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Abstract. In this article, we discuss that an initial-oblique derivative boundary value
problem for nonlinear uniformly parabolic complex equation of second order

Apu.z —Re[Qu,. + Aju,)] — Agu—uy =A3+G(z,t,u,u,) in G,

in a multiply connected domain, the above boundary value problem will be called Problem
O. If the above complex equation satisfies the conditions similar to Condition C’ and (1.12),
and the boundary conditions satisfy the conditions similar to (1.4)-(1.7) and (1.11), then we
can obtain some solvability results of Problem O in G.

Key Words: Initial-oblique derivative problem, nonlinear parabolic complex equations,
multiply connected domains

AMS Mathematics Subject Classification: 35K60, 35K55, 35K20

1. Formulation of initial-oblique derivative problems for second order
parabolic complex equations
Let D be an (N-+1)-connected bounded domain in the z = x + iy plane C with
the boundary I' = Zé\fzo I'; € C’ﬁ(O < pu < 1). Without loss of generality, we may
consider that D is a circular domain in |z| < 1 with the boundary I" = Z;V:o I,
where I'; = {|z — zj| =~;},7=0,1,--- N, Iy = I'ny1 ={|2| =1} and 2 =0 € D.
Denote G = D x I, in which I = {0 <t < T}. Here T is a positive constant, and
0G = 0G1 U 0G4 is the parabolic boundary of G, where 0G1,0G2 are the bottom
{2z € D,t = 0} and the lateral boundary {z € I', t € I} of the domain G respectively.
We consider the nonlinear nondivergent parabolic equation of second order

D(x, Y, 1, U, U,y Uy, Uy Uny, Uyy) — U = 0 in G, (1.1)

where @ is a real-valued function of z,y,t (€ G ), u, Uz, Uy, Ugg, Ugy, Uyy( €R ). Under
certain conditions, the equation (1.1) can be reduced to the complex form

Aouzz — Re[Quy, + Aju,] — Agu —up = As, (1.2)

where z =z + iy, & = ¥(z,t,u, Uy, Uyy, Uyz), and
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1
AO = / W‘I”U,zg (27 by Uy Uy TUL,, Tuzi)d'r = AO(Zv LU, Uy, Uy, uzi)a
0

1

Q = _2 / !pTuzz (Z, tv Uy Uzyy TUzz, Tuzf)dT = Q(Za tv Uy Uzyy Uzy, u22)7
0
1

A= —2/ Uy, (z,t,u,Tu,, 0,0)dr = Aq(2,t, u, usy),

0

1
Ag = —/ Wry(z,t,7u,0,0,0)dT = Aa(z,t,u) + |ul?,
0
As = —V¥(2,t,0,0,0,0) = As(z,1),
where o is a positive constant (see [4]).

Suppose that the equation (1.2) satisfies the following conditions, namely

Condition C. (1) AO(Z’ Uy Uy Uz, Uszs uzi)a Q(Z) Uy Uy Uz, Uszs uzi)a Al(za t,u, uz)’ AQ(Zv
t,u), As(2,t) are measurable for any continuously differentiable function u(z,t) €
C19(G) and measurable functions u., u,s € Lo(G*) and satisfy the conditions

0<d<Ag<dt, (1.4)

|Aj| < ko, j=1,2, Lp[A3,G] < k1, p > 4, (1.5)

where G* is any closed subset in the domain G.

(2) The above functions with respect to u € R, u, € C are continuous for almost
every point (z,t) € G and u,, € C, u,z € R.

(3) For almost every point (2,t) € G and u € R,u,,U’ € C,VJ € R,j = 1,2,
there is

W(Z7 t7 U, Uy, U17 Vl) - EP(Z, t? Uy Uz, U27 V2)

- ~ ~ 1.6
= Ag(V! =V?) = Re[QU' = U?)], § < Ag <457, (0

sup(A2 + ]Q|2)/1gf A3 < q<4/3. (1.7)
G

In (1.4)-(1.7), 6 (> 0), ¢ (> 1), ko, k1, p(> 4) are non-negative constants. For in-
stance the nonlinear parabolic complex equation
Urz = G(2,t, U, Uy, Uz )+ (14 [ulH)u+ uy,
2
us, /8 for |u,,|<1,
G(z,t,u, uzauzz): 222/ ’ ZZ‘_
uz;/8 for |u,,|>1,

satisfies Condition C. In this article, the notations are the same as in References
[1-8].
Now we explain the derivation of 3/4 in the condition (1.7). Let A =r iréf Az >0,

thus iréf A? = irGlf AZ/A = iréf A%/(rigf A?%) = 1/r. By the requirement below, we
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need the inequality
~ ~ 1 . ~ < 1
n =sup[(Ag — 1)*+|Q|*] < -, i.e. sup[A2 +|Q> —24¢] < = — 1,
G 4 G 4

so it is sufficient that
A2 2
Stép[ oHIQIT

sup[A3+|Q*]
r2inf A3 r 4’
G

. 2
1.e. vaf—A%<27' — 17“ = f(?“)
We can find the maximum of the function f(r) = 2r — (3r?)/4 on (0,00), due to
f'(r)y=2—(3r)/2 =0. It is easy to see that f(r) takes its maximum on (0,0c0) at
the point 7 = 4/3, and then f(4/3) = 2(4/3) — (3/4)(4/3)? = 4/3, leading to the
inequality (1.7). (see [2,4])

In this article, we mainly discuss the nonlinear parabolic equation of second order

Aotz — Re[Qua, + Aru.] — Agu —uy = Az + F(z,t,u,us), (1.8)

satisfying Condition C’, in which the coefficients A;(j = 0,1,2,3),Q of equation

(1.8) satisfy the conditions (1.4)—(1.7) and F(z,t,u,u,) satisfies the the condition:
(4) [F (2, u,uz)| < Bi(2)|uz| "+ Ba(2)|ul™, [Bj| <ko, j=1,2, (1.9)

for positive constants 1,7, kg. We can see that F(z,t,u,u,) implies the nonlinear

items.

Problem O. The so-called initial-oblique derivative boundary value problem for

the equation (1.8) is to find a continuous solution u(z,t) € C19(G) of (1.8) in G
satisfying the initial-boundary conditions

u(z,0) = g(z) on 0G1 =D

gz + b1(z,t)u = ba(z,t) on 9G,, i.e. (1.10)
2Re[A(z, t)uz] + b1(z, t)u = ba(z,t) on 0Ga,

where v is the unit vector at every point on dG9. There is no harm in assuming that

v is parallel to the plane ¢ = 0. In addition, g(2),b;(z,t)(j = 1,2) and A(z,t) =

cos(v, z) —icos(v,y) are known functions satisfying the conditions

99 + b1(2,0)g = ba(2,0) on 9G; x {t =0},

Cgc[gaarl] < k27 o

Coojaln 9G] = CO0 0, 0GL]+CL0 [0, 9G] < ko, = {br, A}, (111)
Ca a/2[b2,8G2]<k‘3, b1(z,t) >0, cos(v,n) >0 on 0Ga,

in which n is the unit outward normal vector at every point on dGa, a(1/2 < a <
1), ko, k2, k3 are non-negative constants. The above initial-boundary value problem
is the initial-oblique derivative boundary value problem (Problem O). In particular,
Problem O with the condition v = n,a1(z,t) = 1,a2(z,t) = 0 on 9G3 is the so-called
initial-Neumann boundary value Problem, which will be called Problem N. Problem
O for (1.2) with A3(z,t) =0 and g(z) =0, ba(z,t) = 0 is called Problem Oy.
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In order to discuss the uniqueness of solutions of Problem O for the equation (1.2),
we add the condition: For any v/ € R,ul(j =1,2),U € C,V € R, there is

Uz, t,ul,ul, U V)= U (2, t,u? w2, U V)

) Yz » 'z

- - . N (1.12)
= Ag(u1 —u2).:—Re[Qu,, + A1 (ut —u?), + Az (u! —u?)] on 9Gs,
where fl), Q satisfy (1.7) and A;(j = 1,2) satisfy
|Aj| <ooin G, j=1,2. (1.13)

Theorem 1.1. Suppose that the equation (1.2) satisfies Condition C and (1.12).
Then the solution u(z,t) of Problem O for (1.2) is unique. Moreover the homogeneous
Problem O (Problem Oy) of equation (1.2) with Az = 0 only has the trivial solution.

Proof. Let uj (j = 1,2) be two solutions of Problem O for (1.2). It is easy to see that
u=wu1(z,t) —uz(z,t) is a solution of the following initial-boundary value problem

Aguzz — Re[Qu.. + Asu,] — Azu —u; = 0 in G, (1.14)
u(z2,0) =0 on D,
(1.15)
% + b1(2z,t)u =0 on OG>,

where

1
A :/ Ws(za t,v,p,q, S)dT, S :u222+7—(ul _U2)227 q= u2zz+7_(u1 _u2)zza
0

1
Q:_Q/ Wq(zatvvap7Q7 S)dT,pZUQZ—{—T(Ul—UQ)Z,U:U2+T(U1—U2), (116)
0

1 1
A1:—2/ ¥,(z,t,v,p,q,s)dr, AQZ—/ U, (z,t,v,p,q,s)dr.
0 0

\
Introducing a transformation v = v(z,t) = ue B!, where B is an undetermined real

constant, the complex equation (1.14) and the initial-boundary condition (1.15) can
be reduced to the form

Agvys — Re[QVZZ + fllvz] — (1212 + B)v— v =0, (1.17)
v(z,0) =0 in D,
v (1.18)

% + bi(z,t)v =0 on 0Ga.
Let the above equation be multiplied by v, thus an equation of v2
1 - -
5[140('02)22 - Re[Q(UQ)zz - (UQ)t]

B ) 1. B (1.19)
= A0|UZ|2—Re[Q(vz)2+§A1Re(v2)z]+(A2+B)v2
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can be obtained. If the maximum of v? occurs at an inner point Py € G with
|v(Py)|? # 0, then in a neighborhood of Py, the right hand side of (1.19) > [B — ko|v?.
Moreover, we choose the constant B such that B > kg. By using the maximum
principle (see [3,4]), the function v? can not take the positive maximum in G. If v?
takes the positive maximum at a point Py € 0G4, then we have

2
10v- + bi(z, t)vZ}

5oy > 0. (1.20)

P=P,

This contradicts (1.18). Hence we derive that u = 0, i.e. u; —us = 0 in G. Similarly
we can prove the other part in this theorem.

2. A prior estimate of solutions of the initial-oblique derivative problem
of second order parabolic complex equations

Theorem 2.1. If the equation (1.2) satisfies condition C, then the solution u(z,t)
of Problem O for (1.2) satisfies the estimate

ol Gl=CRly o [[ul” Gl < My, lullyy2.a

B.5/2 8,8/2 <M, (2.1)

)
where 6(0 < ﬁ S Ct), k = k(k07klak27k3)v Mj = Mj((qu’paﬁaka) (.7 = 172) are
non-negative constants only dependent on 6,q,p, 8, k,G.

Proof. We shall prove that the following estimate holds

CH0lu, G)=C[ul"™, G] < Ms = Ms(3,q,p. 5. k. G). (22)
If (2.2) is not true, then there exists a sequence of parabolic equations

Af'uzz — Re[QMuszy + AT'us] — flglu —us = A5" in G, (2.3)

and a sequence of initial-boundary conditions

(2.4)
8—1: + b"u = b3 on 0Ga,

with {A7'}, {Q™}, {AT}, {AD}, {A?'} in G satisfying Condition C and g™, by", by’
satisfying (1.11), where {A'}, {Q™}, {A7}, {A}, {AT'} in G weakly converge to
AY, Q0 A9, Ag, AY and {g™(2)}, b7 (2, )}, b5 (2,t)} in D, OG5 uniformly converge to
g%(2), BY(2,t), (2, t) respectively, and the initial-boundary value problem (2.3)—(2.4)
have the solution u™(z,t) € CY0(G) (m = 1,2, ) such that C*[u™, G] = H,, —
00 as m — 00. There is no harm in assuming that H,, > max[k;, ko, k3, 1]. Let U™ =
u™/Hpp, it is easy to see that U™ satisfies the complex equation and initial-boundary
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conditions
AJUTE — RelQMUL + AU — A’;Um - U"=A%/H,, in G,
U™(2,0) = g"(z)/Hp on D, (2.5)
ou™

ov

We can see that the some coefficients in the above equation and boundary condi-
tions satisfy the condition C and

+b7'U™ = by'/Hyy, on 0Gs.

™o+l H, <1, LAY /H,,., G < 1,
Calg™ (2)/Hpm, D] < 1, [bS™ /Hpp| < 1.

Hence by Theorem 5.3.1, [7], we can obtain the estimates

Céi%/z[“mﬁ] < My, ™|y
in which f(0<B<a), M;=DM;(0,q,p,0,k,G) (j=4,5) are non-negative constants.
Thus from {U™},{U"} we can select the subsequences {U™*}, {U"} such that
they uniformly converge to U°, U? in G and {U[2*}, {U™*}, {U;™*} weakly converge
to UL, UL, UY in G respectively, and UV is a solution of the following initial-boundary
value problem

< M;, (2.6)

AQUY. — Re[QUY, 4 AUL, + AQUC) — U2 =0 in G,

U%2,0)=0 on D, (2.7)
9o +02U° =0 on 9G,.
ov

From Theorem 1.1, we see that U? = 0. However, from C'I’O[Um, G] = 1, there exists
a point (z*,t*) € G, such that |U%(z*,t*)|+ |UD(2*,t*)] > 0. This contradiction
shows that the estimate (2.2) is true. Moreover, by using the method from (2.2) to
(2.6), two estimates in (2.1) can be derived.

Theorem 2.2. Suppose that Condition C’ holds. Then any solution u(z,t) of
Problem O for (1.8) satisfies the estimates

C5pyalis G = Callu™™ G < Mok, [ullyz1

where (0 < f < ), k' = ki + ko + k3 + ko(Juz|" + |u|™), M; = M;(6,q,p, 3, ko, G)
(j = 6,7) are non-negative constants.

Proof. If k’f 0, i.e. kg = k1 = ko = ks = 0, from Theorem 1.1, it follows that
u(z) =0 in G. If ¥’ > 0, it is easy to see that U(z) = u(z)/k’ satisfies the complex
equation and boundary conditions

< M7K/, (2.8)

AgUsz — Re[QU., + A\U,| — AU — U, = [As + F(z,t,u,u.)] /K, (2.9)



Oblique derivative problem for parabolic equations 7

and

U(z0) =22 zeD,

(2.10)
oUu . bg(z, t)
E—f‘bl(z,t)U— e (Z,t) € 0G-,.
Noting that
Ly[As(z,t)/K, G <1, Cilg/K, D) < 1, C)0 ) [ba/K',0Gs] < 1,
and according to the proof of Theorem 2.1, we have
C’é:%/Q[U,é] < M, ||UHW22»1(G) < M. (2'11)

From the above estimates, it immediately follows that two estimates in (2.8) hold.

3. Solvability of the initial-oblique derivative problem of second order
parabolic complex equations

We consider the complex equation (1.8) namely the equation
Apuz—Re[Quy|—ur=f(z,t,u,uy), f(z,t,u,u,) =

R 3.1
= Re[Qu., + Aju;] + Agu + As + F(z,t,u,u;) in G, (3.1)

in which AO = AO(Zataua uzauzz)aQ = Q(zat7u7u27u2’z)7 Al = Al(Z,t,U,’U,z),AQ =
AQ(Z,t,U)+‘U|U,A3:A3(Z,t).

Theorem 3.1. Suppose that equation (1.8) satisfies Condition C’ and (1.12).

(1) When 0 < n,7 < 1, Problem O for (1.8) has a solution u(z,t) € C1°(G).

(2) When min(n,7) > 1, Problem O for (1.8) has a solution u(z,t) € CY(G),
provided that

Mg = L,[As,G) + C2[g, D] + C¥,, Jolb2, 0Go] (3.2)
s small enough.

(3) When F(z,t,u,u,) in (1.8) possesses the form
F(z,u,u;) = ReBju, + Ba|u|” in D (3.3)

in which 0 < 7 < 00, L,[Bj, D] < ko (< 00, p > 4,7 = 1,2) with a positive constant
ko, if 7 <1, and if 7 > 1 and Mg in (3.2) is small enough, then (1.8) has a solution
u(z,t) € CHO(G).

Proof. (1) Consider the algebraic equation for ¢
Mglk1 + ko(t" 4+ t") + ko + k3] = t. (3.4)

Because 0 < n,7 < 1, the the above equation has a solution ¢t = Mg > 0, which is
also the maximum of ¢ in (0,400). Now, we introduce a closed, bounded and convex
subset B of the Banach space C1(G), whose elements are of the form u(z) satisfying
the condition

CHOllu(z)|" ™, G] < My. (3.5)
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We choose an arbitrary function u(z) € B and substitute it into the proper positions
in the following equation and initial-boundary conditions (Problem O") with the
parameter h € [0, 1]

AOUZE - Re[Quzz} — Ut — hf(27t7u7uz) = A(Zat)7 (Zat) € G7

u(z,0) =g(2), z € D, (3.6)
gz + hbi(z,t)u = b(z,1), (2,t) € G2,

where A(z,t) are any measurable functions with the condition A(z,t) € L,(G),
p > 4, and b(z,t) is a continuously differentiable function with the condition b(z,t) €
0;72/2(8G2). When h = 0, according to Theorem 4.3, Chapter IV, [4], we see that
there exists a solution uy(z,t) € B = C’é’%m(@) N W2271(G) of Problem O°. Suppose
that when h = hg (0 < hg < 1), Problem O" for (3.6) is solvable. We shall prove
that there exists a positive constant ¢ independent of hg, such that for any h € £ =
{|h — ho| < &,0 < h < 1}, Problem O" for (3.6) possesses a solution u(z,t) € B. Let
the above problem be rewritten in the form

( Agus—Re[Qu..]—ur—hof (2, t, u,u,)
= (h—ho)f(z,t,u,u.) + A(z,t) in G,

u(z,0) = g(z) on D, (3.7)
ou
5 + hobiu= (h[) — h)bl —I—b(Z, t) on 0Go.

We arbitrarily choose a function u°(z,t) € B and substitute it into the position of u
on the right hand side of (3.7). It is easily seen that

(h — ho) f(z,t,u’ ud) + A(2,t) € L,(G),

(ho — h) ba(2,t) + b(z,t) € C) 12(0Go).

(3.8)

By the hypothesis of hg, there exists a solution u!(z,¢) € B of Problem O” corre-
sponding to
( Aguzz—Re[Quaz] —ur—ho f (2, t,u, us)
= (h— ho)f(z,t,u’,ud) + A(2,t) in G,
u(z,t) = g(z) in D,
ou

— + hobyu = (hg — h)u® + b(z,t) on G,.
\ v

By using the successive iteration, we obtain a sequence of solutions u™(z,t) (m = 1,2,
--+) € B of Problem O", which satisfy

(3.9)
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Agu™s™ — Re[Qutt | — ul ™ —ho f (2, t, ™)

2z 2z

= (h—ho)f(z,t,u™) + A(z,t) in G,

u™t1(2,0) = g(z) on D, (3.10)
8um+1
5 +hobiu™ ™ = (hg—h)b1u™ +b(2,t) on G,
14
m=1,2,---.

According to the way in the proof of Theorem 2.2, we can obtain
CHO™ ™, G) = [[u™ | < [|h — ho||[M1oCH[u™, G,
where My = M10(6,q,p, 58, k,G) > 0. Setting ¢ = 1/2(Myg + 1), we have

— 1
[[u™ )] = CH O™, G < S| [u™|| for b€ E.

Hence when n > m > N + 2(> 2), there are

[+t — ] < 27 [ut — )]

)

[eS)
[l —u™([ <27 27 |ut —uf | =27V fut ).
7j=1

This shows that || u™ —u™ |- 0 as n,m — oo. By the completeness of the Banach
space B, there exists u* € B, such that || u" — u* ||[— 0 as n — oo and u* is the
solution of Problem O" with h € E. Thus from the solvability of Problem O, we
can derive the solvability of Problem O, in particular Problem O' with A = 0 and
b(z,t) =0, i.e. Problem O for (3.1) has a solution. This completes the proof.

(2) For the case min(n, 7) < 1, due to Mg in (3.2) is small enough, from

Mﬁ[kl + k‘g(tn + tT) + ko + kg] =1,
a solution t = My1 > 0 can be solvegl, which is also a maximum. Now we consider a
subset B, in the Banach space C1(D), i.e.
B, = {u(2)|C"[u,G] < M},

and apply a similar method as before. We can prove that there exists a solution
u(z) € B, = C19(G) of Problem O for (1.8) with the constant min(n,7) > 1.

(3) By using the similar method as in proofs of (1) and (2), we can verify the
solvability of Problem O for (1.8) with the conditions 0 < 7 <1 and 1 < 7 < oo as
in (3) of the theorem.
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