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1. Introduction

The U.S. economy in recent decades has exhibited a substantial decline in the
real wage relative to productivity and large changes in the real interest rate over
long periods. This paper develops a model linking macroeconomic variables to
factor prices and income distribution. Macroeconomic equilibrium (Aggregate
Demand equal to Aggregate Supply) determines a ratio of jobs to employment,
which (in combination with balanced growth labor flow conditions) determines
the ratio of unemployed to vacancies. Given the ratio of unemployed to vacancies,
labor decisions between working as employees or as entrepreneurs and competitive
entrepreneur wage setting determine the wage rate and the interest rate.

The model developed is a variant of Nicholas Kaldor’s Keynesian model of in-
come distribution (1955-1956), in which equality between savings and investment
in full employment balanced growth is brought about by shifts between profits
and labor income instead of by fluctuations in economic activity.! In Kaldor’s
approach, income distribution is partly explained by macroeconomic phenomena,
and shifts of factor incomes are necessary to bring about macroeconomic equi-
librium. The model developed here shares with Kaldor’s model the involvement
of income distribution with macroeconomics and the simultaneous explanation of
both distributional and macroeconomic phenomena. Like Kaldor’s model, it be-
gins with the determination of a central variable by macroeconomic equilibrium,
followed by microeconomic determination of factor prices. However, the mecha-
nism linking macroeconomic equilibrium and income distribution is different. In
Kaldor’s model, full employment is assumed and an aggregate investment rate
is determined exogenously by balanced growth parameters. Assuming a greater
savings rate out of profits, income shifts between profits and labor income are
brought about by changes in prices relative to wage rates until the savings rate
equals the required investment rate. In contrast, in the model developed here, the
level of production is determined endogenously, and the savings rate is assumed to
be the same for all sources of income. All variables are real, so there is no inflation
to bring about changes in the wage rate relative to the price level. In Kaldor’s
model, there is a fixed capital to production ratio so that marginal products of
factors are not defined and do not determine factor prices. In the model devel-
oped here, there is a fixed proportions production function for output from one
worker combined with one job, but at the aggregate level marginal contributions
to production from an additional worker, an additional employer, or additional

See discussions of Kaldor’s model in Bertola (2000, pp. 400-498), Ferguson (1969, pp. 314-
322), Pasinetti (1962, 1974, p. 99), Rothschild (1993, Chapters 17-19), Skott (1989), Sattinger
(2001, pp. liii-liv) and Tobin (1989). Kaldor’s model is one of several approaches that in-
volve income distribution in a macroeconomic model (see Bertola, 2000, Sattinger, 1990, and
Weintraub, 1958).



capital are defined. Then competitive market forces determine the real wage and
real interest rate.

Table 1 shows interest rate, wage, productivity and debt variables that are
relevant in this paper. The data are for the period 1961 to 1999. The real interest
rate in column 2 is measured by the average interest rate on U.S. Treasury bonds
with maturity over ten years minus inflation as measured by increases in the yearly
average Consumer Price Index (CPI-U). The real wage is measured by average
hourly earnings in 1982 dollars for total private employment, not seasonally ad-
justed. Productivity is measured by the Major Sector Multifactor Productivity
Index for manufacturing. Column 5 is the real wage from column 3 divided by the
multifactor productivity in column 4. Column 6 shows the ratio of national debt
to output, measured by the Congressional Budget Office as the ratio of national
debt held by the public to Gross Domestic Product. There are alternative ways
of measuring these variables, but the major patterns are unlikely to be affected.

The data show substantial changes in factor prices over long periods of time,
with no indication that they are returning to an earlier equilibrium level. The real
interest rate lies between two and three percent in the first half of the 1960’s, falls
below one percent (and often goes negative) from 1973 to 1980, rises to between
five to eight percent between 1982 and 1987, and falls back to a range of three to
five percent from 1988 on. As the real interest rate falls, the real wage rises from
below seven in 1961 to levels above eight from 1970 to 1979. Then as the real
interest rate rises from below one percent to a 17 year period above 3 percent,
the real wage falls to a level below 8. These changes are not part of business
cycle stories describing fluctuations around a long run equilibrium. The long run
changes in the real interest rate and wage rate could potentially be explained by
the episode of inflation in the 1960’s and 1970’s but only by abandoning views that
the effects of inflation on factor prices end less than a decade after stabilization of
monetary growth. Productivity also does not explain the long run and substantial
changes. Increases in productivity should raise both the real interest rate and the
real wage. However, the real wage declines relative to multifactor productivity, as
shown in the ratio in Column 5, from 1978 on. Use of output per hour instead of
multifactor productivity would result in even steeper declines in the ratio of wages
to productivity. Imperfections in the measurement of productivity cannot be the
explanation for the observed long run behavior of factor prices since real interest
rates and real wages move in opposite directions. Other explanations are possible
(e.g., capital-skill complementarity) and cannot be ruled out by these data. This
paper proposes an explanation based on the link between the macroeconomic
sector and microeconomic determination of factor prices.

The stylized facts concerning long run relationships to be addressed by the
model developed here are as follows. Over the period 1961 to 1999, the real



interest rate declines, increases substantially and then declines to a level greater
than the start of the period. The real wage relative to productivity is roughly
inversely related to the real interest rate, rising and then declining. These patterns
occur contemporaneously with a decline in the ratio of national debt to output
from 1961 to the 1970’s, followed by increases. While the effect of budget deficits
on the interest rate are well known, this paper focuses on the ratio of national debt
to output in balanced growth and its effects on both the real interest rate and the
real wage rate. In the model that will be developed, balanced growth of a greater
national debt absorbs more savings, reduces the ratio of jobs to employment and
raises the ratio of unemployed to vacancies, which then reduces the real wage rate
and raises the real interest rate.



Table 1: Factor Prices and Debt
3 4

1 2 5 6
Year Real Interest Rate Real Wage Productivity Wage/Productivity Debt/Output
1961 2.90 6.88 68.9 .999 44.9
1962 2.95 7.07 71.6 987 43.6
1963 2.70 7.17 73.6 974 42.3
1964 2.85 7.33 75.7 .968 40.0
1965 2.61 7.52 7.7 .968 37.9
1966 1.75 7.62 78.0 977 34.8
1967 1.75 7.72 77.5 .996 32.8
1968 1.06 7.89 79.9 .987 33.3
1969 0.62 7.98 80.5 991 29.3
1970 0.88 8.03 79.2 1.014 27.9
1971 1.34 8.21 81.4 1.009 28.0
1972 2.43 8.53 84.4 1.011 27.4
1973 0.10 8.55 85.9 .995 26.0
1974 -4.02 8.28 81.3 1.018 23.8
1975 -2.12 8.12 78.9 1.029 25.3
1976 0.98 8.24 81.7 1.009 27.5
1977 0.56 8.36 82.9 1.008 27.8
1978  0.29 8.40 83.6 1.005 27.4
1979 -2.56 8.17 82.7 .988 25.6
1980 -2.69 7.78 81.3 .957 26.1
1981 2.59 7.69 81.9 .939 25.8
1982  6.03 7.68 83.3 .922 28.6
1983 7.64 7.79 85.2 914 33.0
1984 7.69 7.80 87.8 .888 34.0
1985 7.15 7.7 89.2 871 36.4
1986 6.24 7.81 90.7 .861 39.6
1987 5.03 7.73 93.5 827 40.6
1988 4.88 7.69 95.2 .808 40.9
1989 3.79 7.64 93.4 818 40.5
1990 3.33 7.52 93.3 .806 42.0
1991 3.96 7.45 92.4 .806 45.4
1992  4.52 7.41 94.0 788 48.2
1993 3.46 7.39 94.9 779 49.5
1994 4.81 7.40 97.3 761 49.4
1995 4.14 7.39 99.2 .745 49.2
1996 3.80 7.43 100.0 743 48.5
1997 4.37 7.55 103.5 729 46.0
1998 4.09 7.75 106.3 729 42.9
1999 3.93 7.86 109.4 718 39.7



The outline of the paper is as follows. All variables in the model are real,
including the wage and interest rates. Section 2 develops Aggregate Supply from
a matching model of production. The model is referred to as the Kaldor matching
model to distinguish it from the original Kaldor model with unequal savings rates.
There are three forms of income: labor income from wages (plus transfers from
the government), entrepreneurial income, and interest from either ownership of
capital needed for production or ownership of national debt. Workers meet en-
trepreneurs with jobs in a market with frictions, with the number of matches
per period determined by a matching function. Individuals who enter the la-
bor market choose between being workers and being entrepreneurs offering jobs
to workers. Equilibrium selection of occupation determines an inverse relation
between the wage and the interest rate. Output is determined by the level of
employment in balanced growth equilibrium times output per match. Section 3
presents the macroeconomic sector, including the government, and determinants
of macroeconomic equilibrium. The major theorem is that macroeconomic equi-
librium determines the ratio of unemployed to vacancies. Section 4 presents the
microeconomic determination of the wage rate for a given interest rate and ratio
of unemployed to vacancies. Section 5 derives the balanced growth equilibrium.
The major result establishes the effects of the ratio of unemployed to vacancies
(determined by macroeconomic equilibrium) on the wage and interest rates. Sec-
tion 6 extends previous results on efficient levels of unemployment to consider
efficient selection of occupations and relations among taxes and unemployment
benefits that yield efficient levels of output, entry into the labor market, and se-
lection of occupations. Section 7 presents a positive analysis of the effects on
factor prices of government variables, including the ratio of debt to employment,
taxes on different types of income, and unemployment benefits. Section 8 presents
an alternative analysis of the effects of macroeconomic variables on worker asset
values (the present discounted value of being unemployed in the labor market).
While some results concerning wage rates are qualified in Section 4, analysis in
terms of worker asset values are unambiguous. Extensions to the model are de-
scribed in Section 9, including a neoclassical production function, a savings rate
that depends on the interest rate, and Nash bargaining determination of the wage
rate. Section 10 presents conclusions.

2. Aggregate Supply

2.1. Production

Production at the rate of p per period arises from a fixed proportions production
function when a worker is matched with a job offered by an entrepreneur. The job



requires k units of capital. The capital depreciates at the rate 6 when production
is taking place so that the entrepreneur must replace capital at the rate 6k as
production occurs. Matches break up at a rate of v per period, the same for
all matches. Matches are formed at a rate determined by a matching function
M(U, V), where U is the number of unemployed and V' is the number of vacancies
in the labor market (see Pissarides, 2000, pp. 6-7, for a discussion of the matching
function and Yashiv, 2000, for estimations). The matching function is assumed to
have constant returns to scale in U and V' and be an increasing, concave function
of its arguments. As a result of the assumption of constant returns to scale, the
rate of formation of matches per vacancy is M(U,V)/V = M(U/V,1). Let 6 =
U/V and let m(0) = M(0,1). Then the rate at which unemployed workers get
matches is M (U, V) /U = m(0)/6.

Let L be the total number of individuals in the labor market, either as workers
or as entrepreneurs. Let J be the number of jobs and let E be the number of
matches between workers and jobs. Assume each entrepreneur can manage N
jobs. With these assumptions,

U = L-—E-J/N, (2.1)
V = J-E

In a balanced growth steady state equilibrium, L, E, J and # must satisfy

% _ —#(L — E— J/Ny) +~E + pL — pJ/N, (2.2)
= p(L—E—J/N))

v

— = O~ E)+7E+pJ = p(J ~ E)

The conditions require that unemployment and vacancies grow at the balanced
growth rate of p. In the first line, unemployment declines by the match rate for
unemployed workers times the number of unemployed and increases by the rate
of match break-ups and balanced growth additions to the labor force seeking
employment. This rate of change equals the growth rate times the number of
unemployed. In the second line, vacancies decline by the match rate for vacancies
times the number of vacancies and increases by the rate of match break-ups and
balanced growth increase in jobs. This rate of change equals the growth rate times
the number of vacancies. In a balanced growth equilibrium, the unemployment
and vacancy rates depend on the rate of growth of the economy, p, since new
workers enter as unemployed and new jobs enter as vacancies. Solving 2.2 for J
and F in a balanced growth equilibrium yields:

E (L+0N;)(y+p)+ (14 Nj)m(9)

(2.3)

6



(v + p+m(8)NsL
(14+0N;) (v +p) + (1 4+ Ny)m()

Although there is no substitution among workers, entrepreneurs and capital
in the production function, a given level of employment E can be achieved with
different combinations of workers and jobs. This is possible because unemployed
workers and vacant jobs are substitutes in the production of matches through the
matching function.

J

2.2. Workers

Workers move back and forth between employment and unemployment according
to a two-state Markov process with transition rates m(6) /0 and «y. Let Wy and W
be the asset values for an unemployed and an employed worker, respectively. These
are the present discounted values of future benefits of working and unemployment.
The asset values satisfy

Wy = (1 —tw)b+ (m(6)/0)(Wy — W) (2.4)
TWE = (1 — tw)w + ”}’(WU — Wv)

where r is the discount rate, b is the level of unemployment benefits, ¢,, is the tax
rate for wages and unemployment benefits, and w is the wage rate. The discount
rate is assumed to be the same for all workers and entrepreneurs and equal to the
interest rate in the economy. It is possible to solve the system in 2.4 for Wy to
yield

I e m(6)/6
vy +r+m(0)/0 v +7r+m(0)/0
The flow of asset value Wy is therefore a weighted average of the benefits while
unemployed and employed, with the weights differing from the unemployment
and employment rates because employment is discounted from the future for an
unemployed worker (Sattinger, 1985, pp. 11-12).

(1—tu)b+

rWy (1 —ty)w (2.5)

2.3. Entrepreneurs and Jobs

Jobs move between being vacant and being filled according to a two-state Markov
process with transition rates m(#) and . Let Wy and Wy be the asset values for
a vacant and filled job, respectively. The asset values satisfy

TWV = —(1 — tp)Tk + m(@)(WF - Wv) (26)
Wr = (1—t,)(p—w— 6k —rk)+~v(Wy — Wg)

where ¢, is the tax rate on entrepreneurial profits. The entrepreneur pays interest
on the capital £ when the job is vacant but receives a tax benefit from the loss.

7



When filled, a job generates entrepreneurial profits at a rate equal to the rate
of production p, minus the wage rate w, minus depreciation dk, minus interest
payments rk. As a minimum requirement for matches to occur, output is assumed
to cover depreciation, interest payments, and the minimum wage necessary to
exceed unemployment benefits:

p—0k—rk—0>0 (2.7)
The system in 2.6 can be solved for the flow of asset value rWy :

m(6)

Wy = — "
v v+ r+m(0)

(1—t,)(p—w—6k) — (1 —t,)rk (2.8)

2.4. Supply of Workers and Entrepreneurs

Individuals in the labor market are assumed to choose between being workers or
entrepreneurs according to which yields the greater asset value, Wy or Wy Ny,
where NN; is the number of jobs an entrepreneur can supervise. The condition for
individuals’ equilibrium selection between being workers or entrepreneurs is that
they should be indifferent between the two activities:

Wy = Wy N, (2.9)

This will be referred to as the Equilibrium Selection Condition. This condition
can be solved for the wage rate at which it is satisfied:

W — N;® ((p— 0k —rk)m(8) — rk(y+r)) — bO(y +r)
m(f) (N;® +1)

(2.10)

where

1=t (y+7)0+m(0)

S 1—t, y+r+m()
The number of individuals in the labor market, either as workers or entrepre-

neurs, is assumed to be an increasing function of the flow of asset value rW.

By 2.9, this is the same value whether a person is seeking employment or is an

entrepreneur. Suppose the number of individuals in the labor market, L, is given
by

) (2.11)

L= (Lo)pt(’l"WU)a (212)

where p is the rate of growth of the population, ¢ is time, and « is a parameter
between zero and one. (The functional form of the labor supply function in 2.12
plays no role in the determination of the equilibrium values of 6, w and r, as
will be seen in following sections.) For a constant value of rWW;, the number of
individuals in the labor market will grow at the rate p per period.

8
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Figure 2.1: Equilibrium Selection Condition

2.5. Wage and Interest Rates Satisfying the Equilibrium Selection Con-
dition

Aggregate supply, AS, is given by production, Ep. For a given ratio of unemployed
to vacancies, 6 (to be determined from macroeconomic equilibrium), different
combinations of wage and interest rates will satisfy the equilibrium condition for
selection between workers and entrepreneurs in 2.9. The relationship between the
wage rate and the interest rate satisfying the Equilibrium Selection Condition in
2.9 for a given value of 6 are shown in Figure 2.1, using a particular matching
function and parameter values.? A higher interest rate, which by itself dispro-
portionately lowers Wy, relative to Wy, must be accompanied by a lower wage
rate so that Wy continues to equal Wy, N;. The different combinations of r and
w satisfying 2.9 yield different levels of rWy.

To this point, assumptions have not been made that completely determine
factor payments w and r. Those assumptions will be introduced in Section 4 on
wage adjustment and will limit the combinations of w and r that will be observed
in equilibrium. The next section considers macroeconomic equilibrium and the
determination of the ratio of unemployed to vacancies, 6.

’Figure 2.1 assumes that p=1,k=2,§ =.02,y=.03,b=.12, Ny =4, and ¢, = t, = .1.
The figure further assumes that the matching function is given by m(6) = 6/(1 4+ 6) and that
macroeconomic equilibrium (to be discussed in the following section) determines § = 1. This
matching function is based on M(U,V) = UV/(U + V), which is a Constant Elasticity of
Substitution function with elasticity of substitution equal to one-half.



3. Macroeconomic Equilibrium

3.1. Government

The government taxes labor income, entrepreneurial income and interest income
at potentially different tax rates, pays interest at the rate r on the national debt,
expands the national debt at the balanced growth rate p, perhaps runs a deficit
or surplus beyond the balanced growth expansion, and distributes the residual
in the form of transfers to individuals in the economy. The government’s budget
constraint can therefore be expressed as

T+pD=rD+B+R+b (3.1)

where 7" is the amount of taxes collected, D is the national debt, B is the budget
deficit or surplus net of balanced growth changes, R is the level of transfers,
and bU is the amount paid out in unemployment benefits. In a balanced growth
equilibrium, B = 0.

Labor income consists of wages, Fw, plus transfers, R, plus unemployment
benefits, bU, which are taxed at the same rate t,. Entrepreneurial income is
E(p — w — 6k) — Jrk, which is output net of wages and depreciation when a job
is filled minus the interest cost of capital incurred whether the job is filled or
vacant. Entrepreneurial income is taxed at the rate ¢,. Interest income is given
by Jrk +rD and is taxed at the rate ¢,. Total taxes in the economy are given by

T=t,(Ew+ R+bU)+t,(E(p—w—06k)— Jrk) +t.(Jrk+rD) (3.2)
Rearranging 3.1 assuming B = 0 yields
R=T+(p—r)D—bU (3.3)
Substituting 7" from 3.2 and solving for R yields

P 1 E(w(ty —t,) + pty, — 6k) — (1 — t,)0U (3.4)
1ty +Jrk(t, —tp) + D(p —r(1 —t,) ‘

When this expression is used for R in aggregate demand, the government budget

constraint is automatically satisfied.

3.2. Aggregate Demand

Assume that the savings rate out of after-tax income is a constant s, independent
of the interest rate r. The implications of a savings rate that depends on the
interest rate will be discussed later. The savings rate is assumed to be the same

10



for all levels of income and all types of income, unlike Kaldor’s original model.
Income Y is the sum of labor, entrepreneurial and interest income:

Y=Ew+bU+ R+ E(p—w-—>06k)— Jrk+ Jrk +rD (3.5)

Aggregate Demand, AD, is then the proportion of after-tax income that is not
saved, (1—s)(Y —T), plus depreciation, Edk, plus investment needed for balanced
growth, pJk :

AD =(1—-35)(Y =T)+ Ebék + pJk (3.6)

Substituting R from 3.4, Y from 3.5 and T" from 3.2 yields:

AD = E((1 — s)p+ sék) + p(Jk + (1 — s)D) (3.7)

3.3. Equilibrium

Aggregate supply minus aggregate demand can be found by subtracting AD from
Ep:

AS—AD = Ep—(1—s)(Y —T)— Esk— pJk (3.8)
= FEs(p—06k)—pJk —D(1—5s)

The notable feature of this expression for AS —AD is that r, b, t,,, t, and ¢, do not
directly appear. This occurs because transfers R are the residual of government
revenues net of unemployment benefits and the savings rate s is the same for all
income types. The variables then redistribute production among income types,
all of which have the same savings rate, without affecting the difference between
aggregate supply and aggregate demand. The variables may affect Wy and L, but
E, J and D will all be proportional to L in balanced growth, so that £, J and D
are sufficient to determine AS — AD.

In macroeconomic equilibrium, Aggregate Supply equals Aggregate Demand,
so AS — AD = 0. This condition can also be viewed as stating that in balanced
growth macroeconomic equilibrium, national savings, Es(p — 6k) — D(1 — s),
equals investment, pJk. Setting AS — AD equal to zero and dividing by E yields
a condition on the ratio of jobs to employment:

J _slp—¢6k) 1-sD
E pk pk E

(3.9)

Equality between AS and AD determines J/FE because national savings (for a
given ratio of national debt to employment) depends on F while investment in
balanced growth depends on J. The ratio J/FE must exceed one for vacancies to

11



be positive. For this to occur in a balanced growth equilibrium, the following
government debt constraint must hold:
D s(p—6k) pk

et _ 1
ES 1-s 1—s (3.10)

The following lemma is a direct result of 3.9:

Lemma 3.1. Comparing alternative balanced growth equilibria in the Kaldor
matching model, and assuming the government debt constraint holds, the ratio
of jobs to employment will be greater for greater values of s and p, and will be
smaller for greater values of p, 6, k, and D/E.

Now consider the relation between the ratio of jobs to employment, J/E, and
6, the ratio of unemployed to vacancies. Divide the second equality of 2.2 by F

and rearrange to get

J v+p
—=——+41 11
E-m@) (3:11)

Since m(f) is an increasing function of @, the following lemma holds:

Lemma 3.2. The ratio of jobs to employment, J/E, is a decreasing function of
the ratio of unemployed to vacancies, 6.

Combining Lemmas 3.1 and 3.2 yields the following theorem.

Theorem 3.3. In the Kaldor matching model, the ratio of unemployment to
vacancies, 0, is determined in a balanced growth equilibrium by the condition
that Aggregate Demand equal Aggregate Supply. With the government debt
constraint holding, the ratio 0 is greater for greater values of p, 6, k, and D/E
and smaller for greater values of s and p.

In the original Kaldor model, parameters that raise investment increase the
proportion of income going to profits, out of which the savings rate is greater.
Also in that model, parameters that raise savings reduce the proportion of income
going to profits. By comparison, in this model, the parameters p, ¢, and k raise
investment and therefore require a lower value of J/E and a higher ratio §. Higher
values of s and p raise savings and have opposite effects on J/E and 6.

Although dynamics will be deferred to a later paper, an important question
concerns whether there is a mechanism that brings about macroeconomic equi-
librium. Specifically, what causes the ratios J/FE and 6 to change so that 3.9 is
satisfied? For a given value of D/FE, increases or decreases in L will not bring
about macroeconomic equilibrium. A change in L would alter J and E in the

12



same proportion, leaving # and AS — AD unaffected. However, if AS > AD,
the number of jobs could increase relative to the level of employment in response
to a fall in the interest rate that raised Wy relative to Wi. Since AS — AD is
essentially national savings minus investment, the fall in the interest rate is a
response consistent with the market for loanable funds. Even though the adjust-
ment mechanism relies on changes in the interest rate, the condition AS = AD
in 3.9 is consistent with different values of r but only single values of J/E and
6. Interest rate changes therefore provide a mechanism that ensures satisfaction
of macroeconomic equilibrium without restricting the interest rate that occurs in
equilibrium. Determination of the combination of wage and interest rate that will
arise in equilibrium will be considered in the following section.

4. Wage Adjustment

A standard assumption in the literature regarding factor price determination in
matching and search models is Nash Bargaining (Pissarides, 2000, pp. 15-18).
Based on market outcomes, workers and entrepreneurs optimally choose reser-
vation wages and profits. The surplus from a match, given by the difference
between production and the sum of the reservation wage of the worker and the
reservation profit of the entrepreneur, is then divided between the worker and the
entrepreneur, with a proportion 3 going to the worker. In the Markov processes
arising in the Kaldor matching model, the reservation values for the worker and
entrepreneur are given by rWy and rWy,, respectively. Although the Nash Bar-
gaining assumption could be applied here, it does not necessarily result in efficient
trade-offs between workers and entrepreneurs.

Instead of bargaining between workers and entrepreneurs, the wage mecha-
nism developed in Sattinger (1990) will be assumed. Entrepreneurs announce
their wages prior to a match so that no bargaining occurs (this is sometimes de-
scribed as wage posting). By offering a higher wage, entrepreneurs can attract
a higher number of applicants per period, thereby lowering the time it takes to
fill a vacancy. In response to a higher wage with an entrepreneur, the number of
applicants per period rises until the value of seeking employment with the entre-
preneur equals the value of seeking employment elsewhere in the labor market.
With this adjustment in the number of applicants as a constraint on the choice of
wage, the entrepreneur maximizes its asset value Wy, with respect to the wage. In
equilibrium, the optimal wage for an entrepreneur equals the wage prevailing in
the market, and the number of applicants per period for a vacancy equals the ratio
of unemployed to vacancies in the labor market, . The maximization problem of
the entrepreneur ensures that the entrepreneur and worker have the same trade-
offs between the wage, w, and the ratio of unemployed to vacancies, 6. This is a
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necessary condition for efficiency and eliminates search congestion in the model
developed by Sattinger (1990).

Applying this approach in the Kaldor matching model, the worker asset value
Wy offered by a particular entrepreneur can be found from 2.5 as a function
of the entrepreneur’s wage and the number of applicants per period (which is
the entrepreneur’s value of #). Setting the entrepreneur’s value of Wy equal
to the value in the rest of the labor market, the entrepreneur’s value of 6 can
be expressed as a function of the entrepreneur’s wage, the market wage, and
the market value of 6. This function for the entrepreneur’s value of # is then
substituted into the expression for the entrepreneur’s asset value Wy, in 2.8. The
optimal entrepreneur wage, as a function of the market wage and the market
value of 0, is obtained by differentiating this expression for Wy, (incorporating the
response of the entrepreneur’s value of §) with respect to the entrepreneur’s wage.
Equilibrium occurs when this derivative equals zero with the entrepreneur wage
equal to the market wage. This condition can then be solved for the wage as a
function of the market value of 6, the interest rate, and parameters of the model.
This yields a solution where the entrepreneur’s asset value Wy is tangent to the
worker’s asset value Wy in a graph of wage versus . An alternative derivation
exploits this feature of the solution by deriving the worker’s and entrepreneur’s
marginal rates of substitution between the wage and 6, setting them equal, and
solving for the wage. Applying this procedure in the Kaldor matching model

ields
' o (= AR (0) 4 Hon(®) ~ b (O) (44 mit)
m(0) (v +r+m(0) + (1 —0)m'(0)) '

This will be referred to as the Entrepreneur Optimization Condition.

5. Balanced Growth Equilibrium

With wage adjustment determined by 4.1, the balanced growth equilibrium can
be found. The solution takes the following steps.

e Macroeconomic equilibrium determines J/E in 3.9.

e Balanced growth flows between unemployed and employed for workers and
between filled and vacant for jobs in 2.2 determine 6.

e The Equilibrium Selection Condition in 2.9 determines the wage rate as
a function of r and # such that individuals are indifferent between being
workers and being entrepreneurs.
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Figure 5.1: Determination of Wage and Interest Rate

e Setting the function for the wage rate in the previous step equal to the wage
rate in 4.1 from the Entrepreneur Optimization Condition determines the
interest rate, given 6 as determined from macroeconomic equilibrium.

e With the interest rate and 6 determined, the wage can be found from 4.1.

e With r, w and 6 determined, the asset values can be calculated and labor
supply L can be found from 2.12.

e The levels of J and E can be found from 2.2 along with the unemployment
and vacancy rates.

The relation between parameters of the model in Theorem 3.3 and the wage
and interest rate can be found by considering the determination of w and r given
the value of # from macroeconomic equilibrium. Figure 5.1 shows the two relations
between the wage and the interest rate determined by the Equilibrium Selection
Condition in 2.9 and by the Entrepreneur Optimization Condition in 4.1 for a
given value of @, using the same assumptions as for Figure 2.1. While the interest
rate will be shown in this section to be unambiguously greater for higher values
of 6, the effects of # on w require qualification.

The effects of 8 on the interest rate can be found by incorporating the Entrepre-
neur Optimization Condition into the Equilibrium Selection Condition. Consider
the ratio of asset values, Wy /Wy,. With the wage determined by the Entrepreneur
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Optimization Condition in 4.1,

Wy (1 —tw) ((p = 6k)m/(6) + by + 7+ m(0) — 6m'(6))) (5.1)
Wy (L—t,) ((p— 8k —b—rk)(m(0) — 0 (0)) — rk(y +r+m'(0))

where m/(0) = dm(0)/df. In this expression, p — 6k —b—rk must be positive from
2.7. Also, the amounts m’(#) and m(6) —0m/(f) are the marginal contributions to
the number of matches of an unemployed worker and a vacant job, respectively,
and are both positive.®> Then an increase in the interest rate raises the numerator
and reduces the denominator, so that the ratio is an increasing function of the
interest rate. Equilibrium occurs when the ratio Wy /Wy equals Ny, the ratio
consistent with the Equilibrium Selection Condition.

Existence of equilibrium can be established as follows. At some positive inter-
est rate, the denominator is zero. For interest rates between zero and this interest
rate, the ratio Wy /Wy is an increasing function of the interest rate. Also, the ra-
tio Wy /Wy increases indefinitely as the interest rate approaches (from below) the
interest rate at which the denominator is zero. A solution exists if, at » = 0, the
ratio Wy /Wy is less than N;. Figure 5.2 shows the determination of the interest
rate using the same assumptions as for Figure 2.1. Equilibrium occurs where the
ratio Wy /Wy, crosses the horizontal line at N;.

Now consider how the curve shifts when 6 increases. From assumptions about
the matching function, m’(6) is a decreasing function of 6 and m(6) — 6m’(6)
is an increasing function of #. The denominator is an increasing function of 6.
For sufficiently small b, the numerator will also be a decreasing function of 6.
(The possibility that the numerator is an increasing function of 6 arises because
a higher ratio of unemployed to vacancies raises the proportion of time a worker
spends collecting unemployment benefits.) In general, however, a higher ratio of
unemployed workers to vacancies makes workers worse off and entrepreneurs better
off, shifting the Wy /Wy curve downward, so that the equilibrium interest rate
increases. This increase in the interest rate from a higher value of @ is illustrated
in Figure 5.2. Combining these results with Theorem 3.3 yields the following.

Theorem 5.1. In the Kaldor matching model with the government debt con-
straint holding and for sufficiently small b, a higher value of 6 (from greater values
of p, 6, k or lower values of s and p) yields a higher interest rate.

Next, consider the effects of # on the wage rate. When 6 increases, the curve
relating the wage and interest rate from the Entrepreneur Optimization Condi-
tion shifts down while the curve from the Equilibrium Selection Condition shifts

3Since M (U, V) has constant returns to scale, M(U, V) equals UdM/OU + VOM/dV. By
assumption, dM /OU and OM/OV are positive and homogeneous of degree zero. Then OM/OU =
OM(0,1)/90 = m/(0) > 0 and OM/OV = M(U,V)/V — (U/V)OM /AU = m(0) — m/'(6).
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up, as illustrated in Figure 5.3. The slope of the curve from the Entrepreneur
Optimization Condition depends on #. From 4.1, when 6 < 1, (1 — §)m/(0) is
positive so that an increase in r reduces w. Then the curve from the Entrepre-
neur Optimization Condition is downward sloping. When 6 > 1, (1 — 8)m/(9) is
negative and the curve from the Entrepreneur Optimization Condition is upward
sloping, and when 6 = 1, the curve is horizontal. This result is summarized in the
following lemma for future reference.

Lemma 5.2. In the Kaldor matching model, the curve relating the wage to the
interest rate (for a given ratio of unemployed to vacancies, 6) and satisfying the
Entrepreneur Optimization Condition is upward sloping if > 1, downward slop-
ing if § < 1, and horizontal if § = 1.

If 6 starts at 1 and increases, the new curve from the Entrepreneur Optimiza-
tion Condition will lie entirely below the old one. The new equilibrium wage must
lie on the new curve, so that the wage will decline as a result of the increase in 6.
By continuity, the wage will be a decreasing function of § when 6 is sufficiently
close to one. When @ is less than one, the curve from the Entrepreneur Optimiza-
tion Condition is downward sloping. Then the wage will be a declining function
of A for all € less than one, since the wage will first decline from the downward
shift in the curve for the Entrepreneur Optimization Condition (holding the in-
terest rate fixed) and then will decline further from the increase in the interest
rate (moving along the curve for the Entrepreneur Optimization Condition to the
new equilibrium). These results are summarized as follows.

Theorem 5.3. In the Kaldor matching model with the government debt con-
straint holding, a higher value of § (from greater values of p, 6, k or lower values
of s and p) yields a lower wage rate if 0 is sufficiently near one or if § is less than
one.

In Figure 5.3, illustrating the effects of an increase in 6, the wage change
needed to satisfy the Entrepreneur Optimization Condition (at the former interest
rate) is much greater than the change needed to satisfy the Equilibrium Selection
Condition (at the former interest rate). The downward shift in the curve for the
Entrepreneur Optimization Condition therefore dominates, resulting in a lower
wage rate. Although a positive relation between 6 and w is not ruled out by
Theorem 5.3, analysis of flows of worker asset values in Section 8 does not require
qualifications.
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6. Efficiency

The question of efficient levels of unemployment has been posed in the context of
search congestion (Phelps, 1972; Tobin, 1972; Diamond, 1982; Mortensen, 1982;
Pissarides, 1984). Hosios (1990) established conditions on the share of surplus
going to workers in Nash Bargaining that yield efficiency and Sattinger (1990)
described a market mechanism that eliminates search congestion and yields the
Hosios conditions. Efficient taxation has an extensive literature (see Erosa and
Gervais (2000) for a life-cycle approach).

Several approaches to conditions for efficiency are possible. In a straightfor-
ward approach, social welfare may be taken to equal the flow of output (net of
depreciation), minus the opportunity costs of participation in the labor market
and minus the opportunity cost of the capital used in the output. The flow of
output net of depreciation in the Kaldor matching model is given by E(p — 6k),
the level of participation in the labor market is L, and the capital used is Jk.
One could then compare contributions to the flow of output to opportunity costs
of participation and capital. Alternatively, one could construct a social welfare
function from the asset values of workers and entrepreneurs, and include trans-
fers, taxes and interest on capital and on the debt. One may expect the sum to
equal the flow of output E(p — 0k) since the government and employment only
redistribute the production, and the construction of the asset value equations re-
distribute the value of production between employment and unemployment, or
between filled and vacant. However, this is not the case with positive balanced
growth. Summing asset values with balanced growth includes entering workers
and entrepreneurs who experience asset values without currently producing any-
thing. It is therefore necessary to work with the flow of output, E(p — 6k).

In Diamond’s approach, conditions for efficient levels of unemployment arise
by comparing the marginal product of an entering worker with the private return
(and foregone opportunity) of an entering worker. This approach will be followed
here. In the context of the Kaldor matching model, an individual entering the
labor market could become either a worker or an entrepreneur. An increase in L
results in the long run in proportional increases in F and J, leaving 6, w and r
unaffected. While the long run consequences of an additional person in the labor
market can be easily calculated, it is necessary to consider the transition over time
to the new balanced growth equilibrium in calculating the marginal product of an
additional person in the labor market. This can be done using a result developed
by Diamond (1980). However, Diamond’s method is based on movement between
steady state equilibria with a differential equation for the economic variable that
is independent of time. This is not the case with balanced growth but a change of
variables can be used to eliminate the time variable in the differential equation,
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thereby adapting Diamond’s method to a balanced growth context.
Let h(t, E, Lo, Jo) be the rate of change of E as a function of ¢, F, Ly and Jj :

dE
. Loept — (Joe”t/Nk) —F pt
= m < Joept _ Lk (Joe — E) — ’)/E

where Ly and J; are treated as parameters and L and J grow at the balanced
growth rate p. In a balanced growth equilibrium, E will also grow at rate p
and dE/dt will equal pE. Let E = E/e*. Then dE/dt = p Eef* + e'dE/dt.
Substituting into 6.1, dividing by e”* and rearranging yields

- dE
f(EvL[)vJO) = 7 :m<

Lo — (Jo/Nk) — E

dt Jo—E

)h-B)-nB-pE (02
In a balanced growth equilibrium f(E, Ly, Jo) will equal zero. The long run change
in E from a change in Ly is (—0f/dLo)/(df /OE), holding Jy constant. In dis-
counting a future value of E in terms of E, the value is reduced by the discount
rate r but increased by the growth rate in E relative to E of p. This is accom-
plished by using a discount rate of r — p applied to E. In Diamond’s method,
the present discounted value of the movement from the original balanced growth
equilibrium to the new balanced growth equilibrium as a result of an increase in
Ly is given by:
Of /0Ly

(r—p)(r—p—0f/0F)
In the of absence growth (that is, when p = 0), an increase in Ly yields an increase
in the labor force of one individual per period indefinitely into the future, for a
present value of 1/r. Since L increases by the growth rate p, the present value
of the increase in the labor force is 1/(r — p). To obtain the marginal product
of an additional person in the labor force, it is therefore necessary to multiply
6.3 by (r — p)/r to correct for the differing amount of labor in balanced growth.
Applying this correction and multiplying by the production net of depreciation of
an additional employed person yields:

(0 /OLo)(p — 0F)

MP;, = v (6.4)
r(r—p—0f/0F)

(6.3)

By inspection of 6.2, the terms in the growth rate p will cancel out, so that the
marginal product of labor does not depend on the growth rate.
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Applying Diamond’s procedure yields:

(p — 6k)m’'(0)
r(y+r+m(0)+ (1—0)m'(9))

MP;, = (6.5)
A necessary condition for efficiency is that this marginal product equal the private
return to an individual considering entry as an unemployed worker, given by the
asset value Wy in 2.5. With the wage determined by firm optimization in 4.1,
substitution yields:

(1 —tw) ((p — 6k)m/(6) + b(y + r + m(0) — 6m’(0)))

W = (7 +r+m(8) + (1= 0)m(6)) (66)

Setting M Pr, from 6.5 equal to Wy from 6.6 and solving yields a relation between
unemployment benefits b and the tax rate on labor income, t,,, such that entry is

efficient:
tw p — Ok

1=ty +r+m(d) —0m'(0)
If this condition does not hold, a Pareto improvement is possible since current
labor force participants could compensate a marginal entrant to enter (if M P, >
Wy) or stay out (if M P, < Wy). If unemployment benefit b is zero, then t,, must
be zero for efficient entry. However, if ¢,, is positive, there exists a positive level of
unemployment benefit such that entry is efficient. The positive unemployment
benefit compensates for the distorting effects of ¢,, on decisions to enter the labor
force.

A second condition for efficiency arises from considering changes in the number
of jobs, J. If the number of jobs increases, holding total labor force participation
L fixed, individuals are shifted from seeking jobs to being entrepreneurs. An
efficient selection of individuals to be entrepreneurs requires that this net product
(equal to the present value of the marginal product of entrepreneurs minus the
marginal product of the foregone labor and the opportunity cost of capital) equal
zero. Using Diamond’s method, the net product is given by:

NPJ — (af/aJO)(p — 6@) —k (68)
r(r—p—0f/0F)
(p — 8k) (Nym(0) + (1 + N,0)m’(0))
rNy(y+r+m(0)+ (1—80)m'(0))

6.7)

—k

The conditions for efficiency carry strong implications for the determination of
economic and policy variables. Setting N P; equal to zero determines the interest

4The condition can also be interpreted as determining the ratio # that must hold when t,,
and b are positive.
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rate that must hold for efficient selection at a particular value of 6. This interest
rate does not depend on the tax rates or unemployment benefits. Substituting
the interest rate needed for efficiency into 6.5 determines a value for the marginal
product of labor. The worker asset value Wy must equal this value for efficient
entry. If there is a positive tax on labor, t,,, the unemployment benefit b must
be positive from 6.7 so that Wy stays equal to M P, and efficient entry occurs.
(That is, the combinations of b and t,, from 6.7 yield a constant value of Wy.) If
tw = 0, then b = 0. Positive values of b and t,, may leave Wy unaffected, but a
positive value of b raises the wage from the Entrepreneur Optimization Condition
in 4.1 and thereby reduces Wy,. To keep the ratio Wy /Wy, equal to Ny, the tax
on profits must be negative, i.e., entrepreneurial activity must be subsidized.

The determination of the interest rate from NP; = 0 can be understood in
terms of the increased output generated by more capital. The addition of k units
of capital allows 1/N; units of labor to be shifted from working to being an
entrepreneur for a job. With the added output generated by the entrepreneur
exceeding the foregone output generated by the 1/N; units of labor, production
increases. The efficiency condition N P; = 0 requires that k units of capital equal
the present value of this production increase.

The conclusions concerning the efficiency of the Kaldor matching model are
summarized in the following theorem.

Theorem 6.1. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model, with the government debt constraint holding. Efficient selection
determines the interest rate from 6.8 and efficient selection and entry together
determine the worker asset value when unemployed, Wy;. For a given tax rate
on labor income t,,, the level of unemployment benefit that yields efficient entry
is given by 6.7. A positive tax rate on labor income, t,, requires a positive
unemployment benefit b and a subsidy of entrepreneurial profits.

Figure 6.1 shows the unemployment benefit b as a function of the labor tax,
tw, from 6.7 using the other assumptions from Figure 2.1. Figure 6.2 shows the
efficient tax on profits as a function of the labor tax, assuming the unemployment
benefit b is also efficient. As shown, the tax on profits is negative when t,, > 0, so
that entrepreneurial activity should be subsidized for efficiency when the tax on
labor income is positive.

Although entrepreneurial profits must be subsidized for efficiency when the
tax on labor income is positive, the net tax collections can still be positive, as
shown in Figure 6.3.

SEfficient entry occurs when ¢, = b = 0 because of the efficiency properties of the Entrepre-
neur Optimization Condition.
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7. Government Policy

7.1. National Debt Ratio

Government policy takes the form of choosing a ratio of national debt to employ-
ment, tax rates, and unemployment benefit.® Implications of the ratio of national
debt to employment follow directly from the condition for macroeconomic equi-
librium that AS — AD in 3.8 equal zero or, equivalently, 3.9.7 As a result of
the conditions for macroeconomic equilibrium in balanced growth, the ratio of
national debt to employment has real effects on the wage rate and on the in-
terest rate. An increase in D/F results in a smaller value of J/E, everything
else the same. Using Theorems 3.3, 5.1 and 5.2, a smaller value of J/E yields a
higher value of 6, a lower wage (with the qualifications in Theorem 5.2), and (for
sufficiently small b) a higher interest rate. These results are summarized in the
following theorem.

Theorem 7.1. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model with the government debt constraint holding. A higher ratio of

See Fleck and Domenghino (1987) for consideration of the government sector in a Kaldor-
Pasinetti model.

"The ratio of national debt to employment, D/E, is used here instead of the empirically
observed ratio of debt to aggregate output, D/(E(p — 6k)). The two are proportional.
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national debt to employment, D/E yields a lower ratio of jobs to employment,
J/E, and a higher ratio of unemployment to vacancies, 6. For sufficiently small
unemployment benefits, a higher ratio of national debt to employment yields a
higher interest rate. It also yields a lower wage rate if 6 is sufficiently near one or
if 6 is less than one.

As a corollary to this theorem, the unemployment rate will be higher and the
vacancy rate will be lower when the ratio of national debt to employment is higher
since 6 is higher.

The ratio of national debt to employment has real effects on the wage and
interest rate because a higher ratio absorbs savings. Then macroeconomic equi-
librium occurs for a lower ratio of jobs to employment and a consequent lower
need for capital investment to maintain balanced growth. The resulting higher
ratio f generates lower wages and a higher interest rate.

The theorem treats the ratio of national debt to employment as a variable
exogenously determined by government policy, with transfers R adjusting en-
dogenously. As an alternative approach, one could treat R/E as exogenously
determined by government policy, with D/FE adjusting endogenously. The results
are equivalent, however, since a higher level of R/FE will yield a higher ratio D/ E.

Figure 7.1 illustrates the effects of the ratio of debt to employment, D/E, on
0. This figure uses the same assumptions as Figure 2.1, along with additional
assumptions affecting macroeconomic equilibrium (specifically s = .2 and p =
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.06). Figures 7.2 and 7.3 show the effects of D/E on the interest rate and wage,
respectively, using the same assumptions.®

7.2. Taxes

The tax rates ¢,, t, and ¢, do not enter into the expression for macroeconomic
equilibrium and therefore do not affect the ratio of jobs to employment, J/FE, or
the ratio of unemployed to vacancies, 6, taking as given the ratio of national debt
to employment. Also, the tax rates do not affect the relation between the wage
rate and interest rate determined by the Entrepreneur Optimization Condition
in 4.1. However, the tax rates do affect the relation between the wage rate and
the interest rate determined by the Equilibrium Selection Condition in 2.10. This
makes it relatively simple to determine the incidence of taxes on labor income
and profits since only one of the two relations shifts. At a given interest rate, the
relation in 2.10 shifts upward as a result of an increase in the tax rate on labor,
tw, and shifts downward as a result of an increase in the tax rate on profits, ¢,. An
increase in the tax rate on labor requires a higher wage so that Wy will continue to
equal Wy N, and similarly an increase in the tax rate on profits requires a lower
wage rate (at each interest rate). An upward shift in the relation in 2.10 relative
to the relation determined by the Entrepreneur Optimization Condition yields a
higher interest rate (the two curves were shown previously in Figure 5.1). The
effects on the wage rate depend on the slope of the curve from the Entrepreneur
Optimization Condition, which does not shift when either ¢,, or ¢, change. These
results, together with Lemma 5.2, yield the following theorem.

Theorem 7.2. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model with the government debt constraint holding. Comparing bal-
anced growth equilibria, an increase in the tax rate on labor income or a decrease
in the tax rate on profits yield a higher interest rate. The same tax changes yield
an increase in the wage if 0 (the ratio of unemployment to vacancies) exceeds one;
vield a decrease in the wage if 0 is less than one; and yield no change in the wage
if 6 equals one.

If the wage rate goes up when the interest rate increases, workers are not
necessarily better off in the sense that 7V, increases. Effects on asset values will
be considered in Section 8.

8In figure 7.2, the interest rate is non-positive for small ratios of D/E. Such balanced growth
equilibria, with a non-positive interest rate, would not occur if the savings rate falls to zero
when the interest rate declines to zero.

27



7.3. Unemployment Benefit

The unemployment benefit b affects the curves from both the Entrepreneur Opti-
mization Condition and the Equilibrium Selection Condition.? As a result, the ef-
fects on the interest rate will be unambiguous while the effects on the wage require
qualification. From 4.1, the curve for the Entrepreneur Optimization Condition
shifts up when b increases. From 2.10, the curve for the Equilibrium Selection
Condition shifts down when b goes up (the two curves are shown in Figure 5.1).
Both shifts contribute to a reduction in the interest rate.!”

Since the curve for the Entrepreneur Optimization Condition may slope up-
ward, the effects of b on the wage require qualification to rule out this ambiguous
case. The resulting conclusions are summarized in the following theorem.

Theorem 7.3. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model with the government debt constraint holding. Comparing bal-
anced growth equilibria, a higher level of unemployment benefits yields a lower
interest rate. A higher level of unemployment benefits yields a higher wage if 0 is
sufficiently close to one or if 6 is less than one.

Figures 7.4 and 7.5 show the effects of higher values of b on the interest rate
and wage using the same assumptions as in Figure 2.1.

8. Flows of Asset Values and Labor Force Participation

This section considers the determination of the flow of asset values for workers
and entrepreneurs in the economy. Analysis in previous sections has focused on
effects on the wage and the interest rates. Some effects on wage rates required
qualification since the net effects of changes could not be determined from shifts
in curves. Even if the direction of change of the wage is known, the flows of asset
values, Wy and rWy,, may move in contrary directions because of concurrent
changes in 0, r or other variables. Determination of whether workers and entre-
preneurs are better off as a result of some change therefore requires a separate
analysis of the flows of asset values.

Flows of asset values are used instead of the asset values themselves because the
asset values incorporate discounting of future incomes. A change that reduces the
interest rate could increase the asset value through discounting while reducing the

90Optimal unemployment benefits have recently been examined by Sattinger (1995) and
Fredriksson and Holmlund (2001).

10The decline in the interest rate from an increase in b can also be demonstrated from 5.1,
since an increase in b raises Wy /Wy . Then the interest rate at which Wy /Wy = N, declines,
as shown in Figure 5.2.
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amount an agent receives in each period. Comparing balanced growth equilibria,
an agent is unambiguously better off if the agent’s flow of asset values is greater.
Determination of whether workers and entrepreneurs are better off will therefore
be based on comparisons of flows of asset values.

Analysis of flows of asset values is undertaken using an argument based on
Figure 8.1, generated using the assumptions for Figure 2.1. The line labeled
“Equilibrium Selection” shows combinations of rWy and Wy that satisfy the
Equilibrium Selection Condition in 2.9. This line has slope N;. The curve labeled
“r Varies, # = 1”7 shows combinations of Wy and rWy, generated by varying
the interest rate, with # = 1 and the wage determined by the Entrepreneur Op-
timization Condition in 4.1. (The ratio Wi /Wy, generated by varying r in this
way appears in Figure 5.2 as the curve labeled “0 = 1”.) The equilibrium inter-
est rate occurs at A; where the curve labeled “r Varies, # = 1”7 crosses the line
labeled “Equilibrium Selection”. The equilibrium when 8 = 1.4 can be found
in two steps. Holding the interest rate fixed at the equilibrium value for 8 = 1,
varying # generates combinations of rWy and rWy, that lie on the curve labeled
“f Varies”. The combination for 8 = 1.4 lies at A,, below the curve labeled “r
Varies, 6 = 1”. This establishes that the combinations of Wy and rWy, satisfying
the Entrepreneur Optimization Condition shift downward. The new equilibrium
will occur where the curve labeled “r Varies, 8 = 1.4” intersects the “Equilibrium
Selection” line. This occurs at As, at a higher interest rate and with lower values
of rWy and rWy,. This analysis yields the following theorem.

Theorem 8.1. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model with the government debt constraint holding. Comparing bal-
anced growth equilibria, a higher ratio of unemployed to vacancies (from a higher
ratio of debt to employment) yields lower flows of asset values for workers and
entrepreneurs.

A similar analysis can be applied to unemployment benefits, using Figure 8.2.
The initial equilibrium (for b = .12) occurs at A; where the curve satisfying the
Entrepreneur Optimization Condition (labeled “r Varies, b = .12”) crosses the line
labeled “Equilibrium Selection”. Movement to the new equilibrium occurs in two
steps. With b now equal to .2, but at the original interest rate, the combination
of rWy and rWy, is at Ay. The new equilibrium for b = .2 occurs where the line
through As, labeled “r Varies, b = .2” intersections the “Equilibrium Selection”
line at As. Then the interest rate is lower and rWy and rWy, are both higher.
This analysis establishes the following theorem.

Theorem 8.2. Suppose that a balanced growth equilibrium holds in the Kaldor
matching model with the government debt constraint holding. Comparing bal-
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Figure 8.1: Effects of 6 on Asset Values

anced growth equilibria, a higher level of unemployment benefits yields higher
flows of asset values for workers and entrepreneurs.

Once the flow of asset values for unemployed workers is known, the level of
labor force participation L can be determined from 2.12. Then employment F
can be found from L and 6 and the balanced growth solution in 2.3. Since L is an
increasing function of the flow of asset value for unemployed workers, it is possible
to determine the relation between the debt to employment relation, D/E, labor
force participation L and employment E. Figure 8.3 shows these relations using
the same assumptions as Figure 2.1 (except that # now varies) and p = .02 and
s =.2.

9. Extensions

An important assumption in the original Kaldor model is that the capital to out-
put ratio is fixed so that in the absence of a marginal product of capital, the profit
share is determined at a level that yields the required savings rate. With the fixed
proportion production function assumed in the Kaldor matching model, the mar-
ginal product of capital in a match is also undefined. However, in the aggregate
economy, the addition of a job (requiring a fixed amount of capital) increases the
balanced growth level of employment and therefore has a well-defined marginal
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contribution to production. The use of a matching model does not have as its
purpose the elimination of marginal products of factors. Instead, the matching
technology is used because vacancies are well-defined (in the sense of a vacant job)
and the description and determination of equilibrium arise conveniently in terms
of the ratio of employed to vacancies. Using an alternative definition of vacancies,
it should then be possible to assume a neoclassical production function without
substantially changing basic results.

A second extension involves generalizing the savings rate to depend on the
interest rate. Then macroeconomic equilibrium would determine a relation be-
tween the interest rate and the ratio of unemployed to vacancies, instead of a fixed
value for the ratio of unemployed to vacancies. The Entrepreneur Optimization
Condition and the Equilibrium Selection Condition determine a second relation
between the two variables, r and 6. The second relation, together with the macro-
economic equilibrium, would then determine both 6 and r instead of a sequential
determination. Figure 9.1 shows the relation from the macroeconomic equilibrium
assuming savings are strongly affected by the interest rate, together with the re-
lation determined by the Entrepreneur Optimization Condition and Equilibrium
Selection Condition conditions. Specifically, Figure 9.1 assumes s = r and the
other assumptions from Figure 2.1.

With a higher ratio of debt to employment, the curve for macroeconomic
equilibrium will be higher, resulting in a higher interest rate and ratio of unem-
ployment to vacancies. This result is fundamentally the same as when s is fixed,
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but involves the simultaneous solution of two equations (from the Equilibrium Se-
lection Condition and the Entrepreneur Optimization Condition) followed by the
simultaneous solution of two more equations rather than a hierarchical solution of
6 first and then w and r from the Equilibrium Selection Condition and Entrepre-
neur Optimization Condition. The incidence of taxes and effects of unemployment
benefits proceed by determining the shift in the relation generated by the Equi-
librium Selection Condition and the Entrepreneur Optimization Condition (with
the relation from macroeconomic equilibrium staying fixed), resulting in changes
in r and 6. If, as in Kaldor’s original model, savings rates for income types differ,
the condition for macroeconomic equilibrium will involve the wage w as well as 6
and r, the tax rates, and unemployment benefits. This complicates the solution
without changing the fundamental result that macroeconomic conditions, includ-
ing the ratio of debt to employment, have real effects on the wage and interest
rates.

A third extension replaces the Entrepreneur Optimization Condition with
Nash Bargaining to determine the wage rate. Figure 9.2 shows the relation be-
tween the wage and interest rate determined by Nash Bargaining, together with
the Equilibrium Selection Condition and the alternative relation from the Entre-
preneur Optimization Condition. As shown, use of Nash Bargaining instead of the
Entrepreneur Optimization Condition does not fundamentally alter the method of
finding the wage and interest rate (given 6 determined by macroeconomic equilib-
rium), but the values differ because of the location of the Nash Bargaining relation.
Because Nash Bargaining does not yield equal marginal rates of substitution for
entrepreneurs and workers, the conditions for efficiency are affected. Specifically,
the efficient level of unemployment benefits (for efficient entry of workers) will not
be zero when the tax on labor income is zero.

10. Conclusions

The reason for the strong conclusions of this paper, including alternative wage
and interest rate combinations in balanced growth equilibrium, is the hierarchical
determination of variables in equilibrium. Competitive wage setting and equilib-
rium selection of occupation determine the wage rate and interest rate, but only
after a fundamental variable has been determined in the macroeconomic sector.
Given 6, the wage rate and interest rate are determined by the Entrepreneur Op-
timization Condition and the Equilibrium Selection Condition. However, different
values of 6 can be determined in macroeconomic equilibrium, with each feasible
value of 6 yielding a different combination of wage rate and interest rate.

In turn, the reason different values of 6 are possible is that balanced growth
expansion of national debt absorbs investment funds that would otherwise yield
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an expansion in jobs. With a higher ratio of debt to employment, macroeconomic
equilibrium occurs with a lower rate of national savings and therefore a lower rate
of national investment.

The major consequence of alternative values of 6 is that the wage and in-
terest rate are not uniquely determined by competitive conditions in a balanced
growth equilibrium. Instead, alternative combinations are possible depending on
government policy.

The ability to carry out public finance analysis and derive conclusions arises
from the structure of the model. The tax rates and unemployment benefit drop
out of the condition for macroeconomic equilibrium and do not directly affect 8, so
that endogenous adjustments in 6 do not need to be considered. Tax rates do not
affect the Entrepreneur Optimization Condition so tax incidence can be carried
out by looking at the shift in the Equilibrium Selection Condition. Unemployment
benefits affect both the Entrepreneur Optimization Condition and Equilibrium
Selection Condition but effects on the interest rate are unambiguous, while effects
on wage rates require qualification. Analysis of efficient taxes and benefits is
simplified because the condition on efficient selection determines the interest rate.
Then the marginal product of labor for efficiency can be determined. Efficient
taxes and benefits must then yield a known level of the worker asset value. A
positive tax on labor income then requires a positive unemployment benefit for
efficiency, and the tax on profits must then be negative to yield the predetermined
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ratio of worker to job asset values.

The Kaldor matching model explains the general patterns of the data in Table
1. When the debt to output ratio is relatively high (in the beginning and last
parts of the period), the real interest rate is higher and the real wage rate is lower
than in the middle period, when the debt to employment ratio is relatively low.

James Tobin (1989, p. 38) expressed three reservations concerning the origi-
nal Kaldor model. The first concerned whether factor prices could be determined
independently of their productivities. In the Kaldor matching model developed
here, factor prices are not independent of their productivities, but also are not
uniquely determined by them. Despite the presence of a fixed proportions produc-
tion function in generating output from a match, competitive behavior of workers
and entrepreneurs, reflected in the Entrepreneur Optimization Condition and the
Equilibrium Selection Condition, yields a solution in which the worker asset value
when unemployed equals the marginal product of labor (in the absence of taxes
and unemployment benefits). In general, competitive conditions determine the
wage and interest rate given 6, but alternative values of 6 yield non-uniqueness..
Tobin’s second reservation was that the consumption function could not explain
both income shares and level of output. In the Kaldor matching model, the con-
sumption function (in the form of a constant savings rate) is combined with the
Entrepreneur Optimization Condition, the Equilibrium Selection Condition, and
labor supply to determine endogenously output and income distribution in bal-
anced growth equilibrium. The consumption function is not being overburdened.
Tobin’s third reservation was that investment was wholly exogenous in Kaldor’s
original model. In the Kaldor matching model, both national savings and national
investment are endogenous. National investment can vary depending on the ratio
of jobs to employment. National savings can vary depending on the amount of
savings absorbed by balanced growth expansion of the debt.

Previous analyses of Kaldor’s original model focused on the differential savings
rates, growth factors, and the absence of marginal products as the source of the
results. This paper instead emphasizes the condition imposed on competitive
factor price determination by macroeconomic equilibrium.

The model developed here is not quite neoclassical and not quite classical.
The neoclassical content derives from the role of competitive forces in determin-
ing wage and interest rates. The departure from neoclassical models does not
arise from the use of a fixed proportions production function in a match (since
marginal products are defined at an aggregate level) but from the absence of
uniqueness. Competitive forces determine the wage and interest rate only after
determination of the particular and arbitrary ratio of unemployed to vacancies
that satisfies macroeconomic equilibrium, given the ratio of debt to employment.
The classical content derives from the possibility of alternative combinations of
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wages and interest rates. The departure from classical models arises because the
wage and interest rate cannot be determined arbitrarily but must be consistent
with competitive conditions. In method, the models also depart from classical
models in the use of equilibrium conditions disapproved of by Kaldor (1972).

This paper has only explored the balanced growth part of the link between

macroeconomics and income distribution, going from macroeconomic equilibria
to factor prices. The short run part of the link explains how changes in income
distribution bring about macroeconomic adjustment. This link is left to a later

paper.
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