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1 Introduction

If F'is a local field containing the group pu,, of n-th roots of unity, and if G is a split
semisimple simply connected algebraic group, then Matsumoto [27] defined an n-fold
covering group of G(F'), that is, a central extension of G(F') by p,. Similarly if F'
is a global field with adele ring Ay containing p, there is a cover G(Ar) of G(Ar)
that splits over G(F'). The construction is built on ideas of Kubota [23] and makes
use of the reciprocity laws of class field theory. It can be extended to reductive and
non-simply connected groups, sometimes at the expense of requiring more roots of
unity in F'. We will refer to such an extension as a metaplectic group. The special
case n = 1 is contained in this situation, but is simpler and we will refer to this as
the nonmetaplectic case.

Fourier-Whittaker coefficients of Eisenstein series play a central role in the theory
of automorphic forms. In the nonmetaplectic case one has uniqueness of Whittaker
models ([32, 34, 18]). Over a global field, this implies that the Whittaker functional
is Eulerian, i.e. factors as a product over primes. And at almost all places, the local
contribution to the Whittaker coefficient may be computed using the Casselman-
Shalika formula, which expresses a value of the spherical Whittaker function as a
character of a finite-dimensional representation of the Langlands dual group “G°.

In the metaplectic case, one may again define Whittaker functionals, but with
the fundamental difference that these are now usually not unique. As a consequence,
the Whittaker coefficients of metaplectic automorphic forms are not in general Eu-
lerian. The lack of uniqueness of Whittaker models may also be the reason that
the Whittaker coefficients of metaplectic Eisenstein series and the extension of the
Casselman-Shalika formula to metaplectic groups have not been investigated exten-
sively.



This paper contains a treatment of these topics for metaplectic covers of GL, ..
(For technical reasons we will actually work over SL,,; but the result is best un-
derstood as a statement about GL,;;.) We will compute the global Whittaker co-
efficients of the Borel Eisenstein series. We will prove a “twisted multiplicativity”
statement that substitutes for the Eulerian property in showing that one may recon-
struct these coefficients from prime-power pieces, and we will also determine these
local contributions. The local determination may be regarded as a generalization of
the Casselman-Shalika formula. For general n the prime-power-supported contribu-
tion, or “p-part” for short, is not a character value as it is in the nonmetaplectic case,
but it resembles a character value in which the weight monomials are multiplied by
products of Gauss sums, computed using crystal bases.

We work over Fg, the product of completions of F' at a sufficiently large finite
set of places S, and in this setting we will exhibit a representation of these global
Whittaker coefficients as Dirichlet series in several complex variables of the form

.’Sr;m)— Z H(Cl,...,C’T;m)\If(Cl,...,CT)

Z(317" - ‘01’281 --"CTPST ’ (1)

03&017...,Cr€05/0§

These notations will be treated systematically in the text, but for now we summarize
briefly. The C; are in the ring 0g of S-integers, where S is a finite set of places large
enough that og is a principal ideal domain, so that the sum is essentially over nonzero
ideals. The norm |Cj| is the cardinality of 0g/C;05. Here m = (my,...,m,) is a
vector of nonzero S-integers that parametrizes a nondegenerate character giving a
Whittaker functional on GL,,; and W is a complex-valued function that depends on
the choice of inducing data and varies over a finite-dimensional vector space M (")
defined in Section 6, and H carries the main number theoretic content. It is the
product WH that is well-defined modulo units, but H is the more interesting of
these two functions.

We show that the coefficients H are not in general multiplicative, but possess a

generalization of this property which we refer to as twisted multiplicativity. That is,
if C=(Cy,...,Cp) and C' = (C1,...,C)) with ged(Cy ---C,.,C1---Cl) =1, then

H(C\Cy,..., G:Cm) = ec o H(Cym)H(Cm)

where n is the degree of the metaplectic cover and ec ¢ is an nth root of unity
given in terms of n-th power residue symbols; see Theorem 3. When n = 1 (the
non-metaplectic case) we recover the usual multiplicativity which follows from the
uniqueness of the Whittaker functional. In addition, if m = (my,...,m,) and m’ =



(m},...,m.) with ged(Cy ---C,,m} ---m!) =1 then

H(C; mm') = (%) (”Ci) H(C;m)

where () is nth power residue symbol; see Theorem 2.
Twisted multiplicativity reduces the determination of the general coefficients
H(C;m) to coefficients of the form

H(p*ph) = H™, ..., p" 0", p)

for primes p of 0g and non-negative r-tuples k = (kq,...,k.) and 1 = (Iy,...,1,). We
show that these coefficients may be obtained by attaching number-theoretic quanti-
ties to the vertices of a crystal graph and computing the sum over these vertices.

To explain the determination of these coefficients, recall that Kashiwara [20]
associated with each dominant weight A a crystal graph B, whose vertices are in
bijection with a basis of the irreducible representation of the quantized universal
enveloping algebra of GL,1(C), the L-group of GL, 1, having \ as its highest weight.
The recipe for H(p¥;p!) interprets I as parametrizing a highest weight \ and k as
parametrizing a weight u, and sums a term G(v) over all elements v of the crystal
graph By, having weight . Here p is half the sum of the positive roots. The
individual term G(v) is a product of Gauss sums built from data describing a path
of shortest length from v to the lowest weight vector of the crystal.

The crystal graph description of this paper was derived from an earlier descrip-
tion of Weyl group multiple Dirichlet series in terms of Gelfand-Tsetlin patterns
conjectured by Brubaker, Bump, Friedberg and Hoffstein in [12]. We will prove
the equivalence of the Gelfand-Tsetlin and crystal basis descriptions in this paper.
We find the crystal graph description preferable to the Gelfand-Tsetlin description
since it describes the contributions G(v) in terms of representation-theoretic criteria
rather than purely combinatorially. In doing so, it better suggests generalizations to
other root systems, potentially including infinite Kac-Moody root systems. The term
“Weyl group multiple Dirichlet series,” introduced in [6], refers to multiple Dirich-
let series with continuation and groups of functional equations, that are ultimately
to be shown to agree with metaplectic Whittaker coefficients (as we do here), but
whose properties may be developed without making use of automorphic forms on
higher rank groups. Functional equations for multiple Dirichlet series whose coeffi-
cients were described as sums over Gelfand-Tsetlin patterns were established by the
authors in [11, 9] by using combinatorial arguments to ultimately reduce them to
the rank one case.



Even in the nonmetaplectic case the crystal graph description is a nontrivial refor-
mulation of the Casselman-Shalika formula. The equivalence of the two statements
is by means of a combinatorial formula of Tokuyama [36], which is a deformation of
the Weyl character formula. These matters will be explained in further detail in the
next section.

It is remarkable that there are not one but two distinct generalizations of the
Casselman-Shalika formula to the metaplectic case. In the nonmetaplectic case, the
Casselman-Shalika formula expresses the Whittaker function as an alternating sum
over the Weyl group. In this vein, Chinta and Gunnells [15, 16] gave a formula for
p-parts of Weyl group multiple Dirichlet series for arbitrary root systems with global
analytic continuation and functional equations.

Both the Chinta-Gunnells description and the crystal graph description are gen-
eralizations of the Casselman-Shalika formula, and also (on the L-group side) of the
Weyl character formula. But the two generalizations are so different that proving
that the Chinta-Gunnells description for type A, agrees with the definition given
in [12, 11, 9] has been an open problem.

The next section precisely defines the way that one attaches a quantity G(v) to
a vertex v of the crystal graph. Sections 3, 4, and 5 define Eisenstein series on the
metaplectic group induced from data on a maximal parabolic subgroup and compute
their Whittaker coefficients. In Section 6, we show how these computations give an
expression for the Whittaker coefficients of a minimal parabolic Eisenstein series on
a metaplectic cover of SL,,; in terms of Whittaker coefficients on SL,, and this leads
to a recursion relation for the Whittaker coefficients relating rank r to rank r — 1.
In Section 7, we use this relation and induction to prove that the resulting Dirichlet
series satisfies the twisted multiplicativity properties. Then in Section 8 we prove
(Theorem 4) that the p-part agrees with the conjectured recipe given in [12] in terms
of Gelfand-Tsetlin patterns. This is accomplished by showing that the conjectured
formula in terms of Gelfand-Tsetlin patterns satisfies the same recursion relation
relating 7 to r — 1 as the Whittaker coefficients. (For SLs, it is immediate that the
Gelfand-Tsetlin description gives the coefficients of the Eisenstein series.) In Section
9, we explain how to move between the Gelfand-Tsetlin definition and the crystal
definition. In the final section, we collect these results and state the main theorem,
Theorem 5.

We would like to thank Gautam Chinta and Paul Gunnells for many helpful
discussions of these matters, and in particular for calling our attention to Littel-
mann [25]. The figure was made using SAGE. Both SAGE and Mathematica were
used to refine our understanding of the crystal graph and Gelfand-Tsetlin descrip-
tions. This work was supported by NSF FRG grants DMS-0652609, DMS-0652817,



DMS-0652529 and by DMS-0702438 and by NSA grant H98230-07-1-0015.

Note: (added September 2009): Since the writing of this paper, the relationship
between the (type A) crystal graph description of the p-part given here and the
description via averaging due to Chinta and Gunnells has been established. This
follows by combining the work of Chinta and Offen [17] demonstrating that the p-
parts in [16] are p-adic metaplectic Whittaker functions in type A with the work
of McNamara [28] demonstrating that the p-part definition presented in the next
section is indeed a p-adic metaplectic Whittaker function on SL, ;.

2 Crystal Graph Description of the p-part

In this section, we define the p-part of a multiple Dirichlet series as in (1). In
Theorem 5, we will demonstrate that the resulting multiple Dirichlet series matches
a Whittaker coefficient of a metaplectic Eisenstein series. For additional information
related to this definition, see [9].
Let
131

t= € GL,11(C). (2)
tr—i—l

(For relations with multiple Dirichlet series, we will choose #; so that t;t; )}, =

|p|1=2sr+1-i))  We identify the weight lattice A of GL,,;(C) with Z™. Thus if
= (1, ..., prr1) € A then ¢ = J]¢!" is a rational character of the diagonal torus
T of GL,;1. The weight is dominant if gy > o = -+ = piyy1.

Let A = (A1,...,A.) be a dominant weight for the root system ®, which in this
paper will be A,. Kashiwara associated with A a crystal graph which is a directed
graph whose edges are labeled by the simple roots. The crystal graph B, comes
endowed with a weight map wt to the weight lattice such that ZUGBA t"*(®) ig the
character of the irreducible representation of GL,1(C) with highest weight A\. The
weight function on By, also plays a role in the definition of the Weyl group multiple
Dirichlet series. Let I; = A\; — A\j11 when 2 < r and [, = A,. Then we will show that
the coefficient of [p|=22%% in the multiple Dirichlet series (1) is

H<pk1?"'7ka;pl17""plT): Z G(/U>7 (3)



where p is the weight related to (ki, ..., k) by the condition that

Zk;,-ozi = A+ p—wo(p) (4)
i=1
where wy is the long Weyl group element, «s,...,«a, are the simple roots (in the

usual order) and the function G(v) will be described presently.

The definition of G(v) depends on the choice of a reduced word representing the
long element of the Weyl group. Thus we choose a sequence ¥ = (iy,d,...,iy)
where N is the number of positive roots, 1 < ¢; < r, and

Wo = Sy~ Siy

in terms of the simple reflections s;. If 1 < i < r let f; be the Kashiwara weight
lowering operator. Thus f; maps the crystal graph By to By U {0} where 0 is an
auxiliary element, and wt(f;(v)) = wt(v) — oy if f;(v) # 0. Given a fixed ¥ and
v € By we associate a sequence of integers to each v, following Berenstein and
Zelevinsky [3], [4] and Littelmann [25] as follows.

. b
e Let by be the largest integer such that f;'(v) # 0.
e Let by be the largest integer such that fib; fibllv # 0, etc.
We will call the path
v, filva 1'21U7 R fibllv7 fizfibllv7 'L%fz'bll/UJ s 7fib22fibllvﬂ fi3fz‘b22fibllv7 R le;ifv e fil;Zfibllv (5)

through the crystal the canonical path from v with respect to 3. Thus by, bs, - - -
are the lengths of the straight segments in the canonical path. And we will call the
sequence BZL(v) = (by, bs, ..., by) the BZL string associated with v with respect to
the word X. There is a unique element v_ of By such that wt(v_) = wg(\).

Proposition 1 (i) The right endpoint in the canonical path is v_. That is,
b b pbr,,
fZJJVV .. f.; illfu =v_.
(ii) The string (by, b, ..., by) determines v uniquely.

Proof See Littelmann [25]. Littelmann makes use of the operators e; where we
use f;. However the crystal graph admits an involution Sch : By — B, such that



Schoe; = f,41_; 0 Sch. (See Schiitzenberger [33] in the language of tableaux, Beren-
stein and Kirillov [22] in the language of Gelfand-Tsetlin patterns, and Lusztig [26]
and Lenart [24] in the language of crystal bases). Applying Sch, Littelmann’s results
are translated from the e; to the f;. O

To determine the vertices v € By, in (3) with a given weight wt(v) = u, we note
that (4) implies

k; = Z b, b : m™ element in the BZL string, (6)

im=]

and the sum ranges over all indices ,,, 1 < m < N, such that i, = j.

By a decoration of BZL(v) we mean a pair of subsets C' and B of {1,--- ,N}. If
1 € C' we say that b; is circled and if © € B we say it is bored. We will represent these
statements graphically by circling or boxing b;. We will describe below for type A,
and certain particular words Y particular decorations. For these, we can define

g%  if b; is circled (but not boxed),

H g(b;) if b; is boxed (but not circled), (7)
h(b;) if neither,

0 if both.

G(v) = Gx(v) =

b;€BZL(v)

Here g(a) = g(p*~!,p*) and h(a) = g(p”,p*) are Gauss sums defined below in (32).
These are only defined if a > 0 but for the decorations that we will use, if a = 0 it
is always circled, so ¢(0) and A(0) will never occur.

We will give an explicit description of the decorations that we use below, but first
let us mention a geometric interpretation. Using the map BZL, we may regard the
vertices of By as a set of integral points in R" whose convex hull is a polytope cut out
by a set of inequalities. The circling or boxing of the components b; (i = 1,--- , N)
depends on whether these inequalities are sharp. More precisely, Berenstein and
Zelevinsky and Littelmann show that the union over all dominant weights A and
over all BZL(v) with v € By are the integer lattice points in a cone C in RY, which is
cut out by N inequalities ¢;(v) > 0 where ¢; are linear functionals on RY. The choice
of A\ determines a further set of N inequalities ;(v) > 0 which (together with those
defining the cone) cut out a polytope whose lattice points comprise {BZL(v)|v € B, }.
Each element b; of BZL(v) is circled if ¢;(v) = 0, and it is boxed if ¢;(v) = 0. The
element is both boxed and circled if ¢;(v) = ¥;(v) = 0, in which case G(v) = 0. If
this is the case then v is “pinned” somewhere on the boundary of the polytope by
two opposing inequalities, a condition analogous to non-strictness of Gelfand-Tsetlin
patterns.



To make this explicit, we will say what particular reduced words we employ, and
describe the decoration rules in more concrete terms. One may use either

Y=Y=rr—-1rr—-2r—1r...,1,23,...,r)

or
S =%,=(1,2,1,3,2,1,...,rr—1,...3,2,1).

Proposition 2 Given a crystal By and ¥ = X1 or 3o as above, for each v € By,
arrange the BZL string (by, by, ..., by) with N = %r(r + 1) into a triangular array
(filling right to left in rows, from the bottom row to the top row) as follows:

BZL(U) = BZLZ(U) = b3 b2
by

Then the rows are weakly increasing, i.e.,
0 < b3 < b27
0 <

These are the arrays denoted I'(¥), where T is a Gelfand-Tsetlin pattern, in [11]
and [9]. Note that the k; in (4) are now just column sums in the BZL pattern.

Proof See Littelmann [25], particularly Section 5. O

We decorate the pattern as follows. If b; is a first entry in its row (so ¢ is a
triangular number) then we circle it if b, = 0; otherwise, we circle it if b, = by ;.
On the other hand, we box b, if e;, fib;__ll e fibllv = 0. The boxing rule may be made
more concrete as follows. If v is any vertex and 1 < ¢ < r, then the i-string through
v is the set of vertices that can be obtained from v by repeatedly applying either e;
or f;. The boxing condition for b; is equivalent to the condition that the canonical
path contains the entire ; string through fl-bt SRR f’llv. The equivalence of this
version of the decoration rule with the geometric version presented earlier requires
an explicit description of the polytope attached to a reduced decomposition ¥, which
is addressed in Section 9.

We have illustrated this decoration rule in Figure 1, which depicts the crystal
with highest weight (5,3,0). In the figure, we have labeled each vertex with its BZL
pattern. The operator f; shifts left along horizontal edges, and the operator f; shifts

downward along the slanted vertical edges. Consider the case where the vertex v is



Figure 1: Starting with the vertex v, showing the canonical path to v_, with respect
to the word X5 = (1,2,1). The lengths of the three straight segments, 1,2, 2 comprise
the values in BZL(v) = (3?). In this example, wt(v_) = (0,3,5) and wt(v) = (3,2, 3).

the one labeled (212) We choose the word ¥y = {1,2,1} so i; = i3 =1 and iy = 2.
By our definitions, the decorations of the BZL pattern are as follows:

BZL(v) = {i @}

The decoration rule, together with (7), defines the function G(v), and completes
the definition of the function H in the numerator of the multiple Dirichlet series (1)
when the parameters there are powers of a single prime p (though we have not yet
shown that H arises from a Whittaker coefficient; see Theorem 5 below). In fact,
we have given two definitions, since our definition of G/(v) applies for either reduced
decomposition of the long word ¥, or ¥5. The equivalence of these definitions is not
obvious; to the contrary, it is highly nontrivial. The proof requires both intricate

9



combinatorial arguments and number theoretic input (identities for Gauss sums) and
is the subject of [9] and [11].

Remark: As noted in the introduction, the coefficients of the multiple Dirichlet
series in [12] were defined in terms of Gelfand-Tsetlin patterns. The analogue of
G(v) in that context was derived from a string of integers produced by linear func-
tions on Gelfand-Tsetlin patterns whose definition lacked a representation theoretic
interpretation. In the crystal definition presented here, the BZL string used to define
G(v) is given in terms of intrinsic representation theoretic data for the associated
quantum group, namely paths along Kashiwara operators f;. In Section 9 of this
paper, we will show that the crystal definition presented here is equivalent to the
Gelfand-Tsetlin definition of [12] (also given in [11] and [9]).

Using the formulation in terms of crystals, one might try to apply this definition
to other root systems. Partial progress has been made for types B, (n even), as
discussed in Brubaker, Bump, Chinta and Gunnells [7] and for type C, (n odd),
as discussed in Beineke, Brubaker and Frechette [2]. More precisely, the definition
as given above for a particular decomposition ¥ does conjecturally satisfy functional
equations and matches an appropriate Whittaker coefficient, though the cited papers
prove only special cases within the respective types. There is only one nuance when
the root system is not simply laced: the Gauss sums corresponding to root operators
for long roots are slightly modified. For the remaining types and cover degrees n,
the definition as stated above fails, presumably because the decoration rule becomes
more subtle.

Returning to type A,, the special case n = 1 is instructive. In this case, the n-th
root of unity appearing in the twisted multiplicativity relations is 1, and the series (1)
factors as an Euler product. We now show that the definition of the p-part given in
this section, specialized to the case n = 1, indeed matches the p-part of a Whittaker
coefficient of Eisenstein series. This follows from the Shintani-Casselman-Shalika
formula, together with a combinatorial identity of Tokuyama.

We recall the Shintani-Casselman-Shalika formula. The Langlands parameters
determine a semisimple conjugacy class in the L-group GL,1(C), with a represen-
tative t as in (2) before. If k is a local field and 1 is an additive character of k with
conductor the ring o of integers, then the unnormalized Whittaker function is

1 xp -+ T1r41
o 1 :
W(g) :/Cb ) glv (ZIE”H) d%j
o T4
1
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where ¢° is the spherical vector in the induced model of the principal series repre-
sentation with Langlands parameters ¢, normalized so ¢°(1) = 1. (The integral is
either convergent or may be renormalized by analytic continuation in the Langlands
parameters ¢ from a region where it is convergent.)

If a = diag(as, . ..,a41) € GL,41(k) , let A\, be (ord(ay),...,ord(a,41)). Let 6 be
the modular quasicharacter on the standard Borel subgroup. Then §~'/2W (a) = 0
unless A = ), is dominant. Assume that \ is dominant, and let x, be the irreducible
character of GL,;;(C) with highest weight A. Then the formula of Shintani [35] and
Casselman and Shalika [13] is

0PW(a) = [ 1= "tat), A=A,

acdt

where ¢ is the cardinality of the residue field and ®* denotes the positive roots.
The Weyl character formula expresses x,(t) as a ratio of a numerator (a sum over
the Weyl group) with a denominator. The denominator is (in one normalization)
[Iocor (1 —t*). On the other hand the normalizing factor that appears in the
Shintani-Casselman-Shalika formula is [T, g+ (1 — ¢~ '£%).

To connect to the definitions of the p-part of this section, we invoke an identity
of Tokuyama [36], who found a deformation of the Weyl character formula that
expresses X (t) as a ratio of two quantities. The deformed denominator is [ [, cq+ (1 —
q~t*). Tokuyama gave his formula in terms of Gelfand-Tsetlin patterns, but we will
translate it into the crystal language as

H (1 —q lta X)\ Z G (v)—wo (A+p),p )twt(v)7w0p7

OZECI)+ UEBp«I»/\

where G is given by (7), but the Gauss sums have become Ramanujan sums (since
n = 1) that may be evaluated explicitly: g(a) = —¢®~' and h(a) = (¢—1)¢*~*. Thus

£ 0N T (1= ¢7't")xa(t)

acdt

is exactly the p-part of H when n = 1, in agreement with the Shintani-Casselman-
Shalika formula.

3 The Metaplectic Group and Whittaker Func-
tionals

Our foundations will be similar to those in Brubaker and Bump [5] and Brubaker,
Bump and Friedberg [8], [10]. We refer to those papers as well as Brubaker, Bump,

11



Chinta, Friedberg and Hoffstein [6] for amplification.

Let F' be a totally complex number field containing the group ps, of 2n-th roots
of unity. Let S be a finite set of places containing the archimedean ones. Let
Fs = [],cs Fo- The ring og of S-integers consists of € F' such that |z|, = 1 for
v ¢ S. We assume that S contains those places ramified over @ (in particular those
dividing n) and enough others such that the ring og of S-integers is a principal ideal
domain and the residue field has at least 4 elements for all v & S.

Let So (resp. Shn) be the set of archimedean (resp. nonarchimedean) places in
S. We may factor Fs = F, X Fi, where Fiy =[] F, and Fs, =[] F,. We
embed F' and og diagonally in Fg.

Let (z,y)s = [[,cs(®,y), be the S-Hilbert symbol. As in [5] we will take our
Hilbert symbol to be the inverse of the symbol used in Neukirch [31].

Based on earlier work of Kubota [23] and Matsumoto [27], Kazhdan and Patter-
son [21] described an explicit “metaplectic” cocycle in H?(GL,1(Fs), it,). We note
that a correction to this cocycle was made by Banks, Levy and Sepanski [1], also
based directly on Matsumoto [27]. However the Kazhdan-Patterson cocycle is correct
under our assumption that us, C F. We will not work with the cocycle described
in [21] but on a modification, which is obtained by composing that cocycle with the
outer automorphism of GL,,:

VES VESEn

(="
gr— Jri1 g s, Jri1 = ( -1 > |
1

This will result in nicer formulas. Let ¢ = 0,41 : GL,11(Fs) X GL,11(Fs) —
denote this cocycle, which is described as follows.

We will identify the Weyl group W with the subgroup of GL,,; consisting of
permutation matrices. Let N be the group of upper triangular unipotent elements
of GL,41(Fs), T be the diagonal subgroup, and let ®* (resp. ®~) denote the set of
positive roots (resp. negative roots) with respect to the standard Borel subgroup of
upper triangular matrices. We have

T Y1
o ) = H(ﬂfi,yj)s,
Tri1 Yr+1 >J
I T
9 s wl =1, o w, = H (x’iaxj>57
Tyt Tyl a=aj; € T

w(a) € P~

12



it we W, where a = o ; is the root t* = titj_l, and
o(w,w') =1, w,w € W.

(Without our assumption that —1 € (FZ)", this last equality would be limited to
the case [(ww') = l(w) + [(w) as in Banks, Levy and Sepanski [1].)
With these definitions, the cocycle is extended to monomial matrices by

o (hlwl, th)Q) = a(hl,wlhgwfl)a(wl, hQ), if hl S T, w; € wW. (8)

To extend it to the whole group, let R be the map from G to the subgroup generated
by the monomial matrices such that R(ngn') = R(g) for n,n’ € N. Then

o(ng,gn’) =0(g,¢') if n,n € N, (9)
and
o(h,g) =o(h,R(g)),  heT,
o(s,9) = o(R(sg)R(g)~', R(g)) if s is a simple reflection in W.

The following Lemma shows how to compute (g, ¢') algorithmically for any ¢, ¢’
We will use it without comment later wherever we assert that a cocycle has a certain
value.

Lemma 1 Write g = gy - - - gm where g, and g,, are in N, g5 istn H and g3, ..., gm_1
are simple reflections. Then

—

m—

o(9.9") =[] o9, 9141 gmg)), (10)
i=2
Proof The cocycle property o(xy, z)o(z,y) = o(z,yz)o(y, z) implies

m

m—1
[Ioi g1+ gmg) = [H o(g1- -gi,gm)] o(9,9')
=1

=1

In the product on the left, the first and last terms are 1 since ¢y, g, € N. On the
other hand by (9) and the special case o(hjwy,wy) = 1 of (8) we have

m—1 m—1
H o919, Giy1) = H (g2 9, 9i+1) = L.
i=1 i=1

13



The statement follows. O

The cocycle satisfies a block compatibility property emphasized by Banks, Levy
and Sepanski [1]. If g,¢" € GLi(Fs) and h, h' € GL;(Fs) where k + 1 =r + 1 then

o (73 ): (7 1)) = orto gt i@t qentis.

Now if G C GL,41(Fs) let G be the central extension of G by p, determined by
o. Thus pu, is embedded in G as a subgroup, and G & G /pen, With p : G — G the
projection and a section s : G — G satisfying s(g)s(h) = o(g, h)s(gh). We will
call a function f : G — C genuine if f(eg) = ef(g) for € € p,. Thus if f is genuine
we have

f(s(9)s(9")9) = 0(9.9)f(s(99)3), 9.9 €G.§eC. (12)
If ¥ € Fg, we will sometimes factor |z| = [7|c - |Z[an, Where || = [T s [Z0l0
and |z|g, = Huesﬁn |zy]y. Let s1,..., s, be complex numbers. Let tq,. .., ¢, satisfy

[]t: =1 and define
Ity te) = [ P
i+j<r+1

We also define Jg, and J to be the functions in which || is replaced by | |, and
| |00, Tespectively, so J = T T oo

We say that a subgroup of FJ is isotropic if (x,y)s = 1 for elements of that
subgroup. The subgroup 2 = 05 (F§)" is then maximal isotropic ([5] Lemma 2). This
implies the irreducibility (for s; in general position) of the representation 7 (s, ..., s;,)
of é\erJrl(F 5) acting by right translation on the space consists of all smooth genuine
functions f on SL,;1(Fs) such that

f (3 ( ’ * ) 9) =Tt try1) f(9), t; € L2 (13)

If re(s;) are sufficiently large and m; € o0g are nonzero define the Whittaker func-
tionals

di,..., dr ~ — -1 -1
Arél ..... me (f)_J(dr >dr 17""d1 >d1"'d7“) X
it 1z12 - 21041 r
. 1 o Eg )
s . 8(Jrt1)s ’ .TH (0 Z M1 | dx; .
prir+1)/2 dl—l . : 4 ’ ’
s dy-dy 1 =1

(14)
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Here v : Fs — C is a fixed additive character trivial on og but no larger fractional
ideal. As usual, this integral is convergent for re(s;) sufficiently large but has an-
alytic contination to all s; in a suitable sense. See Jacquet [19] and Kazhdan and
Patterson [21].

4 The Kubota Symbol

If « € ®F is a positive root of GL,,1, let i, : GLy — GL,,; be the canonical
embedding. We will parametrize the elements of ®* by pairs (i, 7) with 1 <7 < j <
r 41, so that if o = «; ; then

b I
. a a b
Za( c d) - CIFHd
Irgp1—j
We will denote s, = i, 0 —1 )
1 0
If ¢, d are coprime elements of og let (5) = (g)n denote the n-th power residue

symbol satisfying the reciprocity law

(©) = @as (il) (15)

and other familiar properties that are summarized in [5]. The reciprocity law is
Theorem 8.3 on page 415 of Neukirch, bearing in mind that our n-th power Hilbert
symbol is the inverse of his.

Lemma 2 There exists a map k : SL,11(0g) — p, such that
k(7)) = o (v, )E()K(A). (16)

If a is any positive root then

. a b - (%l) if c#0
“(’a(c d))_{l if c=0. (17)
This is the Kubota symbol. It can be shown using Kazhdan and Patterson [21]
Proposition 0.1.2 that it can be extended to GL,;1(0).
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Proof For each place v of F, let g, be the local cocycle on SL,,(F,) defined by
the formulas in Section 3. Thus if g, ¢" € Fg then o(g,9') = [[,c500(90, 9,,), but we
will make use of o, also for v ¢ S.

Moreover we will use the fact that the metaplectic cover splits over SL,.1(0,)
when v ¢ S. This is a consequence of Lemma 11.3 of Moore [30] which is applicable
since our assumptions on .S imply that the residue field at v has cardinality > 4 for
all v € S. Let k, : SL,41(0,) — u,, be a splitting, so that

o (90) o (90)

Uv(gvag:) = ﬁv(QvQ’)

We say that g € SL,11(0g) is locally finite if k,(g,) = 1 for almost all v. At the end
we will show that all g € SL,,(0g) are locally finite. If g is locally finite let

/'i(g) = H Hv(gv)'

vgS

If g,¢' € SL,41(F) then 0,(gy,, g;,) = 1 for almost all v and [[, 0,(gv, g,) = 1. This
is because we can reduce o, to a product of Hilbert symbols using (10), and then
use the Hilbert reciprocity law [] (a,b), =1 for a,b € F. Thus if g,¢' € SL,;41(05)
are locally finite then so is g¢’ and

o(9.) = [[ oo(e- ) = [[ ool gl = -9

ves vgS r(9)r(g")

Thus (16) will be proved when we show all g are locally finite.

We will make use of the fact that the pullback of the cocycle under i, to SLy(Fy)
is Kubota’s cocycle. This is clear if a is a simple root, and in general one may
conjugate i, to a simple root by a series of simple reflections. Showing that these
do not change the cocycle requires a computation, which we omit. (It might fail
without our assumption that —1 is an n-th power.)

Now let us argue that k, o i, is given by Kubota’s formula

K, 04 ( CCL b ) :{ (c,d);t if ¢ # 0 and n tord,(c), (18)

d 1 otherwise.

Indeed, since Kubota [23] shows that the right hand side is a function splitting the
cocycle on SLy(0,), its ratio to k, o, is a character. By Lemma 11.1 of Moore [30],
the abelianization of SLy(0,) is trivial, so this identity is proved.
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Now we see that i,(g) when g € SLy(0g) is locally finite and since these elements
generate SL,.;(0g), using Proposition V.3.4 on page 335 of Neukirch [31] (remem-
bering that his Hilbert symbol is the inverse of ours) we see that

ordy (c)
. a b . —ordy(c) __ i — C_l
K O 14 ( c d > - ]jI (and) - Ii[ <7T - c :

v S v S v

Ty |C Ty|C

Here 7, is a prime element at the place v. We have used the fact that ¢ and d are
coprime so that d is a unit in 0, when m,|c. Ul

We observe that if f is genuine then combining (16) with (12) we have

k(YY) f(8(7)s(v)g) = k(v7) f(s(v7)7). (19)

5 Whittaker Coefficients of Eisenstein Series

Let f € m(s1,...,5,) be as in Section 3. Define the Eisenstein series
Ei T (g) = > (V) f(s(v)g) g € SLya(Fs) (20)
v€B(05)\ SLr+1(0s)

where B := Bg,, ,, is the Borel subgroup of upper triangular matrices in SL; ;.

Theorem 1 Given m = (my,...,m,), an r-tuple of non-zero S-integers, there exist
constants H(C1,...,C.;m) independent of f such that

1zi2 - 1,41
1 -z,

/ E;H s(Jr11)s Y(mizie+ -+ My g )da; =
(05\Fg)r(r+1)/2

> H(Ch, . Coma, o omy) [TICH T2 AG OO /OO (f). (21)

~~~~~ T

0#£C;€og/0g ?
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We may express H =: H,y1 for §ET+1 recursively in terms of the H, for é\ir by

HT+1(01, ceey Cr;ml, ce ,mr) =

(&1 Cr micy mauyC2 myUr_1Cr
§ E — )| — w + 4+t — ) X
dy d, dy do d,
0#D; € US/0§ c; mod d;
0#d; € og/0g
dit1lmiy1d;

r

[1(di.d;)s [[(di Di)s dodl- - &' H, Dy... Dy 2l et oo
i<j i=2 d2 d;

Here the sum is over dy,...,d, and Ds, ..., D,, the integers uy,...,u,_1 are deter-
mined by c;u; =1 mod d;, and we set Dy =1 for a uniform expression of C;.

Since o0g is a principal ideal domain the sum over d; and D; is essentially a sum
over ideals. The notation H was used earlier in the document in (3). The two
definitions for H will be shown to be the same in Section 9 of the paper.

Proof By induction we may assume that the statement is true for é\IjT. We may

write
E7 N (g) = > k(7)0(s(7)g) (23)
¥€P(05)\SLry1(0s)
where P is the standard maximal parabolic subgroup of SL,,; with Levi factor
SL, x {1} and

O(g) = > k() f (s ( T )g) .

YEBsL, (05)\ SLy(05)

We will parametrize the coset of v in P(0g)\ SL,+1(0s) by the bottom row of each
matrix, which is a vector of coprime integers that is determined modulo multiplication
by a unit. Let the bottom row of v be (B,41, By, ..., B1). Writing the left-hand side
of (21) as

1 x12 - T1941
1 x4
Z /‘i(')/)f 3(7)8(‘]7“-5—1)8 . w(_mlr12_"'_mrmr,r+l) H dﬂfi]’,
(0s\Fs)r(r+/2 7 i

only v with vJ, ;1 in the big Bruhat cell give a nonzero contribution. Indeed if vJ,.11
is in another cell BwB we can find a simple root «; ;1 such that w™!(a;,41) is a
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positive root, and then the integration with respect to x; ;1 kills the term. Thus we
may assume that By # 0. Let dy,...,d, be determined by the conditions

dr = ng(Bl,BQ, . 7Br>7 dT*ldr = ng(Bl,BQ, . ,BT,1>, ooy d1d2 e dr = Bl-

Let ¢, = By41, ¢,_1d, = B,, ¢,_od,_1d, = B,_1, ... . In this way we parametrize the
bottom row of ~:

(Br+1, B, ... 7Bl) = (Cr> Cr1dy, Cp2dy_1dy, ... C1dy -+ dpydydy - - - dr)-

Because we are assuming that og is a principal ideal domain, we may find ay, uy such
that apd, + upc, = 1 for k=1,...,r. Now the matrix

]r—i

Y=Y Yr—1 71, with oy = ' I 4

has the prescribed bottom row and we may choose this to be the coset representative
7. Thus using (17) and (19) we have, for genuine f,

T

s F (s = [ (d—) F(s(n) - s(1)d)-

k=1

Let « be a positive root. By abuse of notation, if g € SLy(Fs) let us temporarily
write s(g) for s(in(g)). We have

(o) N L))

Substitute this into the definition of 7;. We rearrange s(7,)---s(71)s(Jy41) by
pulling the upper triangular matrices involving —uy /dy to the left. Conjugating them
by the diagonal matrices changes their entries but leaves them in the last column.
Conjugating them by the lower triangular matrices involving ¢;/d; produces some
commutators that are lower triangular; we only need to keep track of the subdiagonal
entries and some cocycles. We obtain

10 - 0%
r 1 *

s(vr) - 8(n)s(Jry1) = H(dk70k>3 H(di, dj)s s o Pde iy (1) 8(n4)
k=1 i<j 1

(25)
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where

dit
Ddy,dy = S dy?t
—1
dy
[Td:
and
1 —c1/dy * * %
1 —uica/ds *
1
ny = . .
1 —up_2¢r—1/dr1 *
1 _urflcr/dr

1
The Hilbert symbols [],_, (dk, cx)s come from (24). The symbols (d;, d;)s arise from
combining the diagonal matrices. It may be checked that there are no other nontrivial
contributions from the various cocycles.

Now substitute (23) into the left-hand side of (21). We may collapse the integra-
tion over x; ; with 7 = 1 with the summation over the bottom row entries B;, 7 > 1.
In other words with B; # 0 fixed

2. / (Fs/os)™ / (Fs)"

Bs,...,Br41 mod By (i=1) (i=1)

Moreover k(7) depends only on ¢, mod di, and for k = 1,...,r if we sum over
¢ mod dy and then multiply the result by |d; - - - dy_1| this has the same result as
summing over By1 mod By. Since [[,_, |dy -+ - dy—1| = |di'dy - - d,_1|, we obtain
this factor. The n, we eliminate by a change of variables in the z;; producing a

factor v (%ﬁ +4 M2ez ... ) We also make use of the reciprocity law (15) and we

d2
obtain
1 Ck micy maou1C2 My Ur—1Cr
drdr2 . d, d;,d; = e
St [ d)s 3 () (M4 Ty )
d 1<j ¢, mod dy,
1zi2 - T1p41

/ / S) gdr,...,d13<Jr+1) L ) : w(mlxlz-l—“'-l—mrdfr,rﬂ)HdSUij.
(Fs)" (Fs/og)n(r—1)/2 K x’r,'{+1 "

(i=1) (i>1)

(26)

Since O is invariant under lower triangular matrices in P(0g), the integral in (26) is
0 unless d;y1|m;y1d; for all i = 1,...,r — 1. Indeed, this is seen by moving a general
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lower triangular matrix in P(og) to the right and changing variables. To proceed
further let us define, for ¢’ € SL,(Fs)

fc/ll,...,dT(g/> =
1 xz12 w13 - T1,r41

o 1, 1 0~ 0
/ f Z(g )gdl,-..,drs ( 1 ) S : w(mlxlg) delj
(Fs)r 1 0 ;

0
i J

where 7 : SNLT(F 5) — SITH(FS) is the embedding in the upper left corner. This
function is in m(ss, ..., s,) and
1zi2 - T1r41

H(diydj)S/(Fs)r S) gdr,...,d18(’]7“+1>3 ! _ : w(mliﬁz)HdﬂUU:

i<j (i=1) i mr,{+1 J

/ A
Lagg = @y,

E;éll,m,dr S<JT>S ! . : ’

where z}; = d; ! d;_y;;. Here we've used the identity s(J,41) = i(s(J;))s 1 —1
The order of the d; in © was switched when the matrix moved past s(.J,.), which also
accounts for the symbols (d;,d;)s.

We make the variable change x;; —— di_ldj:llxij and interpret

Jo ™1
= lim —
Fs/og a |a| Fs/a

for sufficiently large fractional ideals a. The change in measure is compensated by
a change in the norm of a, so this change of variables has no effect on the measure.
With the above, (26) may be rewritten

C
Ll 3 ()6 e
k

0#(1,’605/0;; ¢ mod dy,
diy1|miy1d;

1 T3 -t 2, r

/ By 1s(J)s b : ¢(md22dl$23+"~+%:_1%71,r)Hdwijﬁ (27)

. Tr—1,r

(Fs/og)(r—1/2 1
(i>1)
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fr=f i) Now we use the induction hypothesis and write the integral here

(dlv"'v
mod m,d -
207 rtr—1 —28; Dg/Dg,‘..,Drfl/Dr,Dr !
E H(Ds,,...,D,; s ""’d—) | | | Dl AmZdl/dg,...,mrdT71/dr(fdlwwdT)’
r A
0#£D;€0g/ 0} =2

where we recall that A is given by (14). The result will follow from substituting the
above evaluation into (27) and using the identity

_ D2/Ds,....Dyp_1/Dy,Dy
3(D;Y, DD, DsDy 't Dy) AL D ey =

IC GO GO ) (i dy)s T [(di Do)l dg ™ - - d 07 x

i<j i=2

ACI/CQa SCr 1/Cr,Cr(f) (28)

Mi,...,Mp

Here C; = D; HS:Z d;. Indeed the left-hand side equals

—1
D . 1223 - 2,410
Drle"“ . .
. 1 . .
AL . is(s| D,
FLY/ D3D;! g1 0
Dy 1 0

1 zi12 13 -+ 21,041

—1, Lo 0 mady myd,_y
s( 1 )s 1 0 Y(mixie+ 4 Tosz—+- -+ a $r,r+1)Hd!Bz’j-
1

Moving the ®y4, 4, past s(J.) then reparametrizing the z;; produces a measure
change and a cocycle. Combining the diagonal matrices produces another cocycle,
and we obtain (28). O

6 A Special Vector

Since we want to construct a particular multiple Dirichlet series, we will special-
ize f. Let us immediately impose one condition. We note that the metaplectic
cover splits over G, = SL,+1(F) and on G, the section s is a splitting homomor-
phism. Let K = [],cq_ U(r+1) be the standard maximal compact subgroup of G
The condition that we impose immediately is that fo(goo) = 1 when g, € s(K).
Since 2 D F the eigenvalues t; can be arbitrary elements of F in (13) and the
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archimedean component is just %[F : Q] copies of a standard principal series repre-
sentation of SL,,;(C), and we have chosen the normalized spherical function at
these places. We express this by saying that f is spherical at the archimedean
places. Then we may write f(g9) = f%(9o0)fn(gsn) Where we factor ¢ = gooGsin
With goo € Geo = p! SL,11(F) and gg, € Gan = p* SL,11(Fgn). Here f3 is the
standard spherical function on G and fg, is as yet unspecified.

Choose a nontrivial character v of Fg that is trivial on og but no larger frac-
tional ideal. We will consider Whittaker functions associated to f. The relevant
archimedean integral is

We(s1,....8,) =Wy o (51,...,8)=

mi,...,Mm

1z - z1p41

T
° 1 worg
/7-(7»“)/2 Joo | 8(Jrs)s SR ¥ (Z miwiv”l) H dz;,;.
At the finite places, define
1

U(er,co,ny6r) =Wy mglcrsco, ..o 60) = Jgn ; , CrCr 1,...,0201’1,01)’ X

1 x12 - x1041

1 o @1
fﬁn zcl,...,cr S<Jr+l)s . . E ML 41 Hde]7 29
Fr(r+1)/2 .. :
fin 1
where we set
-1

CrC._1

-1
cacy

Cc1

It follows from Jacquet [19] that the integrals are convergent if re(s;) is sufficiently
large, but have meromorphic continuation to all s;.

The notation makes explicit the dependence of W° on the s;, and emphasizes
the dependence of ¥ on the ¢;. This point requires comment. First regarding W°,
we could have written W° with an expression identical to (29) replacing fin by oo.
However this expression would be independent of the ¢; using (13) since the infinite
components of the ¢; are in Q@ D (FJ)" D FX. Thus the notation shows the s;
dependence of W° but not the ¢; dependence. The value

{ H F@(23i+28i+1+---+25j—j—i—i—f—l)}Wﬁll’m,mr(sl,...,sr)

1<i<j<r+1
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is the normalized Jacquet Whittaker function at the identity. By Jacquet [19] it is
entire and if v is chosen suitably at the archimedean places it is invariant, up to
an exponential factor that depends on ¢ and the m;, under the Weyl group action
described in [8].

Regarding W, it too depends on the s;. However, the following Lemma shows that
we may choose f varying analytically so that W is constant, that is, independent of
the s;. In view of this, we will suppress the s; from the notation. Asin [8], let M(Q")
be the finite-dimensional vector space of functions W : F, — ©C such that for any
€1,...,&- in €2, we have

U(ercy, ..., 600) = H(ei, Ci)s {H(ei, ¢j)s' } U(cy, ..., c). (30)

i=1 i<j

Proposition 3 IfV is defined by (29) then ¥ € M(Q"). Conversely, if U C M(Q2")
1s given, then we may choose the function f depending analytically on s1,...,s, so
that the integral (29) is independent of s1,...,s, and equal to the given V.

Proof It is easy to check that W given by (29) satisfies (30). On the other hand,
suppose that ¥ € M(Q") is given. Let N(a) be the subgroup of N consisting
of elements whose entries above the diagonal lie in an ideal a. Let f be a func-
tion in (s, -+ ,s,) (in particular, genuine) with support in the big Bruhat cell of
SL,11(Fh,) that satisfies

f(s(n)%(cy,...,c.)8(n')) =
vol(N(a)) YJga(cit, crcy, .oy e)¥ ey, ... e) if 0/ € N(a),
0 otherwise .

Then it is easy to see that if a is sufficiently small (depending on m; and my) that
(29) is satisfied. O

Combining the archimedean and nonarchimedean integrals, we have

We(si,...,s)¥(ct,...,c.) = (I(e; b ey, o yer))

1xi2 - Z1r41

T
1 - z2,11 Z
/T(r+1)/2 P Fero e 8(Jrs)s - : v ( mixi7i+1> Hdmi’j'
Fg : i=1 i,j

i
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If []t; = 1 then rewriting the last displayed formula in terms of ¢;,

1212 - Z1r41

,
1 - z2rp
/r<r+1>/2 P Btrrotea (1) s U ¥ (Z mixivi“) Hdm@j -
Fg T i=1 i,

j(tl, ce ,tr+1>\ll(tr+1, trt’r—i-la ce ,tQ s tr_i_l)Wo(Sl, ce 737‘)’ (31)

where we set
ty

mtl:"th"t‘l =S8

tr+1

7 Twisted Multiplicativity

In this section, we prove two twisted multiplicativity statements for the coefficients of
the multiple Dirichlet series. Taken together, these imply that the value of a general
coefficient H(C4,...,Cr;my, ..., m,) is determined from the values of the coefficients
where all parameters C; and m; are powers of a single prime p.

If m, ¢ are nonzero elements of og define the n-th power Gauss sum

s = ¥ (%) o (%), (52)

d mod ¢
ged(d,c) =1

formed with n-th power residue symbol and additive character v trivial on og as
before. Properties of these Gauss sums are summarized in [5]. We suppress the
dependence on n in the notation, and understand all power residue symbols and
Hilbert symbols to be n-th power symbols for a fixed integer n, the degree of our
metaplectic cover.

Theorem 2 [f gcd(my---m,,Cy---C,) =1, then

—1 —1
H(Cy,...,Cryming,...,mmn,) = <%> (%) H(Cy,...,Crng,...,n,.). (33)
1 r

Proof We induct on r. For r = 1, since H(Cy, miny) = g(myny, Cy), Equation (33)
follows by the usual properties of Gauss sums.

For general r, since d; - --d, = Cy, we have ged(dy - --d.,my---m,) = 1. Hence
in formula (22) for H(C4,...,C,;ming, ..., m.n,), the condition d; 1 | m;y1ni1d;
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holds if and only if diy1 | ni11d; for each 1 <@ < r — 1. In the inner sum in (22),
we may make the variable changes ¢; — ([],_, ms) '¢; for i = 1,...,r, where the
inverses are multiplicative inverses modulo Cy (and hence modulo d; for each 7). Note
that this changes u; to ([],_, me)u,;. This variable change removes all m;’s from the
exponential sum and contributes the factor

(M) 1) o

Also, we have
Cy Cs C,
doy---d, ds---d, d,

So we may apply induction to simplify the coefficient H on the right-hand side of

ged(mg -+ - my.,

(22). Pulling out msy, ..., m, contributes a factor of
[ (etia)
— ] . (35)
=9 Ce/ Hi:ﬁ d;
Multiplying (34) and (35) and simplifying, one obtains (33). O

Theorem 3 [fged(Cy---C,,C---Cl) =1, then

H(Clci,...,CTC;;TLD...,?’LT):
E(C1,...,Cr), (O ... C;)H(Clw-'vcr;nla-"7”7’)H<C{7--'70;;711’-'-7”7’)

r Cz Cz/ r—1 Cj -1 C]/ —1
- BE OTE) ()"
( ) E C! C; 31;[1 C'j+1 Cit1

Here the n-th root of unity €, C),(C} 1o C1) reflects the root system A,, whose
Dynkin diagram has r nodes with the j-th node connected to the (j + 1)-st node for
1 <j<r—1. Indeed up to a product of Hilbert symbols this is

11(2) 1(6)

i=1 j=itl J

where

and the exponents here are the coefficients in the Cartan matrix of type A,. This
phenomenon extends to other root systems as in [8] or [10].
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Proof Suppose ged(C - -- C,, C -+ - C) = 1. We begin with the sum of the form (22)
for the coefficient H(C,CY,...,C.Cliny,...,n,). We must sum over d;, 1 < i < r,
such that d; - - - d, = C1C] and such that the d; satisfy the divisibility conditions

div1|nipd; for 1 <i<r—1, dj---d.|C;C; for 2 < j <r. (36)
Since ged(Cy, C) = 1, there is a unique way to factor each d;, d; = e;e}, such that
ep-e. = Ch, ef-e.=Cl. (37)
Doing so, ged(e;, e;-) = 1 for all 7, j, and the divisibility conditions also break up:

Cit1|Nit1€s, €y nipae; for 1 <i<r =1, ej---e|Cj e+ |C] for 2 < j <

(38)
Conversely, given e;, e} satisfying the conditions (37), (38), set d; = e;e;. Then
dy ---d, = C1C] and the divisibility conditions (36) hold. For example, since €;,; |
niy1€; and €] | n;y1€;, and since ged(e;, €]) = 1, we have e;41 | nipie;/ ged(niv1, €)4)
and e} | n41€;/ ged(niq1, €i41). From this it easily follows that e; 1€}, | nipie€;,
or diy1 | niy1d;. Thus there is a one-to-one correspondence between the d; satisfying
dy---d, = C1C and (36) and the pairs e;, €; satisfying (37), (38), and we may split
up the sum over the d; into sums over e; and over e/.

When we do so, we must split the inner sum in (22), using the Chinese Remainder
Theorem. It is convenient to do so as follows. Let ¢; = zley - --e; + ;€] - - - €,. Then
since ey - --€;_1 is a unit modulo €, and €} ---¢,_; is a unit modulo e;, as z varies
modulo €] and z; varies modulo e;, ¢; varies modulo d;. With this parametrization,
the ¢; that are invertible modulo d; are those with ged(z;, €;) = ged(z}, e)) = 1, and
for such ¢;, u; is determined by the equations w;zle; - - - e; = 1 mod €}, u;x;e} - -- e, =1
mod e;. Let v; modulo e; (resp. v; modulo €}) satisfy v;z; = 1 mod e; (resp. vz, =1
mod €). We have ¢(nic;/dy) = ¥(nyzi/er)(nix)/e}) and, for i > 2

Y(nuiaci/di) = Y(niu g (Tier - e+ zi€l - - - €)) [eie])
= d(nuiazier - eir/e)b(nuiziel - ey /e;)

= d(nvi_izi/e)b(nvioizi/e;).

Here the last equality follows from the congruences above since e; | n;e;_1, €} | n;el_;.

Thus the exponential sum in (22) factors into two sums with similar divisibility
conditions and similar exponentials. We now compute the power residue symbols
that arise in doing so. Throughout this computation, we will be working with pairs
of numbers of the form A, A" and B, B’ such that gcd(A, B') = ged(A’, B) = 1. For
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convenience, let us introduce the notation f(A, B) = (%) (%) . Then we have
f(AB™)=f(AB)"

J(A1Ay, B1By) = f(Ay, B1) f(Ay, Ba) f(Ag, B1) f(As, Ba), :
(39)

With the notation as above, for 1 <7 < r we have

¢ xhey e, +xiel - el x x;
() () () () o

Power residue symbols also arise when we use induction to decompose the coef-

ficient
H CQC% Cgoé CTC; . ngdl nrdr_l
dy---d, dg---d.” 7 d, T dy T dy

on the right hand-side of (22). Let D;, D be defined by C; = D;[];_;e;,
D;[I;_; €. Then ged(Dy--- D, Dy--- D;) =1, and we obtain by induction

d d,_ r—1
H(D2D57D3Dga" D D/ & 17" i 1) Hf H (Dk7Dk+1>_1><

o

1

d
2 k=2

nady Nypdy— / / nady Nypdy—1
H\| Dy, ...,D, e H\Ds,...,D,; R . (41
( 25 ) dg dr ) ( 2 dg dr ( )

To split up the d;’s on the right hand side of (41), write n, = m;m] such that
mie;—1/e; and mie._, /e, are integral and ged(m;, C1) = ged(m}, Cy) = 1 for all i.

Then ged(m;, D) = ged(mj, d;) = 1 for all i, j, so by Theorem 2,

nady npdy_1
H{( Dy, ...,D e =
( 2 Y d2 d,r )
r -1
(M) H (D%“.’DT;%,'__,m”e’”l) '
D; e e,

=2

m’e e\ 1 m'\ 1 /e =1 /e . ]

But (%) = <D—j> (gjl> (D—J]> Since ged(mj, D;) = 1 for all j, we
may then put the m; back into the coefficients H by using Theorem 2 “in reverse

) we

D/ nadi Nedr_1
™ dg 07 d, )

Doing so, and making a similar argument with H (Dé, ..
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obtain

d o,
H<D2D’2,D3Dg,...,DTD;; fe o 1)

& d

Hf(DjnDj)f(ejfla ;)" fles D Hf Dy, Dyy1) ™"
j=2

k=2

/ /
H (Dz,...,Dr; "261,...,7“6”) H (Dg,...,D;; "2,61,...,”’"6*—1> . (42)

€2 er €5 el

Also Hilbert symbols arise from the factorizations of d; and D; in (22). We have
(diydj)s = (ei, e5)s(€, €5)s(ei, €))s(€; €5) s

and similarly for (e;e}, D;D})s.
Finally, we collect the residue symbols that arise in (40) and (42) that are inde-
pendent of x;, x}. Call this quantity e. Then

r—1
HHf e, ek Hf )f(ej1,D;) " flej, D) [ [ F(Dr, Desn) ™ x
k=1 (=1 k=2
H(el, e})s (e, e; SH ej, D})s(€}, Dj)s. (43)
1<J
By contrast,
r r—1
E(Ch s Cr) (o C;):Hf(ciaoi)Hf<Cj7Cj+l) f(C, Cy) Hf C;, C;CL).
i=1 j=1
Since C;C7 o= Dij_jlej, using the properties (39), rearranging and cancelling

terms, and recalling that Dy = 1, so f(D1,a) = f(a, D) =1 for all a, gives

r—1 r

€(C1ysCr)(ClonCL) = f(DremDrer)HHf(DjekyDjD;-:leD
J=1 k=
r r—1 r k
= Hf(Dj>Dj)Hf(DkaDk—i-l)_lHHf(ekan)

j=2 k=1 (=1

fo (D;,e;)f(ej_1, D;)~. (44)
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But by the reciprocity law (15) we have f(A, B)(A, B')s(A",B)s = f(B,A) for all
A, B, A", B" as above. Comparing (43) and (44) we have € = ¢¢,,...c,),(c;....cr)- This
completes the proof of Theorem 3. O

8 Evaluation of the p-parts

In Section 2 of [12], we associated the p-part of a multiple Dirichlet series of type A,
indexed by p' = (p",...,p') to the set of all Gelfand-Tsetlin patterns with top row:
Ap=(Ly,...,L,0)=l+--+1+r....[.+1,0),

where p = (r,7—1,...,0). Thus, setting L, = 0 for uniformity of notation, we have
Li—Liy—1=1fori=1,... ;7. Let GT(A+p) denote the set of all Gelfand-Tsetlin
patterns with this fixed top row.

Given a fixed prime p of norm [p| = ¢, then we set

Her(®*,p") = Her(®™,....p";p", ..., p")

_ Z G(S)q—le(S)sl—...—Qk:T(T)sr (45)

Te GT(A +p)
k(%) =k

where the two functions on Gelfand-Tsetlin patterns,
G(T) and k(%) = (k1 (%),..., k. (%)),

will be defined presently. Let us denote the entries of the Gelfand-Tsetlin pattern as
follows

ao,0 ao,1 Qo,2 T Qor-1 Qo,r
a1 a2 aysz - aq
K I K b (46)
Qp
with ag; = Ly for 0 < 7 < 7. Then define
T
€ j = aip—ai—1y foralll <i<j<r (47)
k=j
and
qe if aj—1j-1 > @ij = Qi1
g(p=a,pi) it a1 > ai; > aiy
G = I[ ay) aiy) = ’ ’

e i—1 _e;s : —
g(p 2D w) if Ai—15-1 = Q45 > Qi—1.,5,
ifa;_1,-1 = a;j = ai_1,

(48)

(e}
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where the Gauss sums g(p®, p) are as defined in (32). Further define fori=1,...,r,

r

F(T) = (ai; — aoy). (49)

j=i

Note these are identical to the functions presented in [12], formulas (28) and (31).

We now prove that the Gelfand-Tsetlin pattern description of Hgr given in (45)
satisfies the same recursion at prime-power supported coefficients as the one asserted
in Theorem 1 for the coefficients of Eisenstein series H. To do this, we parametrize
the set of Gelfand-Tsetlin patterns with top row A+ p by pairs (7, GT'(A+p, 7)) with
7 of form

Ls L,

LT+1
20
Lr-i—l + t’r } ( )

(i.e. given by a choice of vector (ti,...,t,) satisfying certain inequalities) and let-
ting GT(A + p,7) denote the set of patterns of rank r — 1 with fixed top row
(Ly + t1,..., Ly + t,—1, Lyy1 + t.). Our proofs will use induction on the rank r.
To emphasize the dependence on the rank, let k=2 (%) be the function k(%) defined
above with respect to the rank r — 1 pattern and similarly for GU=Y. In order to
behave well with respect to induction, we number the components for k(”_l)(‘}Z) by

@), kK@),

__ L, Lo .
N Lo+t L3+t L, +1t_;

Proposition 4 Let 1 = (Iy,...,1.) and k = (ky,..., k) be r-tuples of non-negative
integers. Then

Hor(p*p)= ). GEI)=

T e GT(A + p)

k(T) =k
r I lo I
(i—l)tiz <ﬂ>(&) (p &, pTc  PTUG
q . S\t
t1,...,tr =1 Cly...,Cpr p1 p pl p2 p

0<t; <Lj—Lj c; mod pti

ti+- -+t =k u; : ciu; = 1 mod phi

X HGp D (phetemt L phete plattitte | pletteaty (57

)

Here we understand that the lower rank HgT_l)( ;.

the exponents l; +t,_1 —t; <0 fori=2,...,r.

Cyplittieittio ) = 0 if any of

Proof We begin by rewriting each of the Gelfand-Tsetlin patterns T with top row
A+ p and k(T) = k in terms of pairs (7,%’) where 7 consists of two rows as in (50),
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and ¥’ is a pattern of rank one less with top row matching the bottom row of 7.
As defined in (49), the condition k(%) = k implies that row sums in T, and hence
row sums in the corresponding 7 and ¥, are fixed. More precisely, one immediately
checks that in 7, t; +--- 4+ ¢, = k; and

E(T) = k") 4ty 4+t fori=2,...r

Hence we may write

S oam- % [H 7<a1,j>] S )

TeGT(A+p) ti, ..y te << T e GT(A+p,7)
k(T) =k 0<t; <Lj—Lj1 Er=D(T) = k(r=D
ti4 et =k
(52)
where a, j = L1 +t; and kKUY = (ky —ty — -+~ —t,,... .k, — t,). The summation

conditions on the t; guarantee the second row entries of T interleave, but it may
still happen that two adjacent second row entries a;;_; and a;; are equal. Then
according to our definition of v(a; ;) in (48), v(az;) = 0 and hence G(¥) = 0. To
show the right-hand side of (51) is also 0 in this case, note that the definition of
T implies that if a1 -1 = A15 then t]'_l = O, tj = Lj — Lj_|_1 = lj +1 and hence
l; +t;—1 —t; = —1, so we understand HgT_l) to be 0 as noted in the statement of
the proposition. Henceforth, we may assume the entries a; ; are strictly decreasing
forj=1,...,r.
Returning to (52), we must show that

o) = [ X - Y %

1<<r c1 mod p't ¢r—1 mod ptr—1 ¢ mod ptr
ciu1 =1 mod p'* ¢ jur_1 =1 mod pir-1

(CTI) (CZ ) ¥ <plltcl gy p—““iﬁ)
p pr p p* pr

which is an exercise in elementary number theory. We give an outline leaving the
details to the reader. If ¢, = 0, then both the additive and multiplicative characters
in terms of ¢, are trivial as is the sum over p'", corresponding to the fact that
v(a1,) = 1in this case. If t, > 0 then we rewrite the inner sum via the automorphism
¢, — ¢,_1¢,. Note that the multiplicative character modulo p'r—! guarantees that the
sum is only non-zero when ged(c,_1,p) = 1. In this case, the inner sum contributes
g(p', p'*) again matching the contribution y(a;,). One may then repeat this case
analysis for each successive sum with the substitution ¢; — ¢;_1¢; to obtain the
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above identity. Note that in the ith sum, the modulus of the multiplicative character
associated to ¢; will be pli™ T after successive changes of variable. Though the
ith sum remains over ¢; modulo p', we may express the contribution of this sum as
a Gauss sum with modulus p'** by borrowing g¢'+17* from []/_, ¢""V% and
rewriting the additive character accordingly.

Hence we may rewrite the right-hand side of (52) as

: L lo Iy
I DY g) (cr> (p a pPuies w)
q e 77/) + 4+ 4
t1,...,t =1 c (ptl ptr ptl pt2 ptT

1y-++5Cr
ti et =k ciu; = 1 mod pti

0<t; <Lj—Lj ¢; mod pti

> Gr=D(%)

Te GTA+p,7)
k(”'*l)(‘Z) = (k}2 —to— - —tp,. .. ke _tT)

To finish the proposition, note that (L; +¢,-1) — (Ljs1 +t;) — 1 =1; +t;_1 — t;, s0
we may rewrite the inner sum above as

Hg;l) (pk27t27"'7t'r’ . 7pkr*tr;pl2+t17t27 . 7pl'r+tr71*t'r)’
and substitute the result into the right-hand side of (52). O

As a consequence, we establish the following determination of the p-part of the
Whittaker coefficients in terms of Gelfand-Tsetlin patterns.

Theorem 4 Given any r-tuples of non-negative integers 1 = (ly,...,1,) and k =
(k1,..., k) and any fized prime p, we have

Her(p*,p') = H(p", p"),
where H(p%, p') is as defined in Theorem 1.

Proof The proof follows from the above proposition, since the reader can immedi-
ately check this recursion for Hgr is identical to that of H given in Theorem 1, with
d; = p¥ and n; = p'i. Moreover, the two descriptions agree at prime powers in rank
1 as both produce a single Gauss sum, and this uniquely determines a solution to
the recursion. U

Combining this result with Theorems 2 and 3 we conclude that the m-th Whit-
taker coefficient of the metaplectic Eisenstein series is a multiple Dirichlet series of
the form (1) whose coefficients H may be computed using Gelfand-Tsetlin patterns
as descibed in [12]. This establishes Conjecture 2 of [12].
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9 Gelfand-Tsetlin Patterns and Crystal Bases

In what follows, we demonstrate that the two definitions of our p-parts of H, pre-
sented in terms of Gelfand-Tsetlin patterns (in the preceding section) and crystal
graphs (in Section 2), agree. A more extensive discussion of this matching and the
combinatorial connections to crystals, Gelfand-Tsetlin patterns, and tableaux can be
found in [9].

Given a semisimple algebraic group G, Littelmann [25] associates to any irre-
ducible G-module V) of highest weight A a combinatorial model for the crystal graph
B, of V), (or more properly the corresponding simple module for the quantum group
U,(Lie(G))) described in the introduction and Section 2. In this combinatorial model,
the basis vectors of By are parametrized by BZL patterns associated to a reduced
decomposition ¥ of the long element w, of the Weyl group. However, Littelmann’s
model differs from the one presented in Section 2 in one way. He uses Kashiwara
raising operators e; to the highest weight vector (applying them as before in order of
simple reflections appearing in X), whereas we use lowering operators f; to the lowest
weight vector, which we find more compatible with the description of our resulting
Dirichlet series.

In particular Littelmann shows that the integer sequences comprising the BZL
patterns for all elements of the crystal base of V), regarded as integer lattice points
in R” where v is the number of positive roots, are integral points of a polytope
P,. For particular “good enumerations” ¥ of the long element wy, the inequalities
describing this polytope (in terms of the group G, enumeration X, and the highest
weight \) are given explicitly. Good enumerations of wy are associated to a sequence
of Levi subgroups G D Ly D --- D L, =T, where the Levi subgroups correspond to
so-called braidless fundamental weights; see Section 4 of [25] for this definition.

In Section 5 of [25], Littelmann gives an explicit description of the highest
weight polytope Py for irreducible SL(r 4 1)-modules using the enumeration wy =
s1(8281) -+ - (SSr—1 -+ - 51). We require an explicit description for a different good enu-
meration, so we outline the proof briefly in the following result. For ¢ € R%’"(’”“), let
A(c) denote the filling of a triangular array with » rows and r columns from bottom
to top and in each row from right to left. For example,

c=(1,3,2,5,...) — A(c) = [2]3

We further identify A(c) with (¢;;), 1 <i < rand 1 < j < r+1—i where ¢; ; denotes
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the jth element in the ith row down, as usual. Thus, columns in A(c) correspond to
the same simple reflection.

Lemma 3 Given the good enumeration of the long element
Wo = Sp(Sr_18r) -+ (S182++ ), (53)
for the Weyl group of SL(r + 1), and a dominant weight
A= M€+ -+ A€, € fundamental weights

then the integral points of the polytope Py (parametrizing the crystal base of the
highest weight module V) consist of all sequences formed from triangular arrays
A = (¢;j) which are non-negative and weakly increasing in rows and bounded above
by the inequalities (for all1 <i<rand 1 <j<r+1—1)

Cij S Arpi—j = Arpa—j + 8(Cij-1) = 2s(cima) + 5(ci1441) (54)
where s(c; ;) = 22:1 crj and we understand ¢;; =0 ifi+j >r+1,i=0, or j =0.

This follows easily from results in Littelmann’s paper, using Theorem 4.2 in [25]
to show the ¢; j are weakly increasing in rows (i.e. are members of a cone in R"("1)/2)
and Proposition 1.5(b) to demonstrate the upper bound inequalities in (54) coming
from the highest weight vector .

Now we define the following bijection between the Gelfand-Tsetlin basis and the
BZL patterns (using raising operators e;) associated to the enumeration in (53), both
associated to a highest weight representation V) of highest weight .

Lemma 4 The map [ from Gelfand-Tsetlin patterns {(a;;)} with top row A\ =
My ooy Ag1) = (L + -+ 1, ..., 1.,0) to Littelmann patterns (c; ;) with highest
weight X defined by

T

Cij = Z (awC — ai—l,k) fOT all 1 < 1 < T, 1 < j < r+1—z1 (55)
k=r4+1—j

is a bijection. Here the labeling for Gelfand-Tsetlin patterns is as in (46).

Note that the right-hand side of (55) is €;,1—; with e;; as defined in (47). In
short, the entries of the Littelmann pattern are precisely the data used in the defi-
nition of G(%) in (48). It is easy to check that the inverse map is then

7
Qij = Aj+1 + E (Chat1—j = Cha—j) -
k=1
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As an example for SL(5), observe that

9 7 4 1 1[3]3]4]
T = 9 5 2 o Ale) = 214
8 2 013
3 1]

Proof To verify that 3 gives a bijection, we must show that the resulting c; ; satisfy
the polytope inequalities listed in Lemma 3. First note that ¢; ; < ¢; j41 since

T '
Cij+1 — Cij = g (ai,k - ai—l,kz) - E (ai,k - ai—l,k) = Qjr—j — Aj—1r—j >0
k;:r—j k=7’+17j

according to the interleaving rules for Gelfand-Tsetlin patterns. Further, note
Cij < Arp1j = Arga—j +8(Cij-1) = 2s(cim1) + 8(ci1541)

since the interleaving rules of the Gelfand-Tsetlin pattern imply a;,4+1-; < @j—1,—;
so that

Cij S Qimlp—j — Qi—1p41—j T Cij1-

Using the inverse map to the bijection, the right-hand side can be rewritten:

—

i—1 i—

A1 = Ao+ ) (Cejur — rg) = > (Chj = Crjo1) + Cijor,
k=1 k=1
which, upon substitution, gives the desired upper bound on ¢; ;. Il

Proposition 5 Forv € Byy,, let T be the Gelfand-Tsetlin pattern such that BZL(v) =
B(%). Then
G(%) = G(v),

where G(%) is defined in (48) and G(v) is defined in Section 2.

Proof We first note that the set of all BZL patterns for a crystal graph By made
with the decomposition of the long word (53) and raising operators to the highest
weight vector are identical to those BZL patterns for By made with decomposition

wo = $1(8251) +++ (848017 51),
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and Kashiwara lowering operators to the lowest weight vector. This latter recipe is
used in Section 2, where the decomposition is labeled 5.

Indeed, the two descriptions can be related as described by Lenart in Proposition
2.3 of [24] (which is a recasting of Proposition 7.1 in [26]). There exists an involution
ny on the crystal graph By such that 7, maps the highest weight vector to the lowest
weight vector, and for which

m(ei(v)) = fi-(m(v)),

where the 7* indicates the root operator corresponding to the root —wg(a;) = ay41-;.
(This map 7, was shown by Berenstein and Zelevinsky [3] to coincide with the
Schiitzenberger involution on tableaux in type A.) Hence, we obtain the same poly-
tope Py, and corresponding patterns (c; ;) using either recipe for constructing BZL
patterns, and so we may take the results of Lemmas 3 and 4 above, initially applied
to BZL patterns obtained from raising operators to the highest weight vector, to
hold for the BZL patterns used in Section 2.

The definition of the bijection § in Lemma 4 guarantees that the entries of
BZL(v) will match the e;; as defined in (47). To see that the decoration rule
corresponds to the cases in (48), note that under the bijection, a;; = a;_1; if and
only if ¢; ,11-; = ¢;»—;. The latter condition implies that ¢; .1 is circled, and so the
component y(a; ;) of G(¥) in (48) matches the component of G(v) in (7). Similarly,
a;j = a;—1 -1 if and only if the inequality (54) for ¢;,11—; is sharp (which implies
that ¢; 11—, is boxed) and the cases in (48) and (7) again match. O

Proposition 6 Let v € By, correspond to the Gelfand-Tsetlin pattern T under
BZL(v) = B(%), and let wt(v) = p. Then, with k(%) as in (49),

k(%) = (ki,...,k,) where the k; are defined by Z ki = X+ p —wo(p), (56)

=1

with «; the simple roots. That is, the bijection 3 takes Gelfand-Tsetlin patterns €
contributing to Har(p®,p') to BZL patterns BZL(v) contributing to H(p*,p') as in
(3). Hence,

Hor(p*,p) = ), G(v),

RS B)\+p
wt(v) = p

with G(v) as defined in Section 2.
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Proof Recall that the k; appearing on the right-hand side of (56) are equal to the
column sums » 7, ¢;,41-; in BZL(v), according to (6). By the definition of £ in

Lemma 4,
T

J j T
Z Cipr+1—j = Z Z (Gig — ai—1p) = Z (ai,j - Go,j),
i=1 i=1 k=j i=j

so that column sums in BZL(v) indeed match the definition in (49). The resulting
identity for Hgr in terms of the crystal graph and the function G(v) follows from
this identification of k(T) together with Proposition 5. O

Because Hgr was shown to match the function H given in the Whittaker coef-
ficient of Theorem 1 in the previous section, this at last confirms the description of
the Whittaker coefficients of the metaplectic Eisenstein series as multiple Dirichlet
series whose coefficients are computed using crystal graphs as presented in Section 2.

10 Main Theorem

We end by collecting the pieces. Let N denote the standard upper triangular unipo-
tent subgroup of SL,y1, m = (my,...,m,) be a vector of nonzero S-integers, 1) be
an additive character of Fig with conductor og, and 1y, be the character of N(Fg)

Ym(x) =1 (Z mj%,jﬂ) :
j=1

Let J,.1 represent the long element wy of the Weyl group and s : G — G a section
satisfying s(g)s(h) = o(g, h)s(gh), as in Section 3. Then we have proved:

Theorem 5 Let f € 7w(sy,...,s,) be spherical at the archimedean places, and let
E}H(g) be the corresponding Borel Fisenstein series on the n-fold metaplectic cover
of SL,41 as in (20). Then the m-th Whittaker coefficient of E;ZH,

/ B (8(Jy1)8(n) () dn,
N(os)\N(Fs)

18 equal to

Z H(C’l,...,Cr;m)\lfm;f(C'l,...,C'r)

(e}
w (517...,5r) |Cl‘281"'|07«|28T

07501,...,CT€05/0§
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where W° is an archimedean Whittaker function (Section 6) and Wy, € M(S") is
given by (29). Any particular ¥ € M(Q") occurs as U, r for a suitable choice of f.
The coefficients H are characterized by the following two properties. First, they are
twisted multiplicative in both the C; and the m; (Theorems 2, 3). Second, if the C;
and m; are powers of a given prime p of og, then the coefficient H is given by

HpSp) = ). Gl),

v E B,\+p
wt(v) = p

where the sum is taken over crystal graph vertices v € Byy, with weight p such that

Y kioy = XN+ p—wo(u) and G(v) is defined in Section 2.

Proof This follows by combining Theorems 1, 2, 3 and 4 with Propositions 3, 6
and Equation (31). O

As a consequence of the Main Theorem, we obtain the analytic continuation and
functional equation of the series (1) for any ¥ € M ("), which is part of Conjecture
1 of [12]. This follows from the corresponding properties of the Eisenstein series
themselves, which were established by Moeglin and Waldspurger [29] in generality
that includes metaplectic groups. Since the Eisenstein series have functional equa-
tions, the Main Theorem could also be used to establish functional equations for
the series (1). Some additional work with the inducing data would be needed to
establish functional equations as precise as those in [10], along the lines of the rank
1 case which is treated in Section 4 of [5]. We do not carry this out here, but instead
note that an alternative proof of the analytic continuation and functional equations
has been given by the authors in [9].
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