plasmas 1, 2154 (1994).

Y. J. Peng, Global existence and long-time behavior of smooth solutions of two-fluid Euler-Maxwell equations. Ann.
Inst. H. Poincaré Anal. Non Linéaire 29 (2012), no. 5, 737-759.

X. Pu, Dispersive Limit of the Euler-Poisson System in Higher Dimensions. arXiv:1204.5435.

J. Shatah, Normal forms and quadratic nonlinear Klein-Gordon equations, Comm. Pure Appl. Math. 38 (1985), 685—
696.

T. Sideris, Formation of singularities in three-dimensional compressible fluids. Comm. Math. Phys. 101, (1985), 475—
485.

B. Texier, Derivation of the Zakharov equations. Arch. Ration. Mech. Anal. 184 (2007), no. 1, 121-183.

N. L. Tsintsadze, Effects of electron mass variations in a strong electromagnetic wave, 1990 Phys. Scr. 1990 41



28

YAN GUO, ALEXANDRU D. IONESCU, AND BENOIT PAUSADER

BrOWN UNIVERSITY
E-mail address: guoy@cfm.brown.edu

PRINCETON UNIVERSITY
E-mail address: aionescu@math.princeton.edu

LAGA, UNIVERSITE PARIs 13 (UMR 7539)
E-mail address: pausader@math.univ-parisi3.fr



