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Abstract

Multiscale stochastic volatility models have been developed as an efficient way to capture the principle
effects on derivative pricing and portfolio optimization of randomly varying volatility. The recent book
Fouque, Papanicolaou, Sircar and Sglna (2011, CUP) analyzes models in which the volatility of the
underlying is driven by two diffusions — one fast mean-reverting and one slow-varying, and provides
a first order approximation for European option prices and for the implied volatility surface, which is
calibrated to market data. Here, we present the full second order asymptotics, which are considerably
more complicated due to a terminal layer near the option expiration time. We find that, to second order,
the implied volatility approximation depends quadratically on log-moneyness, capturing the convexity
of the implied volatility curve seen in data. We introduce a new probabilistic approach to the terminal
layer analysis needed for the derivation of the second order singular perturbation term, and calibrate to
S&P 500 options data.

1 Introduction

Stochastic volatility models relax the constant volatility assumption of the Black-Scholes model for option
pricing by allowing volatility to fluctuate randomly. As a result, they are able to capture some of the well-
known features of the implied volatility surface, such as the volatility smile and skew. While some single-
factor diffusion stochastic volatility models such as Heston’s [14], enjoy wide success due to the existence of
semi-analytic pricing formula for European options, it is known that such models are not adequate to match
implied volatility levels across all strikes and maturities; see, for instance, [IT]. Numerous empirical studies
have identified at least a fast time scale in stock price volatility on the order of days, as well as a slow scale on
the order of months, for example [2, B [15] [I7]. This has motivated the development of multiscale stochastic
volatility models, in which instantaneous volatility levels are controlled by multiple driving factors running
on different time scales.

A class of multiscale stochastic volatility models is analyzed in [7], where an approximation for European
options and their induced implied volatilities is derived, which can capture the overall level of implied
volatility, its skew across strike prices and its term-structure over a wide range of maturities. However, the
analysis there is limited to a first order approximation, which cannot pick up the slight convexity of the
observed equity implied volatility surface. In this paper we extend the results of [7] to second order. This
extension is non-trivial, as it requires a careful terminal layer analysis, which we approach probabilistically.
For some related multiscale perturbation techniques in European option pricing, we refer for instance to [3]
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and [4] (spectral methods), [16] (matched asymptotic expansions), [1], [I3] and [10] (Malliavian calculus),
and [21] (inner-outer expansions).

Our second order results allow us to capture the slight convexity of the implied volatility skew. Ad-
ditionally, we are able to maintain analytic tractability which is important for calibration to data, as we
demonstrate. Of course, numerous asymptotic regimes have been analyzed in recent years for the option
pricing problem in incomplete markets: see [8], [12] and [19] for some references. Here our focus is not just
on deriving and proving convergence of the approximation in the appropriate limits, but in disentangling the
calibration procedure that results from it. Compared to the first order theory, this is much more involved
as there are many more group parameters and basis functions that have to be accommodated to implied
volatility data. Despite the increase in complexity, we show this can be implemented successfully.

The rest of this paper proceeds as follows. In Section Bl we describe the class of multiscale stochastic
volatility models that we will work with. Using a formal singular and regular perturbation analysis, we
derive a pricing approximation which is valid for any European-style option. We establish the accuracy of
our pricing approximation in Theorem [Z4l In Section Bl we present an explicit formula for the implied
volatility surface induced by our option pricing approximation. Additionally, we show how a parameter
reduction, crucial for calibration purpose, can be achieved with no loss of accuracy. In Section B.2] we
outline a procedure for calibrating the class of multiscale stochastic volatility models to the empirically
observed implied volatility surface of liquid calls and puts. We carry out this calibration procedure on call
and put data taken from the S&P500 index. Section Ml concludes.

2 Second Order Option Pricing Asymptotics

We consider the class of multiscale stochastic volatility models studied in [8]. Let X denote the price of
a non-dividend-paying asset whose dynamics under the historical probability measure P is defined by the
following system of stochastic differential equations (SDEs):

dXt = ILLXt dt + f(}/t, Zt) Xt thw7

1 1
dY; = ga(YZ) dt + NG B(Yy) dWY,

dZy = 6 c(Zy) dt + V6 g(Zy) dW7 .
Here, (W*, WY, W#) are P-Brownian motions with correlation structure
d<Wx7 Wy>t = Pwy dt7 d<Wx7 Wz>t = Pzz dt7 d<Wy7 Wz>t = pyz dtu

where (pgy, Pozs Pyz) SAUISEY |payl, [Psz], [pyz] < 1 and 14 2p4y 0020y — pfcy —p2 - pzz > 0, which guarantees
that the correlation matrix of the Brownian motions is positive-semidefinite. The asset X has geometric
growth rate p and stochastic volatility f(Y;, Z;) which is driven by two factors, Y and Z. Under the physical
measure, the infinitesimal generators of Y and Z are scaled by factors of 1/e and § respectively. Thus,
e >0 and 1/6 > 0 represent the intrinsic time-scales of these processes. We will work in the regime where
€ << 1and § << 1sothat Y and Z represent fast- and slow-varying factors of volatility respectively. Most
importantly, we assume the fast factor is mean-reverting, that is that Y is an ergodic process with a unique
invariant distribution II under P, which is independent of €.
Under the risk-neutral pricing measure P (chosen by the market) the dynamics are described by

dXt = TXt dt + f(}/t7 Zt) Xt thLE,
- %A(Yt, Zt)B(Yt)> dt + % B(Yy) dWY, (2.1)
a2, = (8¢(2) = V3T(Vi, ) 9(Z0) ) dt + /5 g(Z) AWV,

ay; = (éa(l@)



where (Wm, Wy, Wz) are P-Brownian motions with the same correlation structure as between their P-
counterparts, and r is the risk-free rate of interest. The functions A(y, z) and T'(y, z) represent market prices
of volatility risk, which we have assumed such as to preserve the Markov structure of (X,Y, Z) and of (Y, Z)
by itself.

Consider a European option with expiration date T and payoff h(Xr). The no-arbitrage price of this
option at time ¢t < T can be expressed as a discounted expectation of the option payoff

PO, X0, Y, 20) = B [e 7T OR(X0) | X, i, 2]

Here, E denotes an expectation taken under the pricing measure P. Note that we have used the Markov
property of (X,Y, Z) to express the price of the option as a function P%%(t, z,v, z) of the current time ¢ and
the state variables (X;,Y;, Z;). Using the Feynman-Kac formula, one finds that P%° satisfies the following
partial differential equation (PDE) and terminal condition:

L0 P =, PO(T, 2,y, 2) = h(z), (2.2)
where, introducing the notation
Dp=a"dF ., k=12, (2.3)
the operator £59 is given by
070 = (Lo 2ty + L0 ) +v6 (oM 00 ) + oM
=\ z~o NG 1 2 NG 3 1 2,

with

Lo %ﬁ2(y)3§y + a(y)dy,

L1 = peyBY) f(y, 2)D10y — B(y)Aly, 2)0y,
Lo =0+ 5/*(y,2)Da+ 1Dy — 1,

Ms = py-B(y)g(2)0;.,

My = pu29(2) f(y, 2)D10: — g(2)T'(y, 2)0:,

1
My §gz(z)8§z + ¢(2)0;.
For general (f, o, 8, A, ¢, g,T') no explicit solution to ([2.2)) exists and we seek an asymptotic approximation
for the option price. The fast factor asymptotics is a singular perturbation problem, while the slow factor
expansion is a regular perturbation. Thus, the small-¢ and small-§ regime gives rise to a combined singular-
regular perturbation about the O(1) operator £2. We expand P in powers of 1/ and V5 as follows

POt a,y,2) = 30 S O VEVE Pty 2).

§>0 >0

This is a formal series expansion, and our approach is to find P; ; for ¢ + j < 2 and establish an accuracy
result for the truncated series. We point out that we are working within an infinite-dimensional family
of models since the functions (f, A,T") are unspecified: the 18 group parameters that are found in Section
27 and calibrated in Section contain specific moments of these functions identified by the asymptotic
analysis.

Because we are performing a dual expansion in half-integer powers of £ and §, we must decide which of
these parameters we will expand in first. We choose to perform a regular perturbation expansion with respect
to § first. Then, within each of the equations that result from the regular perturbation analysis, we will
perform a singular perturbation expansion with respect to €. As the combined regular-singular perturbation
expansion is quite lengthy, to aid the reader, we provide a summary of the key results in equation (ZZ4I),
located at the end of this section.



2.1 Regular Perturbation Analysis

The regular perturbation expansion proceeds by expanding £59 and P59 in powers of /8 as follows

L9 = £5 4 VENE + 50, pr=Y VE'P (2.4)
>0
where from (2])
F Ay ME = M+ M, Pf =3 iRy (25)
€ NG ’ Ve 7 -~ o '

Inserting 24) into (Z2) and collecting terms of like-powers of v/§, we find that the lowest order equations
of the regular perturbation expansion are

O(1) : 0=L°F, (2.6)
O(V5) : 0= L°Pf + M°F§, (2.7)
0(6) : 0= LEP5 + MEP§ + My . (2.8)

Within each of these three equations, we now perform a singular perturbation analysis with respect to e.

2.2 Singular Perturbation Analysis of the O(1) Equation (2.6])

Beginning with the O(1) equation, we insert expansions ([Z5)) into (Z4) and collect terms of like-powers of
V€. The resulting O(1/¢) and O(1/+/) equations are:

O(1/e) : 0=LoF,0,
O(1/e) : 0=2LoPro+ L1F0-

We note that all terms in Lo and £; take derivatives with respect to y. Thus, if we choose Py and P
to be independent of y, the above equations will automatically be satisfied. Hence, we seek solutions of the
form

Poo = Poolt,z,2), Pio= Ptz z),

i.e., no y-dependence. Continuing the asymptotic analysis, the O(1), O(y/€) and O(e) equations are:

0(1) : 0= LoP20 + L+Prg+ L2Po o, (2.9)
O(ye) : 0=2LoP30+ Li1Pap+ La2Pro, (2.10)
O(e) - 0=~LoPyo+L1P30+ LaPap, (2.11

where we have used the fact that £; P, o = 0.
Equations (Z3)), 2I0) and [2II) are Poisson equations of the form

0=LoP +x. (2.12)

By the Fredholm alternative, equation (2.12]) admits a solution P only if x is in the orthogonal complement
of the null space of the adjoint operator £fj. Since the unique invariant distribution II satisfies £jII = 0,
this leads to the solvability or centering condition:

(x) = /x(y)H(dy) =0. (2.13)



Applying the centering conditions to equations (2.9), (ZI0) and (Z.I1), and using the fact that Py o and
P10 do not depend on y, we find

O(l) : 0= <L2> P070, (214)
O(\/g) : 0= <L1P270> + <L2> P170, (215)
O(E) : 0= <L1P370> + <L2P270> R (216)
where the operator (£3), given by
(Lo) =0y + 167 (2)Da + 1Dy — 1, (2.17)

with

7(:) = (£22) = [ 0.

We observe that (£3) is the Black-Scholes pricing operator with effective averaged volatility 5(z) = 1/32(2)
in which the level z of the slow factor appears as a parameter.
Expanding the terminal condition in (Z2]) leads to the terminal conditions

0(1): Poo(T,x,2) = h(x), (2.18)
O(\/g) : P170(T,£L', Z) =0. (219)

We denote the solution to (ZI4]) with terminal condition (2I8) by
Pyo(t,z,z) = Pps(t,x;5(2)),

the Black-Scholes price of the option with volatility 7(z), maturity T, and payoff function h.
In order to make use of equation (210 , we need an expression for (£1P20). Using (2.I4), we re-write

23) as follows
1
LoPoo=—LaPyo=— (L2 —(L2)) Poo = —3 (f>={f*)) D2Poo.
Introducing a solution ¢(y, z) to the Poisson equation

Log = f*—(f?), (2.20)

we deduce the following expression for P g:

1
P2,0(t7x7y7 Z) = _5 (b(y? Z) :D?PO,O(tu x, Z) + F2,0(t7x7 2)7 (221)

where F5 o(t, x, z) is independent of y.

Remark. The form of ([2.21)) shows that the natural terminal condition P (T, z,y, z) = 0 is not enforceable
because the singular perturbation with respect to the fast factor creates a terminal layer near t = T'. However,
as we will demonstrate in Section 2.6, the ergodic theorem enables us to impose the averaged terminal
condition

O(e) : (Pao(T,z,-,2)) =0. (2.22)

and to obtain the desired accuracy of our pricing approximation. In fact, we will see that this is the only
appropriate choice for proof of convergence.



Remark. The solution of the Poisson equation ([220) is defined up to a constant in y. We choose this
constant by imposing the condition

(¢(-,2)) =0, (2.23)
and we will show in Section that this choice does not affect the accuracy of our pricing approximation.

Inserting ([2:21)) into [2.I5]) yields the following PDE for P

(Lo)Pro=—(L1Pay) = — <<Pmyﬂf913y - 5A3y> <—%¢ Dy Poo + F2,0>> =-—VPF,, (224

where the z-dependent operator V is given by
V(z) = Vs(2)D1 Dy + V2(2) Do,

and we introduce the notation

1 1

Va(z) = 5 (BO)A(, 2)0y6(, 2)) Va(2) = =5 pay (BO)f (-, 2)0y0(, 2)) -

The solution P; ¢ of the PDE ([2:24)) with terminal condition (2I9) will be given in Proposition 23l
To determine Ps g, given by (Z2ZI]), we need a PDE and terminal condition for the unknown function
F5,0. The terminal condition F» (T, z,z) = 0 is imposed by averaging [221)), and using ([2:22)) and [223).

Proposition 2.1. The function F»o(t,x, z) satisfies the following PDE and terminal condition
(La) Fog=—APyo—VPy, Fyo(T,z,2) =0, (2.25)
where the z-dependent operator A is given by
A(2) = A2(2)DID3 + A1 (2)D1D2 + Ag(2)Ds + A(2)D3,

As(2) = 2 (BT (200, (,2)

Ai(z) = —lpmy ((BOA( )8y (- 2)) + (BC)f (5 2)0ya(, 2))

2
5 (BOAC 292 2))
A) = 2 (00,276 2) — (606, 2) (72, 2)) ),
and Y1 (y, z) and 1 (y, z) satisfy
Lo = BfOyp — (BfOye), Lo 2 = BAOy ¢ — (BAOy9) (2.26)
Proof. The proof is in appendix [Al O

Ao(z) =

The solution F» o of the PDE with terminal condition (2.25)) will be given in Proposition 23 This is as
far as we will take the asymptotic analysis of the O(1) equation (2.6]).

2.3 Singular Perturbation Analysis of the O(v/§) Equation (2.7))

Proceeding as in Section 2.2 we insert expansions (Z3]) into (2.7 and collect term of like-powers of /. The
resulting O(v/6/¢) and O(v/§/+/€) equations are:

OW5/e) 0=2LoP1,
O(V6/\e) : 0=2LoP11+ L1551 +MsHop,



where we have used M3z Fp o = 0 since M3 contains 9, and F o is independent of y. Recalling that all terms
in £ and £, also contain d,, we seek solutions Fy; and P; ; of the form

Po1=Poq(t,x,2), Py =P (t e, z2).

Continuing the asymptotic analysis, the O(v/d) and O(v/3,/2) equations are:

O(Vs) : 0=LoPo1 +LPri+ LoPo1 +MsPro+ MiFPy o, (2.27)
O(\/g\/g) . 0= L()P&l + L1P2,1 + L2P1)1 + M3P210 + Mlplﬁ(). (228)

Equations (221) and (Z28)) are Poisson equations of the form (ZI2]). Applying the centering condition (2I3)
to ZZ17) and [22]) yields

0(V9) : 0= (La) Po1 + (My) Py, (2.29)
O(\/g\/g) : 0 = <£11P2)1> + <£42> P1)1 + <M3P2)0> + <M1> Pl,O- (230)
We also impose the following terminal conditions
O(Vs) : Py (T,z,2) =0, (2.31)
O(Vov/e) : Py (T, z,2)=0. (2.32)

The PDE (229) and terminal condition (2.3I]) can be used to find an expression for Py 1, which will be given
in Proposition
The operator (M;) appearing in ([2:29) is given by

() = przg (1) D10 = 6 () 0. = S (Vi(2)D10 + Vo(2)0%),

where ¢’ = 0,6 and we introduce the notation

1 1

Vi(2) = 5p220"(2)9(2) (f (-, 2)) Vo(2) = =50'(2)9(2) (L'(-- 2)) -

In order to make use of equation ([Z30]), we need expressions for (£1P; 1) and (M3Ps ).

Proposition 2.2. We have the following expressions:
1
(L1Pa1) = (V3D Dy + VoDa) Po 1 + = (C2D3 + C1D1 + Cy) 9. Po o, (2.33)
1
(M3Py0) = gCD2azPO,07 (2.34)

where

Ca(2) = —paypa:0'(2)9(2) (B()f (-, 2)0y¥s(:, 2))

0 ()A5y¢3> + Pzyg <B()f(7 Z)5y¢4(a Z)> )

()A(v Z)ay¢4('7 Z)> )
)

and ¥3(y, z) and a(y, z) satisfy

Loz = f—(f), Loy =T — (). (2.35)



Proof. The proof is in Appendix O
Inserting ([2:33)) and ([2:34)) into (Z30), we find
1
<£:2> Pl,l = —Vpo)l — g(‘f 8ZP0,0 — <M1> Pl)o, (236)
where the z-dependent operator C is given by

The solution P; ; of the PDE (2.30) with terminal condition (Z32]) will be given in Proposition2.3]. This is
as far as we will take the asymptotic analysis of equation ([2.7)

2.4 Singular Perturbation Analysis of O(0) Equation (2.8])

We now move on to the O(§) equation (28). Proceeding as in Sections and [Z3] we insert expansions
23) into ([Z]) and collect term of like-powers of /e. The resulting O(d/¢) and O(d/+/€) equations are:

O(d/e) : 0=2LoF,2,
O(5/ve) : 0=2~LoP12+ L1P2 + MsFoT,

where we have used M3 1 = 0 since M3 contains dy and Py ; is independent of y. Recalling that all terms
in £ and £, also contain d,, we seek solutions Fy » and P; 5 of the form

Py = Poalt,x, 2), P o= Pt z,2).
Continuing the asymptotic analysis, the O(0) equation is:
0(d) : 0=LoP22+ L+Pra+ LoPo2 + MsPri+ MiPo1 + MaPo. (2.37)
Equation (Z37) is a Poisson equation of the form (ZI2]) whose centering condition 213 is
0(9) : 0= (La) Po2+ (M1) Po1+M2Py . (2.38)

We also impose the following terminal condition
0(9) : Pyo(T,x,2) =0, (2.39)

The solution Py o of the PDE ([2:38)) with terminal condition (2:39) will be given in Proposition [Z3l This is
as far as we will take the combined singular-regular perturbation analysis.

2.5 Review of Asymptotic Analysis and Pricing Formulas

In the previous sections we showed (formally) that the price of a European option can be approximated by

PO P50 i= Py o4+ EPLo+VPy1+ePog+ 0Py +VedPry, (2.40)
where
O(l) : <L2> P070 = 0, PO,O(T7J:7 Z) = h((E),
O(We): (L) Pro=—VPp, P o(T,2,2) =0,
O(V8) 1 (La) Poy = — (My) Py, Py (T, x,2) =0,
1

O(e) Poo=—35 ¢D2Po,0 + 20, (2.41)
(L) Fo o= —APyo—V P, Foo(T,z,2) =0,
0(0) : (L2) Poz = — (My) Po,1 — MaPo o, Poa(T,2z,2) =0,

1

O(v&é) : <L2> P171 =-V P071 — 56 6ZP070 — <M1> P170, Pl)l(T,JJ,Z) = O,




and the z-dependent operators in ([2.41]) are given by

0): (L2) =0+ %&292 +7Dy — 1,
O(Ve) : V =V3D1Dy + VoD,
O(Wo): (M) = %(‘/iﬂl—i—%)@z (2.42)
0(e) A= AyD3Dy + A1 DDy + AgDy + AD2,
00): Mo =50 + o,
O(Ved) : € = CyD? 4+ C1Dy + Cy 4 CDs.
In the following, we provide explicit expressions for {P; ;, i +j < 2}.
Proposition 2.3. Introducing T =T —t, we have the following expressions for the {P; ;}:
Po,o = Pps(a(2)), Pro =1V Pps(a(z)), Py = 7N10,Pps(a(2))
Py = —% ¢DaPps(d(2)) + Fao, where Fag= (T.A + %7’2\72> Pps(a(z)),
Py = @—leN’l 0 + T;N% (6?,0 + 3%60) + 3B (aig + %@) + 5B aa) Pps(5(2)),
P = (T2VN1 Oy + 5C0, + §N1V’> Pps(6(2)),
where we have introduced the z-dependent operators
Ny = Vi Dy + Vi, Ny =V Dy +Vj, V' =V5D1 Dy + V3D,
and parameters
/ : L oo e Lo w,
Vi=0,V;, j=0,1,2,3 Bg:ig ()7, Blziga + ca'.
Proof. The proof is in Appendix O

2.6 Accuracy of the Approximation

To establish the accuracy of our pricing approximation P&9 defined in 240), we make the following as-
sumptions:

1. The system of SDEs (2.1]) has a unique strong solution (X,Y, Z) for fixed ¢,6 < 1.

2. The market prices of volatility risk are bounded: ||Al|oc < 00 and ||T'||co < o0.

3. Let YU be a diffusion process whose infinitesimal generator is £ (so that, in distribution, Y; = Yt(/ls)

under P). We assume that Y1) is ergodic and has a unique invariant distribution IT with density 7,
and that £y has a positive spectral gap. We note that two of the processes that are most commonly
used to model volatility — the Cox-Ingersoll-Ross (CIR) and Ornstein-Uhlenbeck (OU) processes —
satisfy these assumptions.

4. The process Y1) admits moments of any order uniformly bounded in ¢:

supE [ Y,fl)ﬂ < (k).



5. Let Z() be a diffusion process whose infinitesimal generator is Ma (so that, in distribution, Z; = Z éi )

under P). We assume that Z() admits moments of any order uniformly bounded in t < T

|
supE | |Z, < C(T,k).
t<T

6. We assume that the function f(y, z) is smooth in z, that the solutions ¢(y, z) and {¢;(y, z),7 < 4} to
equations (2.20)), [2.26) and ([2.33]), are at most polynomially growing in y and z, and that

52(z2) == /fQ(y,z) II(dy) < oo.

7. We assume that the payoff function h(z) is smooth and bounded with bounded derivatives. The proof
of accuracy provided here (in Appendix [D]) uses this smoothness assumption. It can be generalized to
nonsmooth payoff functions (such as in the case of call options considered in Section B]) following the
regularization argument given in [6] for the first order approximation with a fast factor. The details of
the generalization to the second order approximation with fast and slow factors are quite lengthy and
we omit them here.

Theorem 2.4. For fired t < T, x, y, and z, the model price P solution of (Z2) and our price approxi-
mation P defined by Z20) satisfy

|P=0(t, @y, 2) — PEO(t, @y, 2)| = 032 + Vb + 61/E).
Proof. The proof is given in Appendix O

Remark (Terminal Layer Analysis). The main difficulty in extending the accuracy of our pricing approxi-
mation from first order to second order is the treatment of the terminal condition for the second order term
P, arising from the singular expansion due to the fast factor Y. In [16], the solution Ps g is derived by a
formal matched asymptotic expansion with a terminal layer of size €. Here, in Appendix [D] we provide a
probabilistic proof based on the ergodic property of the fast factor Y, which justifies the choice of terminal
condition made in (Z22)).

2.7 Group Parameters and Exotic Option Pricing

We now summarize the parameters needed in the pricing approximation formulas derived in the previous
section. We begin by separating the y-dependent part in P given by (Z40), by writing

~ 1 ~
PE)é(tv z,Y, Z) = _5 € ¢(ya Z)®2P070(t7 &€, Z) + Q876(ta xZ, Z)a
where
Q% (t,x,2) == Poo+ Ve Pro+VOPy1+Ved Py +eFag+0 P, (2.43)

Using (Z40), (ZAT) and the linearity of the operator (L), we find that Q%9 satisfies the following PDE and
terminal condition

(L2) Q% = 5, O5%(T, z,2) = h(z),

where the source term S is given by
1
SE’(s = — \/E’VPQO — \/g <M1> Poﬁ() —V 65 <V P071 + ;G 8ZP070 + <M1> P170>
—€ (.A Poo+ VPLO) ) ( <M1> Py + MQPQO)

=— (VEV)Poo — (V& (M1))Poo — (VEV) (V3 Poa) — (Veb €) %@Po,o — (V8 (M1))(VE Pro)
— (eA)Poo — (VEV)(VE Pro) — (V3 (M1))(V Po1) — (0M2) Py p.

10



To extract which group parameters are needed for the price expansion, we absorb a half-integer power of
and/or ¢ into the corresponding group parameters and define:

= eV, Vo =V Vi, AS = Ay, BY := 4 B;, C = Ved ;. (2.44)
Similarly, we absorb the appropriate € or § pre-multiplier into the terms of the expansion (243]) by defining
P and P&l through
\/EPLO(tv €T, Z) = Pla,O(tv €5 6(2)7 V2€(Z)7 V3€(Z))= \/SPO,l(tv Z, Z) = P(il(tv ;5 5(2)7 %5(2)7 Vlls(z))'

Substituting from (2:42)) the expressions for Ma, V, A, (M) and €, and changing the 9, derivatives in (M)
and My acting on Py o into J, derivatives acting on Pgs(d(z)), we finally have

S0 = — (V§D1Da + V5Ds) Pps — 2 (VD1 + V) 85 Pps
— (V§D1Da + VED3) PS 1 — (0515@2 +C5°D, +C5° + 05,592) 9, Pps

175 vy
—2(VWDy + V) <8 + —8\/5 + —8‘/5) Pi,
- (A;@‘f‘% AED Dy + ASD, + A5®§) Pps — (VD1 Dy + VEDsy) P

V’5

-2 (V16®1 + Voé) <3 + = 8V5 + VO 8V5> PO 17 (Bgago + Bfag) Pps.

Here our notation is V/°(z) = 8.V (z), and similarly V;/°. Since P, ¢ is linear in V3 and V; and Py ; is linear
in Vi and V;, neither 8V3a Py 0, Ovg P o, 6‘/15 Py,1 nor Bvoa Py 1 contain any of the V;’s (that is, they are order
one quantities).

As such, the group parameters that appear in the source term S%° and therefore, in the price approxi-

mation (2Z40) are

5 e ed ViE Vs v v
€ € 5 9 €, €, €, e,0 g€ € € 5 § V3 2 1 0
‘[3"/27‘/1"/0’02 701 700 7C 7A27A17A05A5B27B

1y =, v =, 0 =, v =, *
IO-/ 0—/ /!

(2.45)

o
These 18 parameters, which move with the slow volatility factor Z;, as well as ¢°(y, z) := ¢ ¢(y, z) needed
in (240), can be obtained by calibrating the class of multiscale stochastic volatility models to the implied
volatility surface of (liquid) European options, as described the Section Note from (2.44) that the V°
are order /g, the Vi‘s order V¢ and that they appeared in the first order asymptotic theory in [7]. The
new parameters (A5, B, CF %) come from the order ¢, order & and order v/£4 terms in the the second order
expansion respectively.

2.7.1 Parameter Reduction

The group parameters in (2.45]) depend on the current level z of the slow volatility factor and, in the case of
¢°, on the fast factor too. In order to calibrate completely from the implied volatility surface and not use
historical returns data to estimate & (z), we replace it by a quantity o*(z) which absorbs the term Vi (z). In
so doing, there is now one less parameter, and we show that the accuracy of the second order approximation
is unchanged. The accuracy of our approximation is given in Theorem 24 and the following Proposition
refers to it.

Proposition 2.5 (Parameter Reduction). Without loss of accuracy, in the pricing equations and formulas
obtained in this section, we can replace 7(z) by o*(z) defined by

0" (z) == 4/5(2)% + 2V5(2), (2.46)

replace Py o by the Black-Scholes price at volatility o*(z), and remove the Va-dependent terms.
Proof. The proof is in appendix [El O
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2.7.2 Pricing Exotic Options

It is important to remember that the formulas given for the F; ;’s in Theorem are valid for Furopean
options only. This is because Theorem 2.3 relies on the Vega-Gamma relationship (Cl), which does not hold
in general for exotic options. Nevertheless, the PDEs derived in (2.41]) are valid for many path-dependent
options with appropriate boundary conditions (e.g. barrier options). The approximate price of a path-
dependent option can by found by numerically solving an inhomogeneous PDE (with additional boundary
conditions), the main point being that the parameters involved are the same as those appearing in European
option prices used for calibration as described in Section A full development for particular contracts is
outside the scope of this paper.

3 Asymptotics for Implied Volatilities and Calibration

In what follows, we give the second order expansion of Black-Scholes implied volatility, which is obtained by
inverting the Black-Scholes formula for Furopean call options with respect to the volatility parameter.

3.1 Implied Volatility Expansion

In practice, it is common to find the parameters of a pricing model by calibrating the model to the implied
volatility surface of liquid European calls and puts, rather than by calibrating to call and put prices directly.
To this end, we seek an implied volatility expansion

=33 VeV, such that P = Ppg (7).

j=0 >0
Performing a Taylor expansion of Pgg(15%) about I and rearranging terms yields

P0)0+\/5P170+\/3P071 +VedPi1+ePo+0FP2+---
= Pps(loo+velig+Volo1+Ved i1 +elog+6Ipa+---)
= Pps(lo,) + (\/Efl,o +VoI, + - ) 0o Pps(1o,0)

1 2

+ 3 (\/511,0 +VoIps + - ) 02, Pps(lpo) + -

= Pps(loo) + Ve 1,005 Pes(Ioo) + V3 Ip10, Pps(Io)
+Ved (11,010,13301335(10,0) + Il,laoPBS(IO,O))

1
+e (5112_,0330395([0,0) + Iz,oaaPBs(Io,o))
1
+6 <§I§718§UP35(1070) + Io_’gagPBs(Io_’o)) 4+ (31)

Equating terms in (B1)) of like powers of v/z and V/§, and using Py = Pgs(5) we find

- Py L, 93,P00
1): I = tbo=g5— 3 7
0(1): Ioo =0, 0(e): I sPoo 210 0-Po0’
PlO P02 1 2 (92 POO
O(E) : L= — 0@): Ipp= 7 — I3, 072 3.2
(Ve): o 05 Poo’ ©): Io 9P 20" 0,P0’ 32
Py Pa 92, Po0
OWVo): Iog =2, O(Wed): Iy=—-—F——Tolo1-220
(V) Ot 9ePoo’ (ved) M0, Pye M 0P

12



For a European call or put option with strike price K and time to maturity 7 it is convenient to express the
I; ;’s as functions of forward log-moneyness

d :=log (K/xe™)

Setting the payoff function h(z) = (z —
Theorem 2.3 the I; ;’s in (3.2]) become

(forward log-moneymness).

K)* for a call option and using the expressions given for {P; ;} in

01): Iho=0
1 d
0] : Lo=Vo4+ V3| — + —
(Ve): L=V +3(2(—,+753)=
d
O(\/S) 101—V07'+V1 Z + = )
2 o2
—é ) 1 3d 1
0 L= 55|t VeV | ——
@) Ro=go2 Vo m55s ) VRV (5 T o
3d? 3 3d
Vi -
+ 3( 7267+2765 27'O'5>
d2 1 1 1 d 1
4 (w5 e 15) 0 (5) v (o 5)
d? 1 d 1
A _ _ _
T 2<T2g5 T3 Ta3+4a)’
00)s Toa—v2 () 4vewa (2247 L Y yyp (LI BT bdr
0.2=Yo | 53 oVvi 353 ' 6o 1 365 603 663 60 (3.3)
V! /272 VI /12 2dr V!i/r2  2dr
+05'(3)+0"(3+36>+1 3 307
V! (12 242 2T 2d T d? T 0 T
WU (22 e (8 ey
+ 15./ (6 35-4 35-2 35—2>+ 2(35'3+65' 12>+ ! 2 ’
T 3d T
0(Ved): 111—V0V2( 2)+V0V3<__4 —2)
2 o 20
3d T 64> 3 3d
+ W, <—(_7— 2(_72>+V1V3 <_ 56 54_5_>
‘/2/ T ‘/3/ d T ‘/2/ d T
+Vo;(g)+vo; = tez) Tzt 3
a: 1 d T T d? 1 d
| VR e I T Ol 5+
+Vi= <7_05 0-3+0-3+40')+ 2(8 2154 232 202)
T d T &? 1
(5 ) u(5) ()
+ 1<4+20_)+ 0 2 + ( 8 2,7_5.4 20-2)

Observe that this second order expansion produces an implied volatility curve which is quadratic in

log-moneyness d and therefore accounts

for the slight turn in the skew that is most prominent in shorter

maturity options data, as we will see in Figure [[l The first order approximation derived in [7] is linear
in d and therefore only accounted for the skew effect. Note also that the parameter reduction outlined in
Proposition can be applied to this implied volatility expansion as well (¢ replaced by ¢* and Va-terms
removed), and this will be used in the calibration in the next section. We also remark that the formal second
order expansion for the case of a single slow volatility factor had previously been considered in [9], [18] and

[20], for instance.
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3.2 Calibration

In this section we discuss how the parameters (2.45), which are needed to price exotic options as discussed
at the end of Section 2.7] can be obtained by calibrating the multiscale class of models to liquid European
option data. We define

I = Too+Velig+Voloy+Vedlig+elog+61os.

Using ([B3) and the parameter reduction described in Proposition 2.5 we have

- 1 d d?
=0 = (?k+l+7m+72”> o (prTat T s+ S (ukTo W), (34)
where
3(Vs)? A5 A® ®°
o1/r): k= - - T o
(1/7) 20%)>  (0%)®  (0%)3 20*
o1): 1= VOV G5 O
' @) 20 2o
5 € € A€ ‘/'5‘/"‘E Vs
Ag i, A2 A Vibs * 3
+ o + 90+ + Ao* do* (O.*)I)’o—*/ +o + 20+’
o) mo B G0 O G0 C ()
2 2 4 8 8 = 6(c%)
B S - B G 1 S A N S
2(0.*)2 6o * 3(0*)20*/ 20*g*! do*g*' 0 2’
N s
0@y no W8P WVE  (F) Blow  2VgVg
’ 60* 60* 60* 12 3o+
N I/E)"sVl‘S 4 V06V1/5 V15V1/6
3o+ 3o+’ 6o+ (3.5)
o) p=-WEE, A, A Vg |
2(0_*)5 (O.*):; (O'*)3 (0-*)37
ow): q--2WVE _3VE G o
' ) @) T2 2o
+ Ve vs® VEVy© Ve
0P " @ Pe” T @
5 s 4
Odr): s— DWW SV, VP WViT 2ViV
: 3(0_*)3 6(0'*)3 3(0.*)20-*/ 3(0.*)20—*/ 3(0.*)20—*/7
3(V5)? AS A®
O(d?/71?) : =-23 -
(d*/77) u (0*)7 (0*)5 " (o%)5"
5
o fry: o SEVE | G €% Vv
: (0-*)6 2(0_*)4 2(0.*)4 (0-*)50-*/7
s
o) w TOOR B ViV
: 3(0_*)5 3(0,*)3 3(0-*)40.*/-

In total, we have ten “basis functions” with which to fit the empirically observed implied volatility surface:

1 d d? 2
{_717T7T27 _7d7dT7 R _7d2} .
T T T T
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It will be helpful to define
6 = {k7 l7 m,n,p,q,s,u,v, ’LU},

viE v Ve
O = {o*, V5, VO VS, 050 OF° Ce°, =0 A5, AS, A, A°, By, B, ?, R %)

We let I(7,d) be the implied volatility of a European call option with time to maturity 7 and forward log-
moneyness d as observed from option prices on the market. We let I59(r, d; ©) be the implied volatility of
a European call as calculated using [84]). The calibration procedure consists of the following steps:

1. Find ©* such that
mmZZ( 7i,d;) = I7°(7;,d;; ©) ) ZZ( 7i,d;) — 19 (7, d;; ©F ))2,

where the double sum runs over all maturities 7; and strikes K; (corresponding to forward log-
moneyness d;) for which a call or put is liquidly traded. This is the least-squares fit of formula
B resulting in estimated k,I,m,--- ,w.

2. Next the ten constraints of equation ([B.5]) are used to find the minimal Lo set of parameters ®*. That
is, we find ®* such that

glélfjl @)% = ||&*|?, J = {® : equation ([B.A]) holds with ©® = ©*}.

We emphasize that our calibration procedure encompasses all maturities, that is we do not fit maturity-by-
maturity.

3.3 Data

We perform the described calibration procedure on European call and put options on the S&P500 index on
two separate dates, one pre-crisis on October 19, 2006, and one post-crisis on March 18, 2010. In Figure [T
we plot the implied volatility fit from October 19, 2006. The parameters obtained from the above calibration
procedure are

o* =0.2051, V§&=-00034, V=00023  VQ=-00064, C5°=-0.0073, C°=—0.0171,

Ce® =0.0183, C%° = 0.0047, A5 = —0.0002, AS =0.0038, AS
Ve Ve 7

B3 =0.0080, Bj=0.0183, — =0.0146, L = -0.3104, —2- =0.9856, ¢° = —0.0181.

g g ag

—0.0183,  A° =0.0011,

In Figure 2l we plot the implied volatility fit from March 18, 2010. The parameters obtained from the above
calibration procedure are

o* = 0.22609, Vi =—-0.0062, V{=-0.0026, V=00208 C5°=-0.0031, C°=—.00034,

Ce% = —0.0035, C=°=0.0033,  A5=0.0034, A5 =0.0034, A5=-0.0004, A°=—0.0012,

5 5 Vi v’ vy c
BJ = 0.0012, B! = —0.0035, - =-0.1590, —1-=0.0914, -2 =-0.0729, ¢° = —0.0443.
ag ag ag

Notice that, in both cases, the obtained parameters other than ¢* are small, as expected in the regime of
validity of our expansion (i.e., small £ and small ¢).
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Figure 1: Implied volatility fit to SEP 500 index options on October 19, 2006. Note that this is the result of a
single calibration to all maturities and not a maturity-by-maturity calibration. Fach panel shows the DTM=days to
maturity.
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Figure 2: Implied volatility fit to S&P 500 index options on March 18, 2010. Note that this is the result of a single
calibration to all maturities and not a maturity-by-maturity calibration.
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4 Concluding Remarks

We have derived a second order asymptotic approximation for European options under multiscale stochastic
volatility models with fast and slow factors. Proof of convergence requires a terminal layer analysis that
is developed probabilistically, in contrast to the techniques of matched asymptotic expansions that are
more common in fluid mechanics. The price approximation is translated to an implied volatility surface
approximation which is quadratic in log-moneyness and highly nontrivial in the term structure direction.

In applying asymptotic approximations, two questions are crucial: how is it calibrated to data, and how
can the recovered (partial) information be used. Here we have shown that the complicated second order
formulas fit the data well across strikes and maturities (Figures[lland2l). Moreover, the extracted parameters
are small when they should be small in the regime of the asymptotic analysis (Section[B.3]). These parameters
can then be used to value exotic options such as barrier options, that are characterized by the same PDE
but with different boundary conditions, to the same order of accuracy, as discussed in Section 2.71

It remains to investigate stability of the calibrated parameters over time, that is, to show empirically all
but one of the parameters vary like the slow volatility factor, and the remaining one more rapidly. This
detailed data work is in preparation.

A Proof of Proposition 2.1]

The goal is to compute (L2} Fy . Starting from the expression (Z21]) for P» o, applying the operator Lo and
averaging, we obtain:

(LoaPayg) = <L2 (-%Qb@zpo,o + F2,0)> = —% (¢ L2) DaPyo + (L2) Fa
= —% <<¢> (O —7)+ % (1) @2> DaPoo + (L2) Fop
= —% (<¢> (315 -7+ % (f*) @2) + %(<¢f2> — (o) (f?) )D2> DaPoo + (L2) Fap
= L (LT — 1 ((65%) — (6) (/) ) D3Pao + (L) Fag
= AD3 Py o+ (L2) Fap, (A.1)

where A(z) is given in Proposition 211
On the other hand, by 2I6), (L2P20) = — (£1Ps,0), and therefore we compute Ps ¢. From 210), (Z15),
@20), Z2Z1)), and the definitions of £; and Lq, we express LoPs o as follows

LoPsg=—(L1Pao+ LaPiy)
=—(L1Poo— (L1Pag)) — (L2 — (L2)) Pio

—L (—%QS:DzPo,o + F2,0> + <51 <—%¢5D2P0,0 + F2,0>> - (% (f2={*) DQPLO)

=- <_%pmy (5f5y¢ —(Bfoy9) )@192 + %(5/\31@ — (BAOy ) )Dz) Poo — (%Lmb) DoP .

Using the functions ¢ and 5 defined in ([2.28), the solution to the previous equation is given by

1 1 1
P = 5Py V1 D1DaFPyo — 51/1292P0,0 - §¢@2P1,0 + F30,

18



where F3o(t, z, z) is independent of y. Now, we can compute (£1Ps0):

1 1 1
(L1P3p) = <(pmy6f®l - 5/\)511 (§sz 1 D1DaPyo — §¢2D2P0,0 - §¢@2P1,0>>

1 1 1
= §Piy (BfOyt1) DIDa Py — 3Py (BAOyY1) D1DoPy o — 3Py (BfOyta) D1D2 Py o

1 1 1
+ 3 (BAOy1)2) DaPy o — 5Py (Bfoyo) D1 Do P g + 3 (BAOy @) DaPr g

= (Azﬂfﬂz + A1D:1Dy + A0®2) Py + (‘/3@192 + ‘/2@2) Py, (A.2)

where As(z), A1(z) and Ag(z) are given in Proposition 21 Inserting (AJ)) and (A2) into (2.16) yields the
following PDE for F3

(Lo) Fo g =—APyo—V Py,

which agrees with (Z28]). Lastly, the terminal condition F5o(T,x,z) = 0 is imposed by averaging (Z2T]),
and using (2.22) and (2.23):

1
<P270(T, Z,:, Z)> = _EW.DQPQO(T’ Z, Z) —|— ngo(T, Z, Z) = ngo(T, Z, Z) = 0

B Proof of Proposition

In order to compute (£1Ps 1) we first compute P 1. Using [227), (Z29) and the definition (Z35]) of ¢35 and
14, we find

LoPo1=—-L2Py1 —MiFPoyp
=— (Lo — (L2)) Po,i — (M1 — (My)) Poo

(2 =(f*)) D2Poy — pazg (f = (f)) D10 Poo+ g (T — (I')) 8. Foo

1

2
1

= —55005@2130,1 — p229L013D10,Py,0 + gLow40: P 0.

Thus, P»; is given by

1
Py = —§¢®2P0,1 — P229¥3D10: Py 0 + 9110, Poo + Fo1(t, , 2), (B.1)

where Fb 1(t,z, z) does not depend on y. Next, using expression (B.I)) for P, we find

(L1Py1) = <(pwyﬁf91 - BA) Oy (_%¢D2PO,1>>
+((PeuBID1 = 80)0y (= posg tsD10. o) )
+{(payBD1 — 500y (9940-Poo ) )

1 1
= ~5Pay (BfOyd) D1DaPy 1 + 3 (BAOy @) DaPy 1
— PayPzz9 <ﬂfay1/)3> D%azp(),O + Pxz9 <[3Aay7/}3> QIaZPO,O

+ payg (BfOy1pa) D10:Po,0 — g (BAOyta) 02 Fo0
1
= (V3D1Ds + VoD3) Po1 + = (C2D3 + C1Dy + Co) 2Py,
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which agrees with (233). Next, using expression (2.21)) for P o we find

1
(aPra) = ( (pv-00)9(:102.) (~56D2P0 + Fao ) )
1
= —Epyzg (B9y¢) D20-Fo,0
= %O.DQazPO,Ov

which agrees with (234]).

C Proof of Proposition 2.3

As previously noted, the operator (£s), given by ([2I7), is the Black-Scholes pricing operator £ pg, where the
Black-Scholes volatility o has been replaced by an average level of volatility &, and so that Py o = Prs(d(2)).
In order to derive expressions for the higher order {P; ;,1 < i+ j < 2}, we need the following two lemmas.
Recall also the notation 7 =T — ¢.

Lemma C.1. For European options,
0,Pps(0) = 10D2Ppg (o). (C.1)

Proof. This is the classical relation between Vega and Gamma for plain vanilla European options. It is easily
obtained by differentiating the Black-Scholes PDE with respect to o to obtain a Black-Scholes PDE with
source for the Vega which in turn can be solved explicitly in terms of the Gamma. o

Using Lemma [C.T]and the fact that the logarithmic derivative operators Dy in ([23) commute (DyD,, =
D Dy), which implies that (£2) and any Dy commute ((L2) Dy = Dy, (L2)), one can show:

Lemma C.2. For European options, and positive integers k and n,

" 1
(62) T2 P((DLY) Pas(5(2) = —" PUD4)) Prs(a(2),
(£2) T PUDLY 3, Pos(a(2) =~ PUDLD 3, Pos(@(:),
T 1
(£2) T PO (2, + 5 L0 ) Pas(o(:) = =77 PUDL) 2, Pas(a ()

where P({Dy}) is some polynomial of D1, Da,--- , Dy.

Proof. The proof is a straightforward computation. In showing the second and third relations, the d, partial
derivatives acting on Ppg are first converted into D5 using Lemma which now commute with any Dy
operators and (L2). The final step uses that (£2) Pps(a(z)) = 0. O

Using Lemmas and [C.2] a direct computation shows that the {P; ;} of Theorem 2.3 satisfy the PDEs
of (Z41) and the appropriate terminal conditions.

D Proof of the Accuracy Theorem [2.4]

In what follows, we will make use several times of the fact that Py ¢ and its derivatives Dy P o are bounded
in z (because of our smoothness and boundedness assumption on the payoff function h and its derivatives).
We will also use the fact that ¥ and Z have moments of all orders uniformly bounded in € and § (thanks
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to the assumptions made on Y () and Z(!) in section EZ6). The proof of this can be found following Lemma
4.1 of [8].
We begin the proof by recalling our price approximation P from (Z.40):

PO PO — P0,0+\/§P1,o+\/gpo,1 +VedPi1+ePoo+ P2,

where {P, ;j,i + j < 2} are given in Theorem [Z3] Since the singular perturbation argument involves terms
with higher order in €, we introduce

ped = pd 4 e32Ps o+ €2Pyo+ Vi Py + €32V Py g,
and we observe that
P% = PO L (32 + V).
Next, we define the residual
RS .— ped _ ]35,6,

and therefore, the proof consists of showing that R®% = O(e%/2 4 /5 + §1/€).
From the equations 22), @3), @I0), @I1I), @27), @28), and (Z37) satisfied by P*° and {P;;,i <

4,7 < 2,i+ j <4}, we deduce that the residual R% satisfies the following PDE:
LR + (%2 + eV + 0y/E) = 0. (D.1)

From the terminal conditions for {P; ;,¢+ j < 2}, we deduce the terminal condition for the residual:

RE(T, x,y,2) = —ePao(T, x,y, 2) + O(%? + V5 + 6,/2), (D.2)

where it is important to note that the non-vanishing terminal condition P o(7), ,y, z) plays a particular role
at the ¢ order. The probabilistic representation of R%%, solution to the Cauchy problem (D.))-(D.2), is

RE)é(ta z,y, Z) = _EEt,w,y,z e_T(T_t)PZO (T7 XT7 YT7 ZT)} + 0(53/2 + 5\/5 + 6\/5)7

where Et,z,y,z denotes expectation under the (e, d)-dependent dynamics (2] starting at time ¢ < T from
(z,y,2). From the expression Py g = —%¢®2P0)0 + F5 o in (ZZI) and the terminal condition F5 o(T,x,z) =0

in ([2:25), we deduce
RO (t, 2y, 2) = % Et . |e " D(Yr, Zr)DoPoo(T, X1, Zr)| + O(£%/2 + eV6 + 6v/2).

As & — 0, the process Z converges to the constant process z, and as ¢ — 0, the process X converges
in distribution to a geometric Brownian motion X with volatility 7(z) and independent of the Y process.
Therefore, up to an error term of order O(3/2 + ev/§ + §1/€), we deduce that

RS (t,m,y,2) = e C Ry y [6(Yr, 2)] + O3 + V6 + 61/2), (D.3)
where the constant

C .= Et,m E_T(T_t)®2PO,O(Ta YT) Z) )

does not depend on (e, ).
If A =0, that is, if the process Y had infinitesimal generator £y under the pricing measure PP, then due
to the ergodic theorem, E, , [¢(YT, z)] would converge to zero exponentially fast as ¢ — 0 since (¢) = 0.
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This is exactly where we see that our choice of terminal condition for P, ¢ was necessary because if (@) # 0,

then the residual would be of order €. However, under the pricing measure P, the process Y does not have
generator Lo due to the presence of the possibly nonzero market price of volatility risk A(y, z) and therefore,

we need to analyze the behavior as ¢ — 0 of Et,y [¢(YT, 2)] for A # 0.

Without loss of generality we can assume ¢ = 0. By rescaling time it is enough to consider E [(b(YT Jes z)]
under the autonomous dynamics

dY; = (a(Yy) = VEB(Y)A(Y:, 2)) dt + B(Y)dWY, Yo =y. (D-4)
The process Y (D.4) admits an invariant distribution II; with density
Je Y o(u) — VEB(u)A(u, ) )
m(y) = exp 2/ du |,
=570 (2] £

where J. is a normalization factor.
From the ergodic property of Y and the assumption of a positive spectral gap, for € small enough, one
can find positive constants C; and A such that

[E[p(Yr/e,2)] — (¢), | < Cre /e,

where (-)_ denotes averaging with respect to II.. Now, expanding 7. (including J.), we derive for any

g€ Ll(Hs)

.=t -2 ([ ) g6 - @)+ 05)

Hence, using the fact that (¢) = 0 we obtain that there is a constant Cy such that

[E[p(Yr/e, 2)]| < Cav/e.

We then conclude from (D.3) that R is of O(e%/2 + ev/6 + §1/E).

E Proof of Proposition

Define P;; as the solutions to

O(): (£3) Py =0, PiolT,.2) = h(z),
O(Ve): (L3)Ply=—-V"Fy,, Pyo(T,z,2) =0,
O(\/S) : <L§>P(T,1 = _<M1>P(T,0= P(T,l(Taanz) =0,

OC):  Pio=—50DaBi0+ Fio,

<L§>F2*,o = _‘AP(;:O_V* Pl*,Ov F;O(T,a:,z) =0,
O) : (£3) P = — (Ma) By — MaPg, Pia(T.,2) =0,
O(VED): {82) Py = V" iy — €0 P — (M) Prg, Pa(T,,2) =0,

where
(L3) := (L2) + VeVa Dy, V=V — 1V, Ds.

These correspond to terms in (Z41]) of the asymptotic approximation to second order where (z) is replaced
by ¢*(z) defined in ([2:46]), and the terms containing V5 are removed. We show that these changes alter the
accuracy of the approximation only at higher order.
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First, we note that (Poo — Pyg) = O(/E) since
(La) (Po,o — P5o) = Ve VaDa Py, Poo(T,x,2) — Py o(T,x,2) = 0.
Next, we define ES(t,z, z) by
i i= (Poo+VEPLo + VRt ) — (Bio+ VEPL, + ViR, ),
the difference in the first order approximations. Note that Ef’é(T, x,z) =0 and
(Lg) ES = [\/E (V* + VaDs) + V& <M1>} (Pio— Poo) +eVaDa Py + VedVaDo Py .

Thus, we conclude that E° = O(e + v/&3).
Similarly incorporating the order £ term, we define E5(¢,x,y, z) by

ES = (PO,O + \/EPLO + EPQ)Q) — (P(T,O + \/gpl*,o + EP;O) .

From equation (D.5) and by using Da (Poo — Pgo) = O(y/2) one can show that F5(T,z,y,z) = 0(%/2). We
then compute

(L2) B5 = VEV [(Po + VEPT o) — (Poo + VEP1o)] +eA (Pyg — Poo) +e¥/2VaDa Py .
Incorporating the order v/d term, we define E5(t,z, z) by
E5 = (Po1+VeP11) — (Pyy +VeP],).
Note that E5(T,x,z) =0 and
(£2) B = (M) [(Pso + VEPYo) — (Poo + VEPLo)] + VE;€0: (P — Poo) + V2V (P — Pa)
Now define F5(¢,x,z) by
ES = Pyo — P,
Note that E5(T,x,z) =0 and
(La) Bf = (My) (Py1 — Pox) +Ma (Pyo — Poo) + VeVaDa Py .
Finally,
(L2) (E2 +VOES + 5E;§) - (\/Ev +V6 <M1>) B 4 2,y Py + SV Do Py
+ <5A + @%e@) (P50 — Poo) + Mz (Po — Poy) -
Hence, we conclude
E5 +VOE; + 0E; = 0(%/? + ev/6 + V2 0).

Thus, in (33) we can make the following replacements

g 0¥ = 1/02% +2V5§, Vo = 0.
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