Random Homogenization of Fractional Obstacle
Problems

L. A. Caffarelli* and A. Mellet!

Abstract

We use a characterization of the fractional Laplacian as a Dirichlet
to Neumann operator for an appropriate differential equation to study
its obstacle problem in perforated domains.

1 Introduction

Given a smooth function ¢ : R” — R™ and a subset 7. of R", we consider
ve(z) solution of the following obstacle problem:

() > @(x) foraz el
v >0 forzeR"” (1)
)’v" =0 for z € R"\ T, and for z € T if v°(z) > ¢(x).

v
(—A
(—A
The operator (—A)® denotes the fractional Laplace operator of order s,
where s is a real number between 0 and 1. It can be defined using Fourier
transform, by F((—A)*f)(&) = €[> f(£). In particular, (1) can be seen as

the Euler-Lagrange equation for the minimization of the H * norm [ f]] 5=

[|£(€)|&|°|| 2 with the constrain that f > ¢ on T.. We will see that this
system of equations can also be stated as a boundary obstacle problem for
elliptic degenerate equations.

In (1), the domain R™ is perforated and the obstacle ¢(x) is viewed by
v (z) only on the subset T.. A typical example of T is given by:

T. = | Bus(eh), (2)
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with a® < €. The goal of this paper is to study the asymptotic behavior of
v® as € — 0. When T; is given by (2), the effective equation satisfied by the
limit of v© strongly depends on the radius a®: If a® is large enough, the limit
turns out to be an obstacle problem with obstacle ¢(z). On the other hand,
if a® is small then the limiting problem is a simple elliptic equation without
any obstacle condition. It is well known in the case of the regular Laplace
operator (s = 1) that there is a critical size for a® for which interesting
behavior arises.

In the case of the regular Laplace operator, this problem was first studied
for periodic T by L. Carbone and F. Colombini [CC80] and then in a more
general framework by E. De Giorgi, G. Dal Maso and P. Longo [DGDMLS80]
and G. Dal Maso and P. Longo [DML81], G. Dal Maso [DM81]. Our main
reference will be the papers of D. Cioranescu and F. Murat [CM82a, CM82b],
in which the case of a periodic distribution of balls is studied. More precisely,
they prove that when s = 1 and if 7} is given by (2) with a® = rg sﬁ, then
the function v = lim._.g v® solves

—Av — :U’(v - SO)* = 05

where p is a real number (depending on r¢) and w_ = max(—w,0). The
obstacle condition thus disappears when e goes to zero, but it gives rise to
a new term u(v — ¢)_ in the equation.

In [CMOT], we generalize this result (still with s = 1) to sets T; that are
the union of small sets S.(k) C R” still periodically distributed, but with
random sizes and shapes. More precisely, we introduce a probability space
(Q, F,P) and we assume that for every w €  and every € > 0 we are given
some subsets S¢(k,w) such that

S.(k,w) C B(ck).

We then consider
T.(w) = |J S:(k,w).
kezn

The only assumptions necessary to generalize the result of D. Cioranescu
and F. Murat [CM82a]-[CM82b] is that each set S:(k,w) is of capacity of
order €™: cap(S:(k,w)) = ™vy(k,w) (this is where the critical exponent en3
comes from) and that the v(k,w) have some averaging properties (stationary
ergodicity).

In the present paper, we extend the result of [CMOT7] to the case of
fractional Laplace operators s € (0,1). We will show that under appropriate



assumptions on the size of the sets Sz (k,w), the function v(z) = lim._o v°(x)
solves
(—A)'v — (v — p)— =0,
In the particular case of sets T of the form (2), the critical size is now given
by
a® =rg e

n
n—2s

(the critical exponent is related to the s-capacity of the sets S (k,w)).

In the remainder of this section, we briefly motivate the problem and we
introduce the extension problem for the fractional Laplace operators, which
allows us to rewrite (1) as a boundary obstacle problem for a local (degen-
erate) elliptic operator. The precise hypothesis on T;(w) will be detailed in
the following section in which the precise statement of the main theorem is
also given. The remainder of the paper is devoted to the proof of our main
statement.

1.1 A semipermeable membrane problem.

When s = 1/2, (1) naturally arises as a boundary obstacle problem for the
regular Laplace operator (also know as Signorini problem): We consider the
following problem set in the upper-half space Ri’“ ={(z,y) eR"xR; y >
0}:

—Au(z,y) =0 for (z,y) € R}

u(z,0) > p(z) forz el

Oyu(z,0) <

Oyu(z,0) = 0 for x € R"\ T and for z € T, if u(x,0) > ¢(x)

o

for x € R™

with the boundary condition
lim u(x,y) =0.
Yy—00

It is then well-known that v(z) = u(x,0) is solution of (1) with s = 1/2 (see
[Sil07] and [CSS07] for details).

It can be of interest to state equation (3) in a bounded domain D C R’}FH:
Introducing

Y=Dn{y=0} and T =0Dn{y> 0},



we can consider the following boundary obstacle problem:
—Au(z,y) =0 for (z,y) € D
uw(z,0) > p(z) forzeXnT
Oyu(z,0) < 0 forzeX
Oyu(z,0) = 0 for z € ¥\ T} and for z € T} if u(x,0) > ¢p(x)

with the boundary condition

u(z,y) = g(z,y) for (z,y) € .

Equation (4) arises, for instance, in the modeling of diffusion through
semi-permeable membranes (such as the membrane of a cell): The membrane
is modeled by the surface . The outside concentration of molecules is given
by ¢(x), and the transport of molecules through the membrane and in the
direction of the concentration gradient is possible only across some given
channels (represented by the set T;) and only from the outside of the cell
({y < 0}) toward the inside of the cell D. At equilibrium, the concentration
inside the cell is then given by the solution u(z,y) of (4).

1.2 An extension problem for fractional obstacle problems

Following L. Caffarelli, S. Salsa and L. Silvestre [CSS07], we can actually
rewrite (1) as a boundary obstacle problem for all fractional powers s €
(0,1). We rely for this on the following extension formula established by
L. Caffarelli and L. Silvestre [CS06]: For a given function f(x) defined in
R™, if we define u(z,y) by

{ —div (y*Vu) =0 for (z,y) € R 5)
u(z,0) = f(x) for z € R",
then
() f(x) = ling "0, y)
with
s=(1-a)/2.
We can thus rewrite the fractional obstacle problem (1) as follows:
—div (y*Vu®) =0 for (z,y) € R
u(z,0) > p(z) for x € T,
éii% y*oyu(z,y) <0 for x € R” (6)
éii% y*oyu(z,y) =0 for x € R"\ T, and z € T, N {u® > ¢}
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where a = 1 — 2s (note that @ € (—1,1)). Our main result will concern
problems such as (6) with possibly bounded domain D instead of R’}fl.

In the sequel, the theory of degenerate elliptic equations in weighted
Sobolev spaces will play an important role. We refer to [FKS82] for many
results that will be used in this paper.

1.3 Variational formulation

The system of equations (6) can also be written as a minimization problem.
For a given open subset D of R, we denote by L%(D, |y|*) the weighted
L? space with weight |y| and by WH2(D, |y|*) the corresponding Sobolev’s
space. We have

By = [ 171 dedy+ [ (3119 do .

We then introduce the energy functional:

1
S = [ Sl Val? dedy
D
and the set
K. ={veW"(D,[y|*); v(z,0) > p(z) for z € To(w), v=gonT}.

It is readily seen that (6) is the Euler-Lagrange equation associated to the
minimization problem:

Fw) = inf 7 (v), u® € K. (7)

veKe

(Note that since K. is closed, convex and not empty, (7) has a unique
solution u® € K;).

Finally, we notice (see [CS06]) that if u(x,y) is the extension of a function
f(z) as in (5), then

a — S| F 2 o
/ o TP iy = VAR d = 11l oy

In particular, the minimization problem (7) is equivalent to the variational
formulation of problem (1).



In this paper, we study the asymptotic behavior of the solutions of (7)
for any open subset D of Rﬁ“. The assumptions and the main result are
made precise in the next section. The proof of the main theorem, which is
details in Section 3, relies on the construction of an appropriate corrector.
This construction is detailed in Sections 4 and 5.

2 Assumptions and Main result

2.1 The set T,

We consider a probability space (Q2, F,P). For all w € Q, the set T (w) is
given by:

Tw) = | Selkw).

keZr
where the sets S¢(k,w) C R" satisfy the following assumptions:

Assumption 1: Forallk € Z™ andw € 2, there exists y(k,w) (independent
of €) such that
cap,(Se(k,w)) = " v(k,w),

where cap,(A) denotes the s-capacity of subset A of R"™! (defined below).
Moreover, we assume that

Se(k,w) C B, (ek) for all k € Z" a.e. w € Q, (8)
for some large constant M, and that there exists a constant 7 > 0 such that

v(k,w) <7  forallk € Z™ and a.e. w € Q. (9)

This first assumption defines the critical size of the set T;. It will guar-
antee that cap,(7:) remains finite as € goes to zero. A natural definition for
s-capacity of a subset A of R™ is the following:

cap, () = nt { [ GA(©F des f € HY®), J(0) 2 Lhor o € 4},
Rn
Using the extension problem for the fractional Laplce operator (see [CS06]
for details), an equivalent definition (up to a multiplicative constant) is given

by

cap,(A) = inf {/ y*|Vh| dx dy; hEWOl’Q(RTrl, ly|*), h(z,0) > 1,z € A}.
Rn+1



We will use this second definition in this paper. If B is a n-dimensional
ball, then its s-capacity in R™*! is given by

n—1+a 2s

n n—
Caps<Br) = Cp+1—al = Cp42sT

for some constant c;. Assumption 1 is thus satisfied in particular if the sets
Se(k,w) are balls centered on €Z" with radius r(k,w)en—2s.

Assumption 2: The process v : Z™ x Q — [0,00) is stationary ergodic:
There exists a family of measure-preserving transformations 7 :  — €
satisfying

vk + K w) =~(k,7pw)  for all k,k' € Z" and w € Q,

and such that if A C Q and 7oA = A for all k € Z", then P(A) = 0 or
P(A) =1 (the only invariant set of positive measure is the whole set).

This second assumption is necessary to ensure that some averaging pro-
cess occur as € goes to zero (the hypothesis of stationarity is the most general
extension of the notions of periodicity and almost periodicity for a function
to have some self-averaging behavior).

2.2 Main result

We are now ready to state our main result:

Theorem 2.1 Let D be a open subset of R (n > 2), denote
Y =Dn{y =0}, r=90Dbn{y>0}
and let T, (w) be a subset of ¥ salisfying Assumptions 1 and 2 above.

There exists a constant ag > 0 such that for any p(z,y) € CHY(D) the
solution uf(z,y,w) of

1
min {5 [ 902 dedys 0 € WD), 0(0.0) > o(2.0) for v € m)} ,
D

converges WH2(D, |y|*)-weak and almost surely w € ) to a function u(x,y)
solution of the following minimization problem

1 1
win {5 [ 90R vy + 5 Lot~ 02 (@00 s 0 € WD}
D >
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where w— = max(0, —w).
If, moreover, there exists v > 0 such that y(k,w) > v for all k € Z" and
a.e. w € ), then ag > 0.

In particular the function u(z,y) solves
—div (y*V7) =0 for (xz,y) € D
lir% y*oyu(z,y) = ap(t — ¢)—(z,0) forzeX
y*)

u(x,y) =0 for (z,y) e

Remark 2.2 When D is a bounded subset of Ri'H, the condition u €
W, (D, |y|*) could easily be replaced by

we WD, [y|*),  ulz,y) = g(z,y) forz € DN {y > 0}
for some function g(z,y) € L*°(0D N{y > 0}).

We stated Theorem 2.1 in its most general form. It contains the semiper-
meable membrane problem, as well as our original problem (1) with the
fractional operator. More precisely, if we have D = ]RT'l and if we consider
the trace v(z) = u(x,0) in Theorem 2.1 we get:

Corollary 2.3 Let T. be a subset of R™ (n > 2) satisfying Assumptions 1
and 2 above. There exists ag > 0 such that for any ¢(x) € CHYR™), the
solution v (z,w) of (1) converges, as e — 0, H*(D)-weak and almost surely
to a function v(x) solution of

(—A)' — ag(v = )— =0.

As in Cioranescu - Murat [CM82a, CM82b] and Cafarelli-Mellet [CMO7],
the proof of Theorem 2.1 relies on the construction of an appropriate cor-
rector. More precisely, we use the following result:

Proposition 2.4 Let T.(w) be a subset of R™ satisfying Assumptions 1
and 2 above. There exists a non-negative constant ag such that for ev-
ery bounded subset D of RT’l, there is a function wji(z,y,w) defined in D
and satisfying

w(r,0) =1 forxzeT.(w)N(DN{y=0}) (10)
v poe(py < C (11)
w® — 0 WH2(D, |y|)-weak a.s. w € N (12)



and
( For all sequences v¢(x,y,w) satisfying:

v5(2,0) >0 forzeT,(w)NX

[[v¥]|pee(py < C

e — v in WH2(D, |y|*) — weak, a.s. (13)
and for any ¢ € D(D) such that ¢ > 0, we have:

lim | y*Vw® - Vo odxdy > —/ ag pdx
«==0J/p by
with equality if v¢(x,0) =0 for x € T.NX.

The proof of Proposition 2.4 will occupy most of this paper. We stress
the fact that Assumptions 1 and 2 are sufficient but by no mean necessary
to the proof of this Proposition. Any set T.(w) such that Proposition 2.4
holds would be admissible for Theorem 2.1.

The condition (13) may seem rather obscure and the next Lemma will
suggest a nicer (but stronger) condition to replace it. However (13) is the
condition that appears naturally in the proof of Theorem 2.1.

Lemma 2.5 Let D be a bounded subset of RT’l, and assume that w® sat-
isfies

—div(y*"Vw®) =0 for (z,y) € D

w®(z,0) =1 forz e T (w)NX

14
limy o y*Oyw® (x,y) = ag forzxe¥.NX¥ (14)

limy o y*Oyw® (z,y) <0 forxeT.NX%
together with (11) and (12). Then (13) holds.

This lemma also gives an indication of how to construct w®(z, y,w): We will
look for a constant o such that the solution of (14) converges to zero in
WhH2(D, |y|*)-weak.

Proof: Let v* € L>®(D) N WY2(D, |y|*) be such that v*(z,0) > 0 on
T. NY and let ¢ be a smooth test function with compact support in D.
Then, we have:

0 = /div(yanEMUEda:dy
D

—/ y*oVw® - Vo dx dy — / y*Vo - Vwo® dx dy
D D

- / lim (y*0yw®) v° ¢ dw — / lim (y*0yw®) v° ¢ dz.
S\7. ¥—0 1. y—0



Since limy o y*dyw®(x,y) < 0 and v*(z,0) > 0 for € T, we deduce:
/ y*oVw® - Vofdedy > —/ y*VoVwv® da dy — / agv° ¢ dux.
D D e
> — / y*VoVwv® dr dy — / apv® ¢ dx. (15)
D b
with equality if v*(z,0) = 0 for « € T.. In order to pass to the limit in (15),

we note that we have the following convergences:

€

w® —0 Wh2(D, |y|*)-weak a.s. w € Q,

and
€

¥ — L*(D, |y|*)-strong a.s. w e (.

Hence the first term in the right hand side of (15) goes to zero. Moreover
we have

v (+,0) — v(-,0) H*(X)-weak and L*(X)-strong a.s. w €,

so (15) gives

lim/ y*oVuw® - Vot dx dy > —/ aov ¢ der.
D b

e—0

with equality if v®(z,0) =0 for z € T;. O

2.3 Related problems

Before turning to the proof of Theorem 2.1, we briefly mention other results
that follow from Proposition 2.4: If we consider energy functionals of the
form

1
/(v)——/ ya|vu|2dﬂcdy+/uhdw
2 I -

for some h € L*>(X), then a proof similar to that of Theorem 2.1 shows that
the homogenization of the following equation

A)Sv® > h(z) for x € R"

ve(x) > p(x) for x € T,
—A)*v® = h(xz) forz € R"\ T, and on T; if v° > ¢

(
(
leads to

(=A)Yv—ap(v—p)-=h in R".
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More interestingly, we can replace the constrain v* > ¢ on 7. by a
Dirichlet condition of the form v* = 0 on 7. This amounts to minimizing
J (v) in the convex set

K. = {v € W2(RE, [y]%); v(@,0) = 0 for o € To(w)},
The corresponding Euler equation is

(—A)*v%(z) = h(z) for z € R™\ T}
vi(z) =0 for z € OT..

We can then show that the solution v®(x) converges to a function v(x)

solution of
(—A)°v—ag(v—p)=h in R".

3 Proof of Theorem 2.1

In this section, we prove that Theorem 2.1 follows from Proposition 2.4.
For the sake of simplicity, we assume that D is a bounded domain in RTH.
This allows us to take the corrector w®(x,y,w) given by Proposition 2.4 and
corresponding to the domain D. When D is unbounded, we note that every
integral involving w® is computed with a compactly supported test function
¢. We can thus use, for each of them, the corrector w® corresponding to the
domain supp ¢. The final result is of course independent of w®.

The maximum principle and the natural energy estimate easily give that
uf is bounded in L (D) N VVO1 2(D, |y|*) almost surely. In particular, there
exists a function u(z, u,w) such that

ut — VVOLQ(D, ly|*) — weak a.e. w € .
In order to prove Theorem 2.1, we have to show that

Fo(u) = inf Fa(v) ae we (16)
vEW, (D, ly|*)

where _Z, is the energy associated to the limiting problem, given by:

1 1
Fa(v) = 5/ v Vol? dz dy + 5/ ao(u — @)% de.
D b

Equality (16) will be a consequence of the following lemmas:
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Lemma 3.1 For any test function ¢ € D(D), we have
lim/ Y2 V> ¢ dx dy = / oo dx.
e—0 D »

Lemma 3.2 Let u® be a bounded Sequence mn W 1,2 D, a L D). If
Yy
u® —u n W 1’2(1), |y\“)—weak,

then

liminf 7 (u) > 7a(T).

Proof of Theorem 2.1:
For any v € D(D), we consider the function v + (v — ¢)_w® (note that this
function satisfies the obstacle constrain). Its energy is given by:

A0+ (v—p)-w)
1

= 5/ ya[‘v’ljlz—’—‘V('U—gD)_Pwé‘Q_'_ ’(’U—QD)_|2|V'U]€|2:| dxdy
D

+ /D Yy [(v —¢)_V(v—¢)_w*Vuw® + VoV (v — ¢)_w®
+Vo(v — @)_Vwe} dx dy.
Lemma 3.1 and the weak convergence of w® to 0 in W2(D, |y|*) thus implies
i # (v + (v - ¢)-uf) = Falv).

Morever, it is readily seen that the function v 4+ (v — ¢)_w® belongs to
K.. Since u® minimizes # on K., we deduce

I+ (v—p)-w) > 7 (u),
and therefore

Fa(v) > limsup 7 (u®) for all v € D(D).

e—0

On the other hand, Lemma 3.2 gives

liminf #(u®) > Z,(u).

e—0
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and so
o) < _Fo(v) for all v € D(D).

Equality (16) follows by a density argument. O

Proof of Lemma 3.1: This first lemma is a straightforward conse-
quence of (13): If we take v = 1 — w®, we have v*(z,0) = 0 for x € T,
v¥(x, y) bounded in L= (D) and v¥(z,y) converges to 1 in WH2(D, |y|*)-weak,
L%(D, |y|*)-strong, and almost surely w € 2. We can thus use (13), which
implies

—/ y*oVuw® - V(1 —w®)dedy — / g ¢ du,
D b

and so

/y“¢|Vw6|2dxdy—>/a0¢dx
D 2

for all ¢ € D(D). O

Proof of Lemma 3.2: Following Cioranescu-Murat (see [CM82b], Propo-
sition 3.1), we evaluate the quantity

9 = o+ = )P dady
for some test function z with compact support in D and then take the limit

as € goes to zero.
Using (12), we obtain:

liminf/ Yy VP dedy > 2/ y“Vﬂ-Vzdxdy/ Y|V z|? dz dy
e—0 D D D

+2lim | y%(z —¢)_Vu - Vu dzdy
e—0 D

e—0

—lim [ y%(z — @)% |Vw|? dz dy.
D
Lemma 3.1 yields

m [y (z— @)% |VuPdedy = / ao(z — )2 dx.
D )

li
e—0

13



Property (13), together with the facts that u® € L*°(D) and (u® —¢)(x,0) >
0 for x € T;, implies

lim [ y*(z—¢)_-Vu® -V = lim [ y*(z—¢)_-V(u° — ) - Vudrdy
D D

e—0 e—0

+lim [ y*(z —¢)_-Vy - Vwdzdy
e—0 D

> jL%@—@@—@M-

It follows that for any test function z € D(D) we have:

liminf/ YV P dedy > 2/
=0 Jp D

—géama—wxz—wpdz

/Eozg(zgo)2 dx.

We can now take a sequence z,, that converges to @ strongly in W12(D, |y|*)
and such that z,(-,0) converges to u(-,0) strongly in L*(X, |y|?). Using the
fact that (T — @) (T — @) = —(u — @)%, we get

y“Vﬂ-Vzda:dy/ Y| Vz|? de dy
D

liminf/ Y VP dedy > /y“|Vﬂ]2d:L'dy+/ao(ﬂgo)2dx.
=0 Jp D by

which concludes the proof.00

4 The auxiliary corrrector

4.1 Notations and scheme of the proof

We recall that
R = {(z,y) e R* x R; y > 0},

and we fix a bounded domain D C R:‘_H. For any xg € R™ and gy > 0, we
introduce the following notation for the Euclidian balls:

Br(@o,90) = {(:z:,y) € R™ (|$ — o>+ |y — yo|2)1/2 < 7’} )
BT_"_(I.()’O) = BT<$0,O) N {y > 0}7

Bl'(xg) ={z € R"; |z — zg| <7r}.

14



4.1.1 The fundamental solution
We recall (see [CSS07] for details) that the function

Vptl )
h(z,y) = —T— with oy =

2 + 42|72 o

solves
—div (y*Vh)(z,y) =0 fory >0

lim 40y h(x,y) — —d(z),

y—)

where §(x) denotes the Dirac distribution centered at 0 in R™. We also have
div (y*Vh) = —pin,q0(z,y) in R

where §(z,y) denotes the Dirac distribution centered at 0 in R"*! and for
some constant (i, 4.

4.1.2 An auxiliary corrector

One of the key point in the proof of Proposition 2.4 is to see that away
from ek, the set S:(k,w) is equivalent to a (n+1)-dimensional ball. More
precisely, we introduce the capacitary potential ¢ (z,y,w) associated to the
set Sc(k,w). It is defined by the following minimization problem:

nﬁ{/’yﬂV¢meywpewﬂ%Rzﬂwy%,wumnzlvxesamw@»
R

n+1

It is readily seen that, almost surely in w, ¢ (z,y.w) satisfies

—div (y*Ve§) =0 for (z,y) € R}
(z,0) =1 for x € Sc(k,w) (17)
limy 0 y*Oy¢i(z,y) =0 for x ¢ Sc(k,w)

and by definition of the capacity as seen in the introduction, Assumption 1
yields

| vVl dedy = e (h). (18)
Rn+1
Moreover, we have the following lemma (the proof of which is presented in

Appendix A):
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Lemma 4.1 For any 0 > 0, there exists Rs such that

2 h(z —ek,y)| < de"(k,w) 2 h(z — ek, y)

Hn,a Mn,a

o5 (z,y,w) — "y (k,w)

for all (z,y) such that |(z — ek, y)| > en-17a Ry and for all € > 0.
Moreover, Rs depends only on the constant M appearing in Assump-
tion 1 (in particular, Rs is independent of k and w).

This Lemma will play a fundamental role in the proof of Proposition 2.4 (see

Section 5). It suggests that at distance en-iTaR away from ek, the corrector
w® should behave like the function

2
h(x — ek, y).

n,a

hi(x,y,w) := e"y(k,w)

For later use, we introduce the notation
n
aE = gn—1l+a,

The first step in the proof, and the main goal of this section is to construct
a function w*® that would be a good approximation of w® away from ek and
that behaves like hf at distance a®R from ek

For that purpose, we introduce

D. =D\ |J Bl e(eh), and  Zc =3\ Bl . (ek),
kezn

Whero r(k,w) is chosen in such a way that hj(x,y) = 1 on 8B,:r(k’w)a€ (ek),
Le.

(k) = (2;“ Ak, w) (19)

Hn,a
We will prove the following proposition:

) 1/(n—1+a)

Proposition 4.2 There exist a non-negative real number og (independent
of the choice of D) and a function w®(xz,y,w) satisfying

—div(y*Vu®) =0 for (z,y) € D,
(20)

lir% Yy oyw® (z,y) = ao forx € 3.
y—)

for almost all w € Q, such that
w(z,y) = hi(x,y)+o(l) for (z,y) € B;Z(sk) ND. a.s. weQ (21)

Moreover, we have:
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(i) 18] 5, < ©
(ii) ||@5||L2(5€) —0ase—0.
(Z'Z'Z')HV’[EEHLQ(BE) < C

The goal of this section is to establish Proposition 4.2. The main ad-
vantage of w® over w® is that the former only depends on the capacity of
Se(k,w). This explain why no assumptions are needed on the shape of
S:(k,w). In the last section of the paper (Section 5), we will see how to use

both the functions ¢} (near ek) and the corrector w® (at distance a*R of
k) in order to prove Proposition 2.4.

4.1.3 Effective equation

The main idea to prove Proposition 4.2 (and in particular (21)) makes use
of the fact that hi(z,y,w) solves:

—div (y*Vhg)(z,y) = 0 for (a,y) € R
lir% y*oyhy(z,y) = —e"y(k,w)d(x —ek) for x € R"
y—)

with
2

Mn,a

Proposition 4.2 will thus be a consequence of the following proposition:

ﬁ(kﬂw) = ’Y(kaw)

Proposition 4.3 There exists ag > 0 such that the solution w§(x,y,w) of

—div (y*Vuwg) =0 for (z,y) € R
liH(l) Yy Oywg = ag — Z e"y(k,w)d(x —ck) forxz e X (22)
v kezZrns
w§(z,0) =0 forz e R"\ X
satisfies:

wg(z,y) = hi(x,y)+o(l) for (z,y) € B:/Q(ek) ND as we (23)

This proposition is the main step in the proof of Proposition 4.2 and its
proof will occupy most of section.

17



4.2 Proof of Proposition 4.3

In order to prove Proposition 4.3, it is more convenient to work with the
rescaled function
(@, y,w) = e g (ex, ey, w). (24)

Equation (22) then becomes:

—div (y*Vvg) =0 for (z,y) € R

lim y*0yvg(z,y) = ap — Z F(k,w)6(x — k) for x € e71%

=0 kE€ZrAD

vg(x,0) =0 for x € R"\ e71%,
(25)

and (23) is equivalent to

—*a)y for (z,y) € B

1/2(5k’)ﬂ5_1D a.s. we N

vo(,y,w) = hi(z,y,w)+o(e
where

r(k,w)n-1te
(o= 12 + Pl

hk(xay) = ?(k,W) h((L‘ - kvy) =

Note that by = e~1%% on 0Bge, (1., With @ = e 1+s.

In order to find the critical o for which the solution v has the appropri-
ate behavior near the lattice points k € Z", we follow the method developed
by Caffarelli-Souganidis-Wang in [CSW05] and which was already the cor-
ner stone in [CMO7]: We introduce the following obstacle problem, for every
open set A C R™ and for every real number o € R:

(v(z,0) >0 for x € R™
lim v(z,y) =0 for x € R”
y—oo
—div (y*Vv®) >0 for (z,y) € R (26)
lim y*Oyv(z,y) < a — Z Y(k,w)d(x — k) for x € A.
y—0
\ kEZPND

We then define the smallest super-solution of the obstacle problem:

Ta,A(2,y,w) = inf {v(x,y) ; v solution of (26)}. (27)
It is readily seen that the function v, 4 satisfies
—div (y*VTa,a) = 0 for (z,y) € RH!
hII(l) Y 0yUa AT, y) = a— Z Y(k,w)d(x — k) for z € AN{T4,4 > 0}
Yy—
keZ™NA

(28)
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and
hH(l) y*0yUa,A(T,y) >0 for x € AN {4 = 0}. (29)
y—)

Remark 4.4 The function

hoa(@,9) = hi(@,) — a / Unilte g0 (30)
By (o — o' 1 g2) T

satisfies
—diw (y*Vhya) =0 forx e R:ﬁ“
lin}J Yy Oyhp.a(z,y) — a —F(k,w)é(x — k)  for x € BT (k).
y%

It is radially symmetric around k and supjy|—q, 4~ hak(7,y) < rnolte
particular, the maximum principle and (28) implies that if B (k) C A, then:

%,A(%y,w) > ha,k(xava) - rn—l—l—a fOT (JJ,Q/) € Bi(kj)a a.s. (31)

We now want to show that there exists a critical ag such that the fol-
lowings hold:

1. The solution of the obstacle problem Ty a(x, y,w) behaves like hq (2, y, w)
near any point k € ANZ".

2. The solution of (25) is not far from v, 4.

For that purpose, we introduce the following quantity, which measures
the size of the contact set along the boundary {y = 0}:

Ma(A,w) = {x € A; U4 a(z,0,w) = 0}
where |A| denotes the Lebesgue measure of a set A in R"™.

The starting point of the proof is the following lemma:

Lemma 4.5 The random variable M, is subadditive, and the process
Tem(A,w) =m(k + A, w)

has the same distribution for all k € 7.
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Proof of Lemma 4.5: Assume that the finite family of sets (4;);es is such

that
A;C A foralliel

AiNAj=0 foralli#j
|A —UierAi] =0

then U4, 4 is admissible for cach A;, and so Ty, 4; < Ua,4. It follows that
{Ta,a(+,0,w) =0} N A; C {Ta,4,(+,0,w) =0}
and so

Ma(A,w) = > [{Taa(,0,w) =0} A

1€l
< Z [{Ta,4,(,0,w) = 0} = Zma(Aiaw)a
i€l el

which gives the subadditive property. Assumption 2 then yields
Trm(A,w) = m(A, Tw)

which gives the last assertion of the lemma. O

Since Mq(A,w) < |A|, and thanks to the ergodicity of the transforma-
tions 7, it follows from the subadditive ergodic theorem (see [DMMS86]) that
for each «, there exists a constant £(«) such that

. Mg (Bt(o) ) w) 7
lim ———=—= =/{(a) as.,
SN0
where By;(0) denotes the ball centered at the origin with radius ¢. Note that
the limit exists and is the same if instead of B.(0), we use cubes or balls
centered at txg for some z.
If we scale back and consider the function

EZ(LL', Y, w) = 617“ ﬂa,BE_l(eflano)(w/& y/ng)v in By (IL‘()>,
we deduce (T (2, 0,0) = 0}
z; we (z,0,w) = -
li e D =/ .S.
20 IB1| () as

The next lemma summarizes the properties of £(a):
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Lemma 4.6
(i) () is a nondecreasing functions of c.
(ii) If a <0, then l(a) = 0. Moreover, if the y(k,w) are bounded from below,
then £(«) = 0 for a positive small enough (0 < a < C(y)).
(ii3) If o is large enough (o > C(5)), then £(a) > 0.

The proof of this Lemma is rather technical and of little interest. It is
presented in full details in Appendix B. Using Lemma 4.6, we can define

ag = sup{a; {(a) = 0}.

We observe that ag is finite (Lemma 4.6 (iii)) and that ag is non negative
(Lemma 4.6 (ii)). Moreover, ay is strictly positive if the v(k, w) are bounded
from below almost surely by a positive constant.

We now fix a bounded subset A of R™ and we denote by

Eg(xvva) = Ea,aflA(xa y?“) (32)

the solutions of (27) corresponding to e "1 A. We also introduce the rescaled
function

—a

W, (x,y,w) =V (x/e, y/e,w).

In order to complete the proof of Proposition 4.3, we are first going to
prove that ¢, satisfies inequality (23), and then that the solution w{ of (22)
behaves like w¢,.

We recall the definition of hq x:

r(k n-l+a Un+l+4a
hoe,k:(xay) = ( ) n_ita a/ s n_1ta dx,a
(lo —k[Z+y?) By(k) (lo —a'|* +y?) 2

and we introduce the scaled function

h;k(x,y) = 61*“ha’k(x/€,y/e).

Note that when (z,y) € OB;ET(k w)(k)’ then
—1+a Vn+l+ta /
h()é,k(w7 y) =€ - O[/ n—1+a dw
B O) (Jz —a'[2 +y?)

(we recall that a° = 5%)_
We then have the following lemma:
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Lemma 4.7

(i) For every « and for every k € Z" N A, we have
To(2,y) > hag(e,y) =" for (z,y) € B (k) a. s.
(ii) For every a > v and every k € Z™ N A, we have
Ve2,y) < halz,y) +o(e™9)  for (z,y) € Bf (k) a. s.

We deduce:

Corollary 4.8
(i) For every o and every k € Z" N A such that r(k,w) > 0, we have

(2, y) > e T+ o(1)  for (z,y) € 8B;(k,w)af(k) a.e. we

and so

W (x,y) > 1+o0(e'™)  for (z,y) € OB} (k) ae wel

r(k,w)as
for all a.
(ii) For every a > v and every k € Z™ N A, we have
T(x,y) < e T fo(e7TY)  for (2,y) € 8B;F(k w)af(k> a.e. w e
and so

ws,(x,y) <14 0(1) for (z,y) € (9B:(k.w)a5(k‘) a.e. we

Proof of Lemma 4.7:
(i) This is an immediate consequence of (31).

(ii) The proof of (ii) is more delicate and is split in several steps.
Preliminary: First of all since A is bounded, we have A C B} (o) for some
R. Without loss of generality, we can always assume that B} (xg) = B7(0).
If we consider

UZ(% Y, w) = Ea,a—lB{l ($7 Y, w)a

the solution of (27) corresponding to A = BZ',(0), it is readily seen that
e, (x,y,w) < v (x, Y, w) for all (x,y) € Riﬂ a.e. w e .
It is thus enough to prove (ii) for v5,.

In the sequel, we will need the following consequence of Lemma 4.5 (see
[CSWO05] for the proof):
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Lemma 4.9 For any ball B} (xg) € B}'(0), the following limit holds, a.s. in

W’
i 1(06(2:0.0) =0} N B (7o) _ g
£=0 |B§;1T|

Step 1: We now start the proof: For any > 0, we can cover B!, by a
finite number N (< C6~") of balls B = Bf _, (¢~ ';) with radius de~! and
center e 'x;. Since a > ag, we have £(a) > 0. By Lemma 4.9, we deduce
that for every i, there exists ¢; such that if ¢ < ¢;, then

H{vi(z,0,w) =0}NB' >0 as. w.

In particular, if ¢ < infe;, then v5 (2, 0) = 0 for some 2} in B a.s. w € (.

Introducing B; = Bg.-1(¢ 'z;) the n + 1 dimensional ball with same
radius and same center as B}, we now have to show that v}, remains small
in each Bj as long as we stay away from the lattice points k € Z™. More
precisely, we want to show that

sup vE (2, y) < Co' e e,
Urezn BT ()\BY, (k)

Step 2: Let n(z) be a nonnegative function defined in R™ such that 0 <
n(r) < 1forall z, n(z) = 1in By /g and n = 0 in R™\ By /4. We then consider
the function

U=V kg N

where %, indicates the convolution in R™ with respect to the z-variable. The
function u(x,y) is nonnegative on QBZ-Jr and satisfies

{ div (y*Vu) =0 for (z,y) € 2B} (33)

—C <limy_oy*Oyu(z,y) < C for x € 2B}
where C is a universal constant depending only on n, ¥ and a. We deduce:
Lemma 4.10 There exists a universal constant C' such that

supu < C'infu 4+ Co 7% 11e,
B; B;
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Proof: We write u = uj + us where u; and us are two functions solution of
div (y*Vu;) = 0 in 2B;" and satisfying

liII(l) y*oyui(x,y) = lir% y*oyu(z,y) for x € 2BY,

y— y—

w(a,y) =0 for (z,y) € D2B{) N {y > 0}

and
{ 1irr(1) y*Oyuz(z,y) =0 for x € 2B},
y*)

uz(z,y) = u(w,y)  for (z,y) € A(2B;") N {y > 0}.
The maximum principle and the fact that B; has radius de ! yield:

C((25€_1)1_a - yl—a)
C (o)t

lui(z,y)] <
<

for all (x,y) € 2B;". On the other hand, boundary Harnack inequality for
degenerate elliptic equation (see [FKS82]) implies

sup ug < C'inf us.

The Lemma follows ecasily.[]

For the next step, we will need the following lemma:
Lemma 4.11 If v satisfies
div(y*Vv) =0 in B} (20,0)

and
lir% y*oyv(z,y) <o forx € Bl (xo),
y%

then

wnJrarn—i-a B

S [ bl dedy < 0(e0,0) +
T (20,0)

where C(n) is a universal constant and wy+, = fBl(mo 0) ly|* dx dy.

C,
nblte  — dx’ sat-

(0 (foatfzy2) "=

Proof: The function w(z,y) = v(z,y) + @ [z,

isfies
div (y*Vw) =0 and liII(l] y*Oyw < 0.
y*)
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Proceeding as in [CS06], we now reflect w about the plane {y = 0}. The

function
. w(z,y) ity >0
w(z,y) = _
w(z,—y) ify<0

is now defined in the whole space R"*! and it satisfies
div (Jy|*Vw) <0  in B,(xo,0).

We can thus use the mean value formula (see [CSS07]):

1
el LR
< w(wo, 0)
< w(zo,0)
< v(xo,0) + a/ _ Cntite da’.
’ Br(zg) |T0 — @[~ 1Ha

Since a > 0, we see that v < w and so

2 / . 1 _
S yo(z,y)dedy < —/ y|"w(z,y) dz dy
wn+arn+a BPL(IO,O) ( ) wn+arn+a Br(mo,0|) ‘ ( )

Moreover, we have

/ _ Cntite dz’ = / Crntita dz=C(n+a)r'™®
B B

r(zo) @0 — /|71 r() 2"

hence the lemma. O

Step 3: We have v5(x},0) = 0 and lim, o y*0yv5(z,y) < «a for z €
By j3(;). Lemma 4.11 thus applies and yields:

/ | (2 y) do dy < C(E(0) + a) < Clayn +a).  (34)
By, («},0)

We want to deduce an upper bound on u in B;. Since u > 0, we note that
1/4 1/4
/ T(x, 7)dT > < inf u) / T dr.
0 T€[0,1/4] 0
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Then, using the definition of u (and the fact that n(x) = 0 outside B?/4(ac)),
we deduce:

1/4
inf uw < Cinf/ T (z, T) dT
*Jo

B;L/4(m(i,0)
1/4
< Cinf/ / T4 (&, 1) dE dr
rJo By, (@)
< C TY%E (&, 7) dE d,
31/2(95270)
Which, together with (34) yields:
inf  u<C(a,n). (35)

By, ,(x},0)
Using Lemma 4.10 we sce that for every § and for € small enough, we have:

supu < CigfquC'élfaz—:*Ha < C(a,n)+Co' e e < 0§71 (36)
Bi i

Step 4: We now want to use (36) to get an upper bound on v¢. For that
purpose, we note that lim, .o y*0yvs, > 0 in B; \ Ngezn{k}, and so a proof
similar to that of Lemma 4.11 yields

Wi(,y) < Cura / [rlous (€, 7) dé dr (37)
B (ay)

for all (z,y) € B; \ Nkezn B4 (k).
Inequality (37) and the definition of u(z,y) yield that for all (x,y) in
Bi \ NkeznBy4(k), we have:

y+1/8
@y < Cota / / 7] (€, 7) de dr
y—1/8 B{"/S(;L')

IN

y+1/8
Crota / rlu(z, 1) dr
y—1/8

C(n+ a)|y|**supu.

7

IN

Inequality (36) therefore implies

sup Ve (z,y) < Cotee e, (38)
(2,y)€Uxezn B (\BY, (k)
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Step 5: In order to complete the proof of the lemma, we only have to
notice that since infpp, , hak(z,y) = —Ca, (38) and the definition of v

imply
vg(z,y) < har(z,y) + Ot ita in By (k)

forall ke Z™. 0O

This conclude the proof of Lemma 4.7, and we are now in position to
complete the proof of Propositions 4.3.

Proof of Proposition 4.3.
For every «, we denote by 7% the solution of the obstacle problem (26)
corresponding to A = e~ 1¥%:

63(%’7 y,w) = 5(%5712(.’1}, yaw)v
and by w¢, the rescaled function:
wi(ﬂ% Y, w) =l 6&,5_12(1‘/5’ y/é‘, w)'

We recall that wg is solution of

—div (y*Vw§) =0 for (z,y) € R+
lim 0y wj(x,y) = a0 — > F(k,w)d(z —ck) forzeX

v ke€ZrND

w§(x,0) =0 forx e R"\ 2

In order to prove Proposition 4.3, we have to establish (23). This is done in
two steps using the properties of the function w¢:
1. For every a > ap, we have div (y*V(w§ — ws)) = 0 for (z,y) € R,
lin(l) y*0y(wg — w) > ag — aon ¥ and (wy — ws)(x,0) =0 on R™ \ X.
y—
We deduce

ap —

W (@0, o) — W (20, 30) < /

dx
n—1+a Y
X | (x(] 3}’)2 y% 2

and therefore

1-a 1iz¢
sup  (wi(z,y) — wi(z,y)) < OB+ pi™ o — g
(zy)eRYH!
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with
px =inf{p; ¥ C B,}.

In particular, we thus have
wi(z,y) < wi(w,y) + Ola —ag)  for (z,y) € RIH,
and Lemma 4.7 (ii) (since a > ) yields:
Wi, y) < W g, y) + Ola— ag) +0(1)  for (z,y) € Buppleh) ass.

(Note that this argument shows the continuity of wg, with respect to
Q).

. Similarly, we observe that for o < ap, we have div (y*V (wg, —w§)) =0
for (z,y) € R, (wg, — w§)(x,0) =0 for x € R" \ ¥ and

ii_% Y0y (wg, — wy)(z,y) > @ — g — alpy:—gyns for z € ¥.

Proceeding as before, we deduce:

l1—a 1—
sup (wf, — w§) < Cpg™ |[Z[*1 (ag — o)
R

+Cal{ws (z,0) = 0} N X[t ] .
So Lemma 4.7 (i) yields
wo(z,y) > h, i (z,y) —o(e) — O(ag — ) — Cal{wy(z,0) =0} N 2|7lz;+?
for all (z,y) € Be/z(ck). Finally, using the fact that
tim [{u, (,0) = 0} N1 5] = 7(a)[Z] = 0

for all o < oy we easily deduce the first inequality in (23).



4.3 Proof of Proposition 4.2

In order to complete the proof of Proposition 4.2, we construct a corrector
@° which is equal to 1 on the (n+1)-dimensional balls B, (ek). More

r(k,w)as

precisely, we recall that D is a bounded subset of ]Ri“, and we introduce

T +
T.=pn |J B,
keZ"NX%

k.w)a® (8]{:)

and

Se=3\ |J Blrwa(ch).
keZmrnNy

We then define a corrector w*(z,y,w) which will satisfy all the conditions of
Proposition 2.4, with the set T instead of 7T.. In particular, we will prove
that w® behaves like h7 near the B;“(k w)as (ek).

We consider the following obstacle problem:

div (y*Vw) <0 for (z,y) € R \ Tt

lim y“9,w(z,y) < ap for x € 3.

y—>0y Y ( y) = &0 € N (39)
w(z,y) > 1 for (x,y) € T

w(z,0) =0 forz € R™\ X,

and we define:
w® (z,y,w) = inf {w(x, y,w) ; w solution of (39)}.

It is readily seen that w® satisfies (20). So in order to complete the proof
of Proposition 4.2, we only have to show that w® is bounded uniformly in
L>®(D) and that @° — 0 in W,2?(D, |y|*)-weak as & goes to zcro.

loc

Strong convergence in L2(D,|y|?): N
First of all, since w® = 1 = hg, ; (2, y) + o(1) on T¢, (23) implies

wg(z,y) —o(1) < (z,y,w) < wi(z,y)+o(l) inD ae weQ,
which in turn implies (using Proposition 4.3 again):
hek(x,y)—o(l) < w'(z,w) < A p(x,y)+o(l) V(z,y) € Bj/z(sk). (40)

In particular, we get:
[l (R < C.
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Moreover, a simple computation shows that

/ y?| RS, k\Q dx dy < Ce™t!
Be(ek)\B,e (ek) '

and it is readily seen that (40) implies

i@, y)l < C' =" +o(1) =o(1)  V(w,y) € | 9B.jalek).
kGZ”

We deduce:

D S |

WP e dy o) [ it de dy
ke{zrre—1x) Y Be\Ba D
and since #{Z" Ne~1%} < Ce™™ for all n, we have:
@72 yjey < €+ 0(1) = o(1). (41)
In particular
w° — 0 in L*(D,|y|*) — strong.

as € goes to zero.

Bound in W2(D, |y|*):
Using the definition if w® and an integration by parts, we get:

/ yYVarPdedy = / _y'Vut - V(wt —1)dxdy
RYHIN\TL RYTN\T.
= = [ )@ @) - 1) dote.y)
aT.Us, ¥—0
= —040/~ (w(z,0) — 1) dx
e

The L*> bound thus yieds

/ VI Pdrdy < CaolSe|([@]|se + 1) < C,
R

At

which completes the proof. O
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5 Proof of proposition 2.4

This section is devoted to the proof of the main proposition. We recall that
the sets S:(k,w) are subsets of R” with unspecified shapes and they satisfy

cap,(Se(k,w)) = e"v(k,w).

Lemma 4.1 gives the existence of a function ¢} (x,y,w) such that

div (y*Ve) =0 for (z,y) € R
o(x,0) =1 for x € Sc(k,w)
liII(l] yrop(z,y) =0 for x ¢ Sc(k,w)
y*)

and we let ap and w®(z,y,w) be given by Proposition 4.2.
We then have:

1. For a given § > 0, Lemma 4.1 implies that for every k € Z™ and w € Q
there exists a constant Rs(k,w) such that

Yk, w)

ok (2, w) = hy(2,y,w)| < 6 hj(2,y,w) < 5Rg—1+a

(42)

in B;_aER,; \ Bg, (ek) and for all € > 0. Tt is readily seen that for any
R there exists £1(R) such that

a*R <e%/4 forall e < e;. (43)
for some o > 1.

2. Inequality (21) in Proposition 4.2 implies that for given ¢ and R, there
exists £2(d, R) < £1(R) such that for all ¢ < e9(d, R), we have

)

: +
| S Rn—1+a in B

5o (k). (44)

@ (z) = hy(x, y,w)

Thanks to (43), Inequality (44) holds in particular in B.. z\ B/ p(¢k).

The corrector will be constructed by gluing together the functions 3,
(near the sets Sc(k)) and the function w® (away from the sets S¢(k)). The
gluing has to be done very carefully so that the corrector satisfies all the
properties listed in Proposition 2.4: For a given e, we define . to be the
smallest positive number such that (43) and (44) hold with 6 = . and
R = Rj,. From the remarks above, we see that §. is well defined as soon
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as € is small enough (say smaller than e2(1, R;1)). Moreover, for any 6 > 0,
there exists eg = €2(, Rs) such that 0. < ¢ for all € < g¢. In particular

lim 6. = 0.
e—0

From now on, we write
R. = R;,.

In order to define w®, we introduce the cut-off function 7. (x,y) defined
on D and such that

ne(z,y) =1 for (z.y) € D\ | Byyep. (€k)
keZm

ne(z,y) =0 for (z,y) € | J Blp (ck).
keZn

We can always choose 7 in such a way that
|Vne| < C(a°R.)™! and |An.| < C(a°R.)™>

for (z,y) € B;ang (ek) \B;@R8 (k). We now set:
w(2,y) = ne(@, )@ (2, y) + (1= n(z,9) Y ¢ile,y) Lot (e (22 1).
keZrAD
It satisfies
i(x,y) for (z,y) € DN B;RE (k) VkezZ"

€ —
w(2,y,w) = we(z,y) for (xz,y) € D\ U B;;ERE(Sk).
kezn

To simplify the notations in the sequel, we denote
£ o €
Py = D dileyw) g (@),
kezrnD

The properties of w® are summarized in the following lemma, which
implies Proposition 2.4:
Lemma 5.1 The function w® satisfies the following properties:
(i) w(x,0) =1 for x € S: and ||w®||pe(p)y < C.
(ii) w® converges to zero in L*(D, |y|%)-strong as € goes to zero.

(iii) w® is bounded in WH2(D, |y|®).
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(iv) we satisfies (13).
Proof:

(i) Immediate consequence of the definition of w® since ¢§ = 1 on S, (k,w)
and w*® and g, are bounded in L°°.

(ii) Since Se(k,w) C BJ.,,(ck), we have:

€ n Mn71+a _
gok(m,y,w) S Ce h(l’ 5kay>
Un—1+4a

for all (x,y) such that |(z —ck,y)| > a®*M. Since ¢} < 1in Baepr(ek),
we get

/D 1 (1 = o) |2 da dy

< yl*|@il? dx dy
3 /B el

kezZrne— 13

< y|* da dy
Z /BaEM(Ek)

kezZrne—1%

Mn—l—i—a 2
+Co Yy / y|“(5”—h(m—ak)> dx

keZnne—15 Y B2as (Re)(eh)\Bye 31 (k) Vn—1+a
< Z (aeM)7L+1+a
keZrne—18
+C Z EZn(aEA/[)n—l—l—2(n—1+a)]u-n—1+a

keZrne—1%

Using (43) and the definition of a®, we deduce:

2n—an

||(1_775)‘P6||%2(D,‘ya|) < C(M)en—Tta,

Estimate (41) thus implies

wl[2pyepy < 022D 1yep) + (1 = 1)@ L2(D.Jya)) = o(1)-

and therefore
w® — 0 L*(D, |y|*)-strong.
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(iii) Next, we want to show that w® is bounded in W12(D,|y|*). First,

we note that outside Ugezn B, 2(ck) we have Vw® = Vw® which is
bounded in W2(D, |y|*). Next, we see that in B, (ck), we have:

Vu© = Vn(0° — @) + 0. V© + (1 —n:) Vi (45)

Since w® and ¢° are both bounded in W'2(D, |y|*) (thanks to (18)),
we see that in order to show that Vw® is bounded in L*(D,|y|?), we
only have to show that

[ V@ )P dzdy < C.
For that purpose, we notice that (42) and (44) yield
@~ pil < O Banar(o4) \ B ().
and so, using the definition of n.(z,y), we deduce:
[ o1V = )R o dy

<
keeZ"rNE

< Z (Reaa)n+l+a(Raae)—2
keeZnNy

< Z R;(nfl+a)€n53
keeZnNy

< Ce e, = O,

/ YO V(@ — f)|? da
BQRgu,E (5k)\BRga,5 (5k)

(52
Rz(nfl%»a)

where we used the fact that we can always assume that J. < 1 and
R. > 1. For latter use, we note that we actually proved

/ Y| Ve (@ — ¢)|? dody — 0 when & — 0. (46)
D

It remains to show that (13) holds. We only show the inequality (the
equality follows easily). Let v° be a sequence of functions satisfying:

v¥(z,0) >0 forxz €T,
[[v¥]| oo (py < C

v® — v in WH3(D, |y|*) — weak.
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Then for any ¢ € D(D), we have:
—/ y*Vuw® - Voo dx dy
D
= —/ y*Vne - Vo (w® — ¢%)pdx dy — / y*Vuw© - Voo ne de dy
D D
—/ Yo" Vi (1 —ne.)drdy
D
— = [y V@ - )odady
+ / (lim y*0yw®)v ¢ n. dx + / (lim y*0y¢°)v ¢ (1 — n.) dx
x y—0 x y=0
4 [y Vieny dady+ [ 96 V61— )0t dody
D D

where we used the fact that div (y*Vw®) = 0 on supp 7° and div (y*V¢®) =
0 on supp (1 —7°). The first term goes to zero thanks to (46) and the
weak convergence of Vv in L2(D,|y|%), and the boundary terms sat-
isfy

lim [ (lim y“0yw®)v°¢n.de = lim [ apv°¢n.dx
e—=0 Js, y—0 e—0 /s
= lim/ Qaouon dx
e—0 >
and
lim [ (lim y“0y°)v°p(1 —n.)dx = lim [ (lim y®0y¢®)v°¢(1 — n.) dx
e—=0 Jy, y—0 e—0 T. y—0
< 0.

Finally, the last two terms can be rewritten as:
/ Y V' - V(gne)v® de dy + / YV~ V(o(1 — ne))v® de dy
D D
= / y*V(w® — %) - (Vne) v o dx dy
D

+/ yGUEUEVﬁ)E-Vquxdy—F/ y*v°(1 —n.) Ve© - Vodx dy
D D
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Using the weak convergence of Vw® and V¢° to zero, we see that in
order to prove (13), it only remains to prove that

/ y*V(w® — %) - (Vn:) v*¢drdy — 0 when £ — 0.
D
Since v is bounded in L°, it is enough to show that

[ 819 = )] [Vl dedy — 0 when e — 0,
D

For that purpose, we recall that

de

|w® — ] < Rt in Byep \ Byep.
and
div (y*V(w® — ¢;)) =0 for (z,y) € Bi,-p \ BaER /2
lim "0, (i — of)(r,y) =00 for v € Biyep\ Blep o

In particular, interior gradient estimates (see [CSS07]) implies
6 —a
V(W —¢p)| < e —r7a(a"Re) ™ + C(a°R)
in B aER \BaaR We deduce:
/ IV (@ — )| V] drdy

> / oV ) [Vl drdy

kesZ”ﬁE 2aERE

Cé 9
< Z R,TL(GERE) /+ N y|* dz dy

keeZnny € 2af Re BaERE
+ Z C(aERE)la/ |y|ad3: dy
keeZrNE gang\B
6 n a
= Z - 1+a(a’ER) *(a°R.)" e
keeZmrNX
+ Z C(GERE)_l_a(aERE)n+1+a
keeZnrNE
Co.
Rn 1+a (aeRs)n—H-a +C€_n(a€R5)n.
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Using (43) and the definition of a®, we deduce:
/ ||V (@ — ¢°)| |Vne| de dy < C6. + Ce™7= D).
D

which concludes the proof since ¢ > 1 and lim._,g . = 0.

O
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A  Proof of Lemma 4.1

We now turn to the proof of Lemma 4.1. We take k£ = 0 and we recall that
¢; is the capacity potential associated to S.(0). It satisfies (17) and (18).
We then introduce the function

G(ﬂf,g,y,T) = h(ﬂ') _572/_7—) +h($—€,y+7')
which satisfies
diVS,T(|T|av§,TG) = _.Un,ad('r -&y— 7') - ,Un,aé(l’ —&y+ 7')

and
lir% 70;G(x,&,y,7) =0

for all z, £ and y. If y > 0, we deduce that for any function ¢(z,y), we have:
/ Ve G(x,&,y,7)Verp(&,T)dE dr.
7>0
= _/ div (Tavf.TG(x7£7 y77->)()0(§77-) dé' dr
7>0

— / hII(l) TaaTG(ZL', 5) Y, T)So(ga 0) d£
Rn T
= Hn,a@(xa y)

Moreover, if ¢f(z,y) is the capacity potential associated to S:(0), then (17)
yields

/ TavfaTG(xv ga Y, T)v5,7¢8(57 T) df dr.
>0

- = G(x7€7y77_)div (Tav§,7'(p(5](€77—))d€ dr

>0
= [ G(w,&y,0) im 7°0:¢5(¢, 7) €
R™ —
=2 h(z —&,y) lil% T0-05(&, 7) dE.
Rn H

Combining those two equalities, we get:

PnaPi(T,y) = —2/

h(z — &, y) lim 7°0- ¢4 (&, ) dE.
SE(O) 7—0
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Next, we note that (18) yields, after integration by parts and using (17):

"(0) _/Rn TV (&, )P dE = —/S lim 70r-05(¢, 7) d,

E(o) T

and therefore

2

e"y(0)h(z,y)
n,a
9

= e /S o [z = & y) = h(z,y)] lim 78-5(E, 7) dE.

In order to conclude, we recall that S.(0) C Bjpsq:(0) and so we have
|€] < Ma® in the previous integral. If (z,y) is such that |(z,y)| > Ra® with
R > 8M, we deduce that for all £ € S.(0), we have:

|h(z —&,y) — h(z,y)| < sup  |Vayh(r — &5 y)|[¢]

E*E€Bra=(0)
- “up €] _
€°€Bua=(0) ((x =€) +4y2) =
< %
(22 +y?) 2
< &llh(l‘,y)
(2% +y?)2
< Shtry)

We can thus write

2 n
eo(r,y) — ——e"y(0)h(z,y)

n,a

CM 2
< 2=

where the right hand side is bounded by 5%5”7(0)]1(1@,3/) if R is large
enough. O ’
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B Proof of Lemma 4.6.

(i) For a given set A, it is readily seen from the definition of T, 4 that if
o' < a, then T, 4 is admissible for the obstacle problem with a: It follows
that

Ta,A < Tor A for any «, o/ such that o’ < «

and so « — mq(A,w) is nondecreasing. The result follows from the defini-
tion of ¢(a).

(ii) If « is negative, then we have

lir% Yy O0yVap(z,y) <0 for x € R".
y—)

Since Ta (7, y) > 0 for (z,y) € RTH!, we deduce
Tap(2,0) >0 for z € R™.
It follows that me(tB,w) = 0 for all ¢ > 0, and so £(a) = 0 for all a < 0.
If r(k,w) is bounded below:
r(k,w) >r >0 forall k € Z", ae. w € Q,

then, we define

En—l—i—a Un+l+a
go(x,y) = 2 2 n,;ra - Oé/n e 5 n7é+a dl‘/ — OO
(Jz[* + ) By ) (lz —2']* + y7)

with . y
__ .n—1+4a n+1+a
Co=r a/B{L(e) Wdz
where e denote any unit vector in R™. In particular, we have
o(x,0) =0if |z] =1,
and, if « is small enough

o(x,0) >0 if |z] < 1,

and
o(z,y) <0if |z =1, y>0
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(we note that ¢ is the sum of a term which is decreasing with respect to |x|
and one which is increasing). Since ¢ satisfies

lim 48, p(x,y) = a = 70(x) = a = 75(0,w)d(z),
y— -
for all z € BY(0), we deduce

TaB(x,0) > @(z,0) > 0 in BT(0).

Since we can do this in any ball Bf'(k), we must have mq(tB",w) = 0 for
all t > 0, and so ¢(«) = 0 for all a small enough.

(iii) We consider the function

Foite Un+1+
w('T: y) = 9 9 n—1lta O[/ Z C; n—1ta d.’L', -+ C,
(Jz]* +y?) 2 By (0) (lz —2/|> +y?) 2

where the constant C' will be chosen later. It satisfies

1111% Yy oy(z,y) =a—750(r) <a—7(0,w)d(z) vz € BT (0),
y—)

Y(x,y) — C  when |z]? +y* — oo.

and we note that ¢ (z,0) is radially symmetric. Moreover, when « is such
that

Vnt1 o
a/ n+/ Ziua da' > 7"t
B(0) le1 —

then
P(x,0) < C when |z| = 1.

Since div (y*V) = 0 for y > 0 and lim,_o y*dy¢(z,y) = 0 for = ¢ B7(0),
the strong maximum principle and Hopf Lemma yield that the minimum of
(x,y) is reached for y = 0 and = € B} (0), and with an appropriate choice
of the constant C, we can always assume that this minimum is 0:

inf, w(z,0) = inf 4(r,0) =0
1

n+1
R‘F

Finally, if « is such that

1 1
o _ dl’/ > Fn—l—l—a 4n+1 -1
/Bf(ﬂ) |:% _ x/|n71+a |€1 _ l‘l|nfl+a = ( )

then ¢ (z,0) reaches its minimum when |z| = R, with R, < 1/4.
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We now consider the function ¢(x,y) defined by:

¢($ - kvy) for (may) € B;r/4(k)
o(r,y) =1 . / nt1 + (1
lnfk’ ¢(9€ —k ay) for (m,y) € R+ \Uk/B1/4(k )

We clearly have

liné y*oyp(z,y) < ag — y(k,w)d(z — k) for v € B?M(k)
y—)

and
lir% Y Oyp(z,y) < o for x € R™\ Uk/B{‘M(/«:’).
y—

In order to prove that ¢ is a supersolution for the obstacle problem, we only
have to check that

V(@ —ky) =infe(e—K.y) for (z,y) € OB, (k)
or equivalently
Y(,y) = info(z —K,y)  for (v,y) € 9B ,(0).

It is readily seen that this amounts to showing that

1 1
O”/n—l—l—l-a/ _ dIE/ > 4n—1?n—1+a
B

n—1+4a n—1l+a
2

10) (o =P +?) (o= k=P +9?)

for all k € Z™ \ {0} and all (z,y) € GBI“/4(O). This inequality is obviously
satisfied if « is large enough provided we can prove that

1 1 .
n—1+a - n—1ta d;L‘ > O
5O (o =P +92) 37 (k=P

for all k € Z" \ {0} and all (z,y) € 0B

1 4(0). This is equivalent to

1 1
/ n—14a dm/ > / n—1+a dml > 0
Bi() (|2/|> +92) 2 By (@—k) (2|2 +y2) 2

whick holds for all (z,y) € 83;“/4(0) since |k| > 1.

By definition of 7, ¢p, we deduce that

TaB(x) < @(z,y) intB" as.
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In particular, this implies that U, pn vanishes in tB™ \ Uezn By /2(k), and

S0
Mo (tB™,w) > |Ch| - |B?/2| Y
‘tBn| |C] | AL
We conclude ~ w
o) >1— Z—Z > 0.

O
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